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A theorem of Ribet

Consider a positive integer ¥, a cusp newform
f=q+ a9+ a3+ € Old]]
of weight 2, level I'g(X), and rationality field L C C, together with an ¢-adic prime X of L.
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A theorem of Ribet

Consider a positive integer ¥, a cusp newform
f=q+ a9’ +aq’ +-- € Oy[q]]

of weight 2, level I'g(X), and rationality field L C C, together with an ¢-adic prime X of L.
Take a prime number p { £¢ and denote by T>P the unramified Hecke algebra away-from-Xp.
Denote by ms the kernel of the composite map

T= %5, 0, = 0./,

where ¢+ is the Satake homomorphism determined by f.
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A theorem of Ribet

Consider a positive integer ¥, a cusp newform
f=q+ a9’ +aq’ +-- € Oy[q]]

of weight 2, level I'g(X), and rationality field L C C, together with an ¢-adic prime X of L.
Take a prime number p { £¢ and denote by T>P the unramified Hecke algebra away-from-Xp.
Denote by ms the kernel of the composite map

T= %5, 0, = 0./,

where ¢+ is the Satake homomorphism determined by f.
Let Xo(X) be the modular curve of level ['o(X) over Zp. Put Yo(X) := Xo(X) ®z, Fp with
So(X) the set of supersingular locus in Yo(X), which is a finite union of Spec[F .
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A theorem of Ribet

Consider a positive integer ¥, a cusp newform
f=q+aq +aq’+ - € Old]
of weight 2, level I'g(X), and rationality field L C C, together with an ¢-adic prime X of L.
Take a prime number p { £¢ and denote by T>P the unramified Hecke algebra away-from-Xp.
Denote by ms the kernel of the composite map
T= %5, 0, = 0./,

where ¢+ is the Satake homomorphism determined by f.

Let Xo(X) be the modular curve of level ['o(X) over Zp. Put Yo(X) := Xo(X) ®z, Fp with
So(X) the set of supersingular locus in Yo(X), which is a finite union of SpecF 2. In particular,
we have the absolute cycle class map

a: Zx[So(X)] — H(Yo(X) ® F 2, Zx (1)),

where Zy = Oy, .
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A theorem of Ribet

Consider a positive integer ¥, a cusp newform
f=q+ a9’ +aq’ +-- € Oy[q]]

of weight 2, level I'g(X), and rationality field L C C, together with an ¢-adic prime X of L.
Take a prime number p { £¢ and denote by T>P the unramified Hecke algebra away-from-Xp.
Denote by ms the kernel of the composite map

TZP ﬁ} O[_ = OL/)\,

where ¢z is the Satake homomorphism determined by f.

Let Xo(X) be the modular curve of level ['o(X) over Zp. Put Yo(X) := Xo(X) ®z, Fp with
So(X) the set of supersingular locus in Yo(X), which is a finite union of SpecF 2. In particular,
we have the absolute cycle class map

a: Zx[So(T)] = H2(Yo(T) ® F e, Zx(1)),

where Zy = Oy, .

Theorem (Ribet)

Suppose that £ mod X\ is non-Eisenstein. Then the localized map o, is surjective.
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A theorem of Ribet

Consider a positive integer ¥, a cusp newform
f=q+ a9’ +aq’ +-- € Oy[q]]

of weight 2, level I'g(X), and rationality field L C C, together with an ¢-adic prime X of L.
Take a prime number p { £¢ and denote by T>P the unramified Hecke algebra away-from-Xp.
Denote by ms the kernel of the composite map

TZP ﬁ} O[_ = OL/)\,

where ¢z is the Satake homomorphism determined by f.

Let Xo(X) be the modular curve of level ['o(X) over Zp. Put Yo(X) := Xo(X) ®z, Fp with
So(X) the set of supersingular locus in Yo(X), which is a finite union of SpecF 2. In particular,
we have the absolute cycle class map

a: Zx[So(T)] = H2(Yo(T) ® F e, Zx(1)),

where Zy = Oy, .

Theorem (Ribet)

Suppose that £ mod X\ is non-Eisenstein. Then the localized map o, is surjective.

