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Knot concordance

Def. K., Kn knots in 53

are smoothly concordant
if

there exists a smoothly embedded

cylinder S'x20.17 4
33x10.17

sit. & (x(0,13) = 1?1-K2
treverse

o8
·rientation

o Ck2,33)S'xC0, 17
1 K2
-

sy g3xC0,17 5

eX. isotopic knots are
concordant

e. ?Nos is concordant to an unknot



->knots in 55

G=odK Kz
www
4#K2

Def. The concordance group

2 = 3 knots in 533 / Concordance

2 is anabelian group, with operation

[41] + [k2] = 341#42)
·

identity
-Sunknot]

inverse of K
= =KT = GK]

Q: What is the
structure of C?



A more general motion

Def. K., Km knots in 44z [HS3

are homology concordant
if

there exists a smoothly embedded

cylinder $'x20,174W
"

sit. o/W, s'x10,13) = (3,K) H Guild

W compact oriented 4-mfd W is

· 8W = Y, 11-Y2

Gomology
· Hx(Yi;2) EcHy(W;2) cobordism

bluk,+Y2

oS

S'xC0, 17o
~

O
Y, 1

W
4
- Y2



&
thomology concordance group

Def. 2x = 3(4K) 1724 21533/-
yes3

·z is an abelian group
· (K) + (Y2,K2)

= (8#Ym, 14*K2

inverse of (3.1 is
59,-K).

Thre (Levine) The naturalinclusion
-

knots inex Ez
-=

homology
concordonce

is not subjective.

9.What is known
about Ex/ez?

-

Turn (Hom-Levine
- Lidman

-

↳Ex/ez is infinitely generated.
2)En /ez has a l sobgroup,

Ian (Zhoo) ex/ez has a I/W subgroup.



The (Dai-Hom-Stoffragen- Th

evez has a
24 Sommand.

Thm CDAST) For (iii)-2xx7+,
I a homomorphism Gij: Ex+1 sit

(1) For any
knotkin 53, from

Diso (K= G; (K) earpierworka
(2) For any knot in 53, jt0,

ei; (K)
= 0

Thus, is descends to homomorphisins

310) Cig: En/Cx
+4.

(3) Qnint :YelextIM
M
=(

is subjective.



Applications ↑cy 1HS3, JuS?
-

() [23,4) = c3Ci-yGii (Y,4

(2) If I j
>0 Sit 4;11K,4) TO

Ko
then KCY is not homology

concordant to any knot
in a

ative seifert fibered space.
neg
(positive)

Car. There exist
knots (3,K)

not homology
concordant to any knot

in any
sefert fibered space.



#Inputs ↓not Floor complex

kag3 we CFKFcuis (K)
&zsVatiStab'
and Rasmussen

↳ is defined by first classifying
knotlike complexes

over R = IFCUJ*NT
*

N

up to
local equivalence

Ka Y THS ne CFKFu7,14

Gii is
defined by first classifying

knotlikes complexes
our X
lence

up to
local equiva

*= 1F[ Up,EWB, i3ie2, VT, 3WT,BitT

UgN, UB(bi=WB,it, VtW+iEWT,it

Xe RuPRv/UpVt



To study knots in 53:

Ref. A knot like complex a is a

freely, finitely generated chain comple
our R, bigraded, sit.

(1) Hy (2/2) / -torsion
submodI FEV]

He (C/N / -torsion submode IF22)
3)grading conditions:absgoigreducethe
deg 8 = c 1,-1
degU = (-2.0) ,

degN=(OM)
U

exc of
-

CFIYFCUNS
↳oooy me ifuCFIRCK)

C
&

Hi

UeCFKzCT2s) >97

CFKisC4)
eSohe."

es



->knots in 55

Ref. Knot-like complexes 4, and G
are locally equivalent if there exist

f

maps c,C2 stfg,gy
induces

x
g Asfor /-tors

eX. CFK1
(unknott CFRR(4)

a trivial knotlike
complex S
->

e.iboothosere·X
x

o
U

g

a changef:X' e 1
ga+e't0

b O 3

.crossana - O ②

fi o
d Is O ate U

&1 X

CFRRCK)
·(Zeneke,Hom eoncordant locallent



->knots in 55

tur. Every knotlike complex is

locally equin to a unique standard complex

&Ca, ..., an ait1.

~
e. CFIR(TBizs#Ths) locally

equivalent

CCI, -3,-1, 1, 3,-1)
⑧I

↳3

"I ↓ ↓Y

oi-2's sle
·o

·<&
U

t.CDASTY For each jiz IN,

8(e(a, ..., and #gaum=jy-#azinj3
is a concordance homonaphism

ep: 2+7.



The strategy of working to knot
like

complexes over R = HOUT
fails for knots KCY #S3.

Why? For K CY
[HS9

12U,ut]-

Hy (CFKz(3,1)
* IFCVL

·HECY)8F
IFCU,U1]

ForS"
ok (FFCY E
E @ IFCU,UT] rKMF(S3)=1

I

CF12(Y,K) is not nec
a knotlike complex.

kefix.
DFR(Y,K) officeowX.

My CF**3Y4) @Ru*[Up,
Uis', WB.oWBioD

=IF[Up,Up, wBo,WB]



Dine CFxGY,K=CEKACCYPK*En
Uts UB+NT,0 *

an X-knotlike complex
V1X++W1,O

Be An A-knotlike complex C is

a claim cmplx our X, freely, finger,

bigraded 5.t.

(1173 (C@xRa) /Ruttorsion)
ERu

(23 He
(CGXRv) /Ro-torsionER

grading conditions ...

Ret. equivalence:I fig bigraded
X-module

c
Is C chain map.
<
I

sit. Ex, g* isomorphisms on He (C8xRr)/(Pr-forsion).



Thm. CDIST) Every X-knotlike

complex is locally equivalent

to a unique
standard complex

c (b,, ...,bn)

benxt 3 = (UB"WaioSatist
bek a3 +LVAWIDGEGijHZXT

Thm. Let (iii)
-RP0xID0Delive

Oilj (c(b.....bn)
= #@bztihiB
- #262K+=-(iihY

Oij is a homology
concordance

homomorphism eij:ex+7.



ex. Mn = SYCT2, un-A-SRLT2,un.)
-

kn = core ofMA unknot
sorgery

CF**(Mn,Kn) is locally equir
to

standardvew* *-knotlike
⑧- Lexn+ comp
UWOB,0

On,na. (Muckn)
= (

visi (Muckn
= 0 (ii)Anint

at IM subgroupofthoseof
x /82.


