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It is an honor and a pleasure to present
some of the scientific work of Tatiana
Toro which I hold in the highest regard

Tatiana is also a long time collaborator

colleague and dear friend whichmakes

this a doubly pleasant occasion for me

Tatiana obtained her PhD in 1992 at

Stanford underthe supervision of Leon
Simon one of the leading researchers



in geometric measure theory GMT and

geometric analysis who instilled in

Tatiana the love forthese subjects that

permeates all of her scientific work
Tatiana spent the period 1994 1996 as an

AssistantProfessor at Chicago and in this

period we were
very fortunate to find a

common direction ofresearch at the



intersection ofgeometric measure

theory harmonicanalysis potential theory

and free boundary theory This turned

out to be a
very fruitful direction of

research which has influenced a lot of

Tatiana's work since then Tatiana

spent the fall of 1997 at MS RI

participating in a program on harmonic

analysis andpartial differentialequations



during which she met GuyDavid with

whomshe has collaborated closely for many

years also in topics in geometric measure

theory and partial differential equations
Tatiana Toro is a very deep researcher

who

finds hidden connections between seemingly
distant areas and who is always extremely careful

with intricate technical details



Let me try to give the flavor of some of
Tatiana Toro's wonderful works

Toro's dissertation was a very surprising

and deep pieceof mathematics which she

then succeeded to put in a wider context

in subsequent works

Recall the Sobolev embedding in IR if
a function 9 has k derivatives in E

and I s f z
then Melt providedgin



For instance when K l p 2 consider Cat

loglog Kr Kl small which is unbounded

near 0 but 117901 Igy E ther
Similar examples can be found showingthat

if 4 has 2 derivatives in E its

gradient need not be bounded Hence
the graphof 4 in IR L x aces xerg
is not a Lipschitz graph Toro's result



is that one can re parametrize the graph

by IR in a bi Lipschitz way Pretty

amazing Toro then extended this to

show more generally that surfaces with

generalized 2nd fundamental form in E

are Lipschitzmanifolds JD 61994 Toro

also
gave soon after extensions to higher

dimensions finding geometric conditions



that give existence of bi Lipschitz
parametrizations Duke J 1995 Toro did

this by an extension and sharpening ofa
well known theorem in GMT due to

Reifenberg A locally compact set I cent

of Hausdorff dimension m is said to be

S R Reifenberg flat if for ever Je

IA Boo R and every oar R



there is an M dimensional plane LG id
suchthat the Hausdorff distance D between

ABCS r and LIT An BG it is

smaller than Sr Reifenberg had

proved that if S is small enough
I A BIT R admits a C 2 21814

parametrization Toro showed that a

strengthened Reifenberg condition



gives rise to bi Lipschitzparametrizations and

that graphs of 4 on IR with second derivatives

in E verify this condition In the process
Toro also simplified greatly Reifenberg's original

proof These concepts andideas were later

generalized to the context of metric spaces

in a beautiful work of Toro and g David
Math Annalen 1999 and later on in the

monumental work of Toro andg David



Mem AMS 2012 I now turn to

Toro's works at the intersection of geometric
measure theory potential theory and free