Here, that £ mod ) is non-Eisenstein means that the Galois representation associated with £
remains irreducible after modulo .
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A theorem of Ribet

Consider a positive integer ¥, a cusp newform
f=q+ a9’ +aq’ +-- € Oy[q]]

of weight 2, level I'g(X), and rationality field L C C, together with an ¢-adic prime X of L.
Take a prime number p { £¢ and denote by T>P the unramified Hecke algebra away-from-Xp.
Denote by ms the kernel of the composite map

TZP ﬁ} O[_ = OL/)\,

where ¢z is the Satake homomorphism determined by f.

Let Xo(X) be the modular curve of level ['o(X) over Zp. Put Yo(X) := Xo(X) ®z, Fp with
So(X) the set of supersingular locus in Yo(X), which is a finite union of SpecF 2. In particular,
we have the absolute cycle class map

a: Zx[So(T)] = H2(Yo(T) ® F e, Zx(1)),

where Zy = Oy, .

Theorem (Ribet)

Suppose that £ mod X\ is non-Eisenstein. Then the localized map o, is surjective.

Here, that £ mod ) is non-Eisenstein means that the Galois representation associated with £
remains irreducible after modulo A. When this is the case, am, is same as the map

g 1 Z[So(E) e " = H(F 2, H'(Yo(T) @ Fp, Z(1))um, )-
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Level raising of modular forms
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Level raising of modular forms

We say that a prime number p { X¢ is a level raising prime for £ modulo X if
af, =(p+1)%> mod A
holds.
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Level raising of modular forms

We say that a prime number p { X¢ is a level raising prime for £ modulo X if

af, =(p+1)%> mod A
holds. By the Eichler—Shimura relation, it is easy to see that

Hl(sz, Hl(Yo(Z) ®ﬁp7 Zx(1))m:) #0

if and only if p is a level raising prime.
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Level raising of modular forms
We say that a prime number p { X¢ is a level raising prime for £ modulo X if
af, =(p+1)%> mod A

holds. By the Eichler—Shimura relation, it is easy to see that

Hl(sz, Hl(Yo(Z) ®ﬁp7 Zx(1))m:) #0

if and only if p is a level raising prime. In the context of Ribet's theorem, we know that

ZA[So(E)]%, #0

when p is a level raising prime.
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Level raising of modular forms

We say that a prime number p { X¢ is a level raising prime for £ modulo X if
af, =(p+1)%> mod A
holds. By the Eichler—Shimura relation, it is easy to see that
HY(E 2, H(Yo(E) ® Fpy Z (1)), ) # 0
if and only if p is a level raising prime. In the context of Ribet's theorem, we know that

ZA[So(E)]%, #0

when p is a level raising prime.
Let B be the unique quaternion algebra over Q ramified at {oo, p}. Then it is well-known

that there is a canonical Hecke equivariant isomorphism
~, X
So(E) ~ B*\B* /Ry

of sets, where Ry is an order of B of relative discriminant X.
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Level raising of modular forms

We say that a prime number p { X¢ is a level raising prime for £ modulo X if
af, =(p+1)%> mod A
holds. By the Eichler—Shimura relation, it is easy to see that
H(F 2, H! (Yo(X) ® Fp, Z(1))me) # O
if and only if p is a level raising prime. In the context of Ribet's theorem, we know that
ZA[So(E)]; # 0

when p is a level raising prime.
Let B be the unique quaternion algebra over Q ramified at {oo, p}. Then it is well-known
that there is a canonical Hecke equivariant isomorphism

So(X) ~ BX\B* /Ry |

of sets, where Ry is an order of B of relative discriminant . By the Jacquet—Langlands
correspondence, we obtain a cusp newform

t' =q+a® + a4’ + - € O[]

of weight 2, level I'o(Xp), and rationality field L’ C C, satisfying
° a’p — 1
e for a certain prime X\ of L’ such that O;/ /X C Oy /), a, mod X = a, mod X\ holds for
every prime number v { Xp.
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Unitary Shimura varieties
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Unitary Shimura varieties

