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Jam A (Wifes, Jocytes-Vites, Serenit-Conrad. Diamond:Joyfor)
Let IIbe an elliptic curve. Then I ismoduli,

i.e. 5 It Sa (No(N), 4) aFlecke eigenforms

0.t. ae(f) =0e(E) *eXN prime

X ↳e
+1 - HE(Fe)eigenvalue of Te on J

By Eichter-Thimura, Toy C in supportof

H"(XroCN) (K), 4) no prescribed flecke
eigenvalues. Ie

-

No(N)



②

consequences:

7. Analytic continuation of LCE,0) to

all of 4: Fosse-eil conjecture

2)Diophotime applications:Fermat's

losttheorem!

3) Input for results on BSD in monks.O
e.g. Gross-bagier.
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·
structure of the proof:Letp be aprime.

Kountto show gg,p9E,p: Sud(Q/0) -> GlaCZp).
↳ some f I

② Modulocity lifting:
if GE,p:G -> SLe(p) in modulous & has

large image,
then SEP is moduloci viaJaylor-lites method

② Residual modularity:

Langlands - Tunnelt the implies thatIE,is modular

subtlety:weight I - weight2
congruence
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⑨

③ 3.5 modularityswitch:if IE,s has small image,

final Est.

IE,5 = JE5 & FE.,3 how large image

XECS) = 1p: - use Filbest irreducibility
to produce not'l points

④ Indestinal exceptions, e.g. if JE,3& 9E,5 one

both reducibleis E corsesponds to a pointin X. (15) (Q)

Xo (15) / # is our elliptic curve no MIx/rk 0
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⑤

Jhm B (Frector. Le Fung-Sibsck)

LetF1be real quadratic. GetEIFbe an elliptic curve.

Then E is modular, i.e. 5parallel wt& Hilbertmodular

eigenform w. eigenvalues sp (E) =k(p) +1 -# E(k(8))
* 8XN prime of F.

Again, by Eichler-Thimura, it's equivalent to find mat

in supportof H2(Xn(4), 4)
t

Hilbertmodular surface



⑥

② MLT proved using Pisin's improvements to the

Jaylor-xxlites method

③ Modularity switch 3-5& 3-7
↳

XE(z) =twist of Klein quartic

xby +yzz +73x =0

④ slandling exceptional corses is more involved,
all classified by curves of genus ><



⑰

Now letIbe imaginary quadratic
- Xr Bianchi3-manifold

Jhm (C-Newton) LetEFbe a non-CM elliptic cruve

ot. one of the following holds:

1). the action of Gon E55] is inseducible

2). the action of 67 on ET3] is irreducible

& the image of GFin Act (ET3]) is not
the normalizes of a split contain subgroup.

Then I is modular.



⑧
Corollay:Jf X0(15) hos MIX/sk & over

then every (non- (M) elliptic curve ECF is modular

Runk:This applies to Q(Fd) ford 15. Goldfeld's conjecture

predicts this applies to > 50% of IGFs.

previous results:

· potentialmodulonity:Boxer-Colegari-Gee-Jilloni

ten authors

· modularity of positive proportion of elliptic
curves:Allen-Khore-Thorne

XXhitmore



⑨
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acoid Langlands -Tunnell, use 2-30witch3 switch

④ exceptional crosses lie on six modular curves

X(03,65) =X0(15),X(s3,65),X(nsy;b5)
X (b0, n55), X(sy, n55), X(n530,ns5)



⑨
② MLT riaColegoi-Geraghty method, needs

L5C in torsion setting

② residual modularityresults mode & of AKT
mod5

acoid Langlands -Tunnell, use 2-30witch3 switch

④ exceptional crosses lie on six modular curves

X(03,65) =X0(15),X(s3,65),X(nsy;b5)
X (b0, n55), X(sy, n55), X(n530,ns5)

Problem:can'tdo 3-7 switch. Ford to produce

solvable CM points on XECK).



⑳
Details of the proof:

Elp finite, OCE integers,at 0, IF =0KZ)

F =CM field
& XR loc syonm

6 =ResF/ASLm 3 space

1C6In (ATF,2) oulf small

x highest not for6 of all repin of G over E

Sjc Kp-stable O-lattice as local systemof

O-modules is on XK

TCK,D:= Tm(T-> EndO(H*(Xk.Bs))
U
m max's ideal



⑫
Scholze:Yon:6F+6Ln(#) cts, semi-simple

St. Satake parameters of m match Frobenius eigenvalues

of 5m.

Assume Im is all irreducible. Scholze also constructed

Im:6F -> 6Ln(π(k,X)in (1)
Assume Wulp prime of F Kv =6Ln(OF,v)

Conj(LOC on Sosmulated by Gee-Newton):

R ->ImI6Fw T PforzeTCIsrestriction
-> 7, his

R (v)
EmISFr & constructed by Kisin, Lin



⑫
7
R
FmICFr
-> M8m ->TCK,sim/I

-> .

.
.

.

R
7, his

(G v)
FmISFr

Jhmn (7Newton):Under certain technical assumptions,

(e.g. need enough places w/p & Jam to have longe image)

diagram factors or desired.

Rob:· A'copo proved related results in choor &

· Tevesiworking on pot so come, understooling
flecke action atp.



⑦3
starting point:

· I /quoni-split unitary gp, PCI maxil panabolic

P =6 Xu

· Shimuravariety forof some level K, dime=d

⑨ in (R,5) pullback of ms(K,3)
Jun CE Scholze, Koshikoura):These exists a-equivariant
diagona:

Hd(Xi, 05)in [X]>H(XE, (5) in -> MdOXEPSO)
t ↑

understood this show that H(XK,Us)in
from essentially self-dual contributes here for

couse · i = a-1



⑫
New ideas(roughly):
2). atto work n P-orolimony pouts:
N

· Ka =pouschotic cost to Siegel penabolic PCGLanlOF)
· me apply and ports w.r.t. (00, ...,aw,1, . . .1)
-

a times

-> - v

Upshot:produce aglobal left gin of ImSm (1-2n)
Im 16Fr (*
* (0 *

t

chor & liftof Im 16o
o



⑮

2). at suxiliary primes is'lp, we want

degree-shifting when p is small, e.g. 3 or5, &

highly ramified in F

Set1E:= U COFE

Wont RNCUs, 0/am)=.DN*COO, Olam)F-i]
in Dm (6 COFE), 0/am)

replace by deeper level
Kzs(M), M >> m.



Happy birthday,
Share-XXu!