boundary theory One ofthe central

questions in GMT is the extent towhich

the regularity of a measure determines

the geometry of its support For example
a very basic conjecture that stimulated



the development of GMT says that ify
is a

Borel measure on IR andfigMEEEE 1

OL ke n for a e x dy therm is the

k dimensional Hausdorff measure concentrated

on a countable union of k submanifolds

Besi covitch k L m 2 David Preiss 1987 in

generality On the other hand potential

theory has as one of its central questions



theextent to whichthe geometry of a

domain influences the boundary regularity

of harmonicfunctions One way in which

this has been studied is through harmonic

measure the family of measures Idw xest

such that for a given f e Class the solution
for the Laplacian

of the Dirichlet probtmisgklffdwt.sn

This has been studied extensively



in works of many authors includingCalderon

19501 Carlos on 1962 Hunt Wheeden 1968 70

Dahlberg 1977 1981 Jeri son K 1982 etc

The question that Toro and I studied in

a number of works was the extent towhich

regularity properties of the harmonic
measure determines the geometry of the

boundary of the domain



Forthe case of the plane this had been

done using complexanalysis and conformal

mapping We set out to understand this in

higher dimensions Toro showed here that

GMT was an indispensable tool for this

andToro's expertise in the subject was

as a consequence indispensable for the

success of our projects



For example the fact that a domain has

a S R Reifenberg flat boundary with Soo
as R O i.e the domain is Reifenberg

vanishing implies that the harmonic measure

is optimallydoubling i e bio84,495ft
2 K Toro DukeJ 1997 while this

hostfact for a sufficiently Reifenbergflatdomai

implies that the domain is in factReifenberg

vanishing K Toro Annals 1999



Moreover in case the domain in additionto

beingReifenberg vanishing has a good

surface measure roughly speaking the

domain is vanishing chord arc in the

terminology of David Semmes then the
Poissonkernel theRadon Nybody a derivative

of harmonic measure with respect to surface

measure has a logarithm that has



vanishing mean oscillation an integral version

of continuity K Tow DukeJ 1997 while

the converse which was dubbed a freeboundary

problem forharmonic measure that is

vanishing mean oscillation of the logarithm

ofthePoissonkernel implies under sufficient

Reifenberg flatness that the domain is

a vanishing chord arc domain K Toro

Annals 1999 Ann be ENS 2003



In a related direction K Toro introduced

a 2 phase free boundary problem for harmonic

measure Roughly speaking consider a

domain I and its complement er Do

good regularity properties of the Redon

Nykodym derivative ofthe harmonic

measure of or with respect to the
harmonic measure of CA give good

geometric properties of ar



This was inspired by work in the

plane due to Bishop Carle son Garnett
and Jones and a higher dimensional

conjecture of Bishop Preliminary
results were obtained by K Toro

Crello J 2006 Asatisfactory
higher dimensional theory was found

by K Preiss Toro JAMS 2009

This used a fundamental insight of



Toro relating the problem to a crucial

step in Preiss proof of the Besicovitch

conjecture showing that GMT can be

used to replace complex analysis
in higher dimensions
In work with G David Calc of Var

PDE 2015 Toro initiated the study of
almost minimizers for a classical free



boundary problem introduced by Alt Caffarell

and Alt Caffarelli Friedman in the early 80 s

These authors considered minimizers of
the functional Tcu JI Rui 91cal two

r

9 Kitai g ok for givin
boundary conditions They proved the

optimal Lipschitz regularity of minimizes
and regularity of the free boundary



uso under a certain Reifenburg type

flatness assumption The works of Alt

Caffarelli and Alt Caffarelli Friedman
have been extremely influential in the

development of the theory of free boundary

problems and they remain pillars of the

theory In proving their results theauthors

derive a pole for minimizers and prove



a wonderful monotonicity formula for
the solutions A bit later Caffarelli in a

series of important papers developed a

theory of viscosity solutions for
these

problems expanding thetheory in another

direction In the work with David Toro

considered almost minimizes of J

w is an almost minimizer for J in Rif
t ball Blair with Better and



every
with
utopian embryos and

with Jin JI Bam we have

Jar er E I Hrt Tart a 0

Almost minimizers need not verify
a pde or satisfy a monotonicity formula

They were first considered by Almgren
in a geometric context studying almost

area minimizing surfaces GMT



with later applications to iso perimetric

partitions They are inherently useful

in the study ofstability issues andfor
variants withadditional lower orderterms

In later work with David andEngelstein

Advances 2019 Toro proved that the

free boundary is uniformly rectifiable
GMT With David Engelstein and



Smit VegaGarcia Math Z 20211 Toro

treated corresponding variable coefficient

problems for almost minimizers De Silva

and Savin have simultaneously developed

a viscosity theory for these problems

In a very recent work of Toro with

Hofmann Martell MayborodaandZhao

GA FA 2021 Toro has completed a



long standing goal of the community of
researchers working on elliptic operators

L with rough coefficients on domains

with minimal geometric conditions

This goal was to give a geometric
characterization of thosedomains r for
which the elliptic measure associatedwithL

the L analog of the harmonic measure for A



verifies a scale invariant version of
absolute continuity withrespect to the

surface measure on 2h valid for a genera
class ofoperators l The case when L I

had been solved by the cumulative

effort of many people the final step
was taken in a recent paper by Azzam

Hofmann Martell Mourgoglou and To lsa



These works usedcrucially properties associated

with D like themonotonicity formula of
Alt Caffarelli Friedman Thus a new

approach had to be devised to do this

for a general class of operators l The

candidate class was the so called DKP

operators and you may have guessed

by now GMT came to the rescue



Using tools and ideas from GMT

Toro and collaborators succeeded in

doing this

As I hope that this bird's eye view

of TatianaToro's works shows Toro's
work is deep broad and influential

making fundamental contributions to

geometry analysis and partial differentia

equations with thethread of GMT

running through it
Thank you