Consider
e a CM number field F C C, with F™ C F its maximal totally real subfield,
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Unitary Shimura varieties

Consider
e a CM number field F C C, with F* C F its maximal totally real subfield,
e a positive integer N,
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Unitary Shimura varieties

Consider

e a CM number field F C C, with F* C F its maximal totally real subfield,

e a positive integer N,

e a (nondegenerate) hermitian space V over F/F™T that has signature (N — 1,1) at the default
real place and signature (N, 0) at all others,
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Unitary Shimura varieties

Consider

a CM number field F C C, with F* C F its maximal totally real subfield,

a positive integer N,

a (nondegenerate) hermitian space V over F/F* that has signature (N — 1,1) at the default
real place and signature (N, 0) at all others,

a prime p of F* that is inert in F and such that G := Resgy /o U(V) is unramified at p (the
underlying prime number of p).
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Unitary Shimura varieties

Consider
e a CM number field F C C, with F* C F its maximal totally real subfield,
a positive integer N,
a (nondegenerate) hermitian space V over F/F* that has signature (N — 1,1) at the default
real place and signature (N, 0) at all others,

e aprime p of F* that is inert in F and such that G := Resg+ g U(V) is unramified at p (the
underlying prime number of p).

Fix an isomorphism C =~ @p that induces the place p. Let g be the residue cardinality of F;r

-+,
so that g = p[FP el Fix a hyperspecial maximal subgroup K, of G(Qp).

Yifeng Liu (Zhejiang University) Level raising via unitary Shimura varieties with good re Mar 14, 2023 4 /16



Unitary Shimura varieties

Consider
e a CM number field F C C, with F* C F its maximal totally real subfield,
a positive integer N,
a (nondegenerate) hermitian space V over F/F* that has signature (N — 1,1) at the default
real place and signature (N, 0) at all others,

e aprime p of F* that is inert in F and such that G := Resg+ g U(V) is unramified at p (the
underlying prime number of p).

Fix an isomorphism C =~ @p that induces the place p. Let g be the residue cardinality of F;r

-+,
so that g = p[FP el Fix a hyperspecial maximal subgroup K, of G(Qp).

To technically simplify this talk, we pretend that there exists a complex abelian variety with
complex multiplication by Of that can be defined over Zgo.
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Unitary Shimura varieties

Consider
e a CM number field F C C, with F* C F its maximal totally real subfield,
a positive integer N,
a (nondegenerate) hermitian space V over F/F* that has signature (N — 1,1) at the default
real place and signature (N, 0) at all others,

e aprime p of F* that is inert in F and such that G := Resg+ g U(V) is unramified at p (the
underlying prime number of p).

Fix an isomorphism C =~ @p that induces the place p. Let g be the residue cardinality of F;r
so that g = p[F:’r:Q"]. Fix a hyperspecial maximal subgroup K, of G(Qp).

To technically simplify this talk, we pretend that there exists a complex abelian variety with
complex multiplication by Of that can be defined over Z_>. In other words, we may fix a CM
type ® containing the default place 7: F C C and a triple (Ao, io, Ao) where

e Ap is an abelian scheme over Z of dimension [FT : Q];
e ip: O — End(Ap) is a CM structure of CM type ®;

e N\o: Ay — A(\)/ is a p-principal polarization under which iy turns the complex conjugation into
the Rosati involution.
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Unitary Shimura varieties

Consider
e a CM number field F C C, with F* C F its maximal totally real subfield,
a positive integer N,
a (nondegenerate) hermitian space V over F/F* that has signature (N — 1,1) at the default
real place and signature (N, 0) at all others,
e aprime p of F* that is inert in F and such that G := Resg+ g U(V) is unramified at p (the

underlying prime number of p).

Fix an isomorphism C =~ @p that induces the place p. Let g be the residue cardinality of F;r
so that g = p[F:’r:Q"]. Fix a hyperspecial maximal subgroup K, of G(Qp).

To technically simplify this talk, we pretend that there exists a complex abelian variety with
complex multiplication by Of that can be defined over Z_>. In other words, we may fix a CM
type ® containing the default place 7: F C C and a triple (Ao, io, Ao) where

e Ap is an abelian scheme over Z of dimension [FT : Q];
e ip: O — End(Ap) is a CM structure of CM type ®;

e N\o: Ay — A(\)/ is a p-principal polarization under which iy turns the complex conjugation into
the Rosati involution.

Under such simplification, we may define the Shimura variety associated with G over Z
a certain moduli interpretation, following Rapoport—Smithling—Zhang.

q2 via
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Unitary Shimura varieties

Consider

e a CM number field F C C, with F* C F its maximal totally real subfield,

e a positive integer N,

e a (nondegenerate) hermitian space V over F/F™T that has signature (N — 1,1) at the default
real place and signature (N, 0) at all others,

e aprime p of F* that is inert in F and such that G := Resg+ g U(V) is unramified at p (the
underlying prime number of p).
Fix an isomorphism C =~ @p that induces the place p. Let g be the residue cardinality of F;r

so that g = p[F:’r:Q"]. Fix a hyperspecial maximal subgroup K, of G(Qp).

To technically simplify this talk, we pretend that there exists a complex abelian variety with
complex multiplication by Of that can be defined over Z_>. In other words, we may fix a CM
type ® containing the default place 7: F C C and a triple (Ao, io, Ao) where

e Ap is an abelian scheme over Z of dimension [FT : Q];

e ip: O — End(Ap) is a CM structure of CM type ®;

e N\o: Ay — A(\)/ is a p-principal polarization under which iy turns the complex conjugation into
the Rosati involution.

Under such simplification, we may define the Shimura variety associated with G over Zg via
a certain moduli interpretation, following Rapoport—Smithling—Zhang. Namely, for every neat
open compact subgroup KP C G(A°P), we have a scheme X(KP), quasi-projective and smooth
over Zqz of relative dimension N — 1, such that

X(KP)(C) =~ G(Q)\Doo x G(A™)/KPK,

where Do, denotes the hermitian symmetric domain of negative complex lines.in V ®Ff  C.
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Moduli interpretation
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Moduli interpretation

For every locally Noetherian scheme T over Zg, X(KP)(T) is the set of equivalence classes
of quadruples (A, i, \,nP) where
e A is an abelian scheme over T of dimension N[FT : QJ;

e i: O — End(A) is an action of Of such that for every a € Of, the characteristic
polynomial for the action of i(a) on the Lie algebra of A is given by

x-a"(x-3) [] x-r@)"
T'ed\{r}

e \: A— AV is a p-principal polarization under which i turns the complex conjugation into
the Rosati involution;

e 7P is a KP-level structure, that is, for a chosen geometric point t on every connected
component of T, a m1(T, t)-invariant KP-orbit of isometries

nP: V ®g A®P = Hom%gAW,p(Hl(thAw’P),Hl(At,A*vP))

of hermitian spaces over F ®q A°°’P/F+ ®q AP,
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Moduli interpretation

For every locally Noetherian scheme T over Zg, X(KP)(T) is the set of equivalence classes
of quadruples (A, i, \,nP) where
e A is an abelian scheme over T of dimension N[FT : QJ;

e i: O — End(A) is an action of Of such that for every a € Of, the characteristic
polynomial for the action of i(a) on the Lie algebra of A is given by

x-a"(x-3) [] x-r@)"
T'ed\{r}

e \: A— AV is a p-principal polarization under which i turns the complex conjugation into
the Rosati involution;

e 7P is a KP-level structure, that is, for a chosen geometric point t on every connected
component of T, a m1(T, t)-invariant KP-orbit of isometries

nP: V ®g A®P = Hom%gAW,p(Hl(thAw’P),Hl(At,A*vP))

of hermitian spaces over F ®q A°°’P/F+ ®q AP,
Put Y(KP) := X(KP) ®Zq2 qu.
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Moduli interpretation

For every locally Noetherian scheme T over Zg, X(KP)(T) is the set of equivalence classes
of quadruples (A, i, \,nP) where
e Ais an abelian scheme over T of dimension N[F* : Q];

e i: O — End(A) is an action of Of such that for every a € Of, the characteristic
polynomial for the action of i(a) on the Lie algebra of A is given by

x-a"(x-3) [] x-r@)"
T'ed\{r}
e \: A— AV is a p-principal polarization under which i turns the complex conjugation into
the Rosati involution;

e 7P is a KP-level structure, that is, for a chosen geometric point t on every connected
component of T, a m1(T, t)-invariant KP-orbit of isometries

nP: V ®g A®P = Hom%gAW,p(Hl(thAw’P),Hl(At,A*vP))

of hermitian spaces over F ®q A°°’P/F+ ®q AP,
Put Y(KP) := X(KP) ®Zq2 qu.

Denote by Y(KP)P the basic locus of Y(KP), that is, the closed locus where the
OF, -divisible group A[p>°] is supersingular.
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Basic correspondence
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Basic correspondence

To describe Y(KP)P, we construct the so-called basic correspondence.
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Basic correspondence

To describe Y(KP)P, we construct the so-called basic correspondence. We fix a totally
positive element w € O+ that has valuation 1 at p and 0 at other p-adic places.
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Basic correspondence

To describe Y(KP)P, we construct the so-called basic correspondence. We fix a totally
positive element w € O+ that has valuation 1 at p and 0 at other p-adic places.
We define a moduli problem S(KP) over Fg2, such that for every locally Noetherian scheme
T over F 2, S(KP)(T) is the set of equivalence classes of quadruples (A’,i’, X', nP’) where
e A’ is an abelian scheme over T of dimension N[FT : Q];
e i’: O — End(A’) is an action of Of “with the characteristic polynomial”
[[coX =(@)"
e \: A — AV is an “i’-compatible” polarization such that ker \'[p°] is trivial (resp.
contained in A’[p] of rank q2) if N is odd (resp. even);

. 1V ®gA®P =5 Hom?, Hi(Aor, A%P), Hy (A}, A%P)) is a KP-level structure.

F®mA°° P(
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Basic correspondence

To describe Y(KP)P, we construct the so-called basic correspondence. We fix a totally
positive element w € O+ that has valuation 1 at p and 0 at other p-adic places.
We define a moduli problem S(KP) over Fg2, such that for every locally Noetherian scheme
T over F 2, S(KP)(T) is the set of equivalence classes of quadruples (A’,i’, X', nP’) where
e A’ is an abelian scheme over T of dimension N[FT : Q];
e /': O — End(A’) is an action of Of “with the characteristic polynomial”
[[coX =(@)"
e \: A — AV is an “i’-compatible” polarization such that ker \'[p°] is trivial (resp.
contained in A’[p] of rank q2) if N is odd (resp. even);

. 1V ®gA®P =5 Hom?, Hi(Aor, A%P), Hy (A}, A%P)) is a KP-level structure.

F®mA°° P(

It turns out that S(KP) is a projective smooth scheme over FF > of dimension 0.
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Basic correspondence

To describe Y(KP)P, we construct the so-called basic correspondence. We fix a totally
positive element w € O+ that has valuation 1 at p and 0 at other p-adic places.
We define a moduli problem S(KP) over Fg2, such that for every locally Noetherian scheme
T over F 2, S(KP)(T) is the set of equivalence classes of quadruples (A’,i’, X', nP’) where
e A’ is an abelian scheme over T of dimension N[FT : Q];
e /': O — End(A’) is an action of Of “with the characteristic polynomial”
[[coX =(@)"
e \: A — AV is an “i’-compatible” polarization such that ker \'[p°] is trivial (resp.
contained in A’[p] of rank q2) if N is odd (resp. even);

. 1V ®gA®P =5 Hom?, Hi(Aor, A%P), Hy (A}, A%P)) is a KP-level structure.

F®mA°° P(
It turns out that S(KP) is a projective smooth scheme over FF > of dimension 0.
We then define a moduli problem B(KP) over F 2 that parameterizes data
(A, i, A, P A i N mP'; o) where
e (A,i,\,nP) is an object of Y(KP);
o (A, i",N,nP") is an object of S(KP);
e a: A— A’ is an Of-linear isogeny such that

— ker a[p®°] is contained in A[p];
—w-A=aYo)Noa; and
— the KP-orbit of maps v = ax o nP(v) for v € V ®g AP coincides with n?’.
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Basic correspondence
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Basic correspondence

By forgetting, we have an obvious correspondence
S(KP) <= B(KP) & Y(KP).

We have the following properties.
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Basic correspondence

By forgetting, we have an obvious correspondence
S(KP) <= B(KP) & Y(KP).

We have the following properties.

(1) The correspondence is equivariant with the obvious actions of Hecke operators away from p.
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Basic correspondence

By forgetting, we have an obvious correspondence
S(KP) <= B(KP) & Y(KP).

We have the following properties.

(1) The correspondence is equivariant with the obvious actions of Hecke operators away from p.

(2) The morphism 7 is projective smooth with fibers being certain irreducible Deligne—Lusztig
varieties of dimension r == L%J
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Basic correspondence

By forgetting, we have an obvious correspondence
S(KP) <= B(KP) & Y(KP).

We have the following properties.

(1) The correspondence is equivariant with the obvious actions of Hecke operators away from p.

(2) The morphism 7 is projective smooth with fibers being certain irreducible Deligne—Lusztig
varieties of dimension r == L%J

(3) The morphism ¢ is locally a closed embedding, whose image is exactly Y (KP)P.
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Basic correspondence

By forgetting, we have an obvious correspondence
S(KP) <= B(KP) & Y(KP).

We have the following properties.

(1) The correspondence is equivariant with the obvious actions of Hecke operators away from p.

(2) The morphism 7 is projective smooth with fibers being certain irreducible Deligne—Lusztig
varieties of dimension r == L%J

(3) The morphism ¢ is locally a closed embedding, whose image is exactly Y (KP)P.

(4) S(KP) is a finite copy of SpecF > naturally indexed by the following double coset: Let V' be
the totally positive definite hermitian space over F/F™T such that
V' @p+ AFYP >~ V @ps AZTP (and fix such an isometry). Then the index set is

G'(Q\G'(A®)/KPKy

where G := Resgi g U(V’) and KJ, is a fixed maximal special subgroup of G'(Qp).
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Basic correspondence

By forgetting, we have an obvious correspondence
S(KP) <= B(KP) & Y(KP).

We have the following properties.

(1) The correspondence is equivariant with the obvious actions of Hecke operators away from p.

(2) The morphism 7 is projective smooth with fibers being certain irreducible Deligne—Lusztig
varieties of dimension r == L%J

(3) The morphism ¢ is locally a closed embedding, whose image is exactly Y (KP)P.

(4) S(KP) is a finite copy of SpecF > naturally indexed by the following double coset: Let V' be
the totally positive definite hermitian space over F/F™T such that
V' @p+ AFYP >~ V @ps AZTP (and fix such an isometry). Then the index set is

G'(Q\G'(A®)/KPKy

where G := Resgi g U(V’) and KJ, is a fixed maximal special subgroup of G'(Qp).

In particular, the absolute cycle classes give a map
uom*: H(S(KP),A) — B2N=1=1(Y(KP),A(N — 1 — r))

for any suitable coefficient ring A.
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Cycle class maps
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Cycle class maps
By the Hoschchild—Serre sequence, we have a short exact sequence
0— HY(F,p, H2(’V*1*’)*1(Y(KP)®, AN —1—r)))

— HAV=I0 (Y (KP), AN — 1 — r)) — HO(F o, HXN 1= (Y(KP)= ,A(N — 1 —r))) — 0.
P
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Cycle class maps
By the Hoschchild—Serre sequence, we have a short exact sequence
0— HY(F,p, H2(’V*1*’)*1(Y(KP)®, AN —1—r)))
— HAV=10 (Y (KP), AN — 1 — 1)) — HO(F 2, HQ(N_I_’)(Y(KP)EJ,A(N —1-r)))—o0.
If we denote by H°(S(KP),A)® the kernel of the composite map
yv: HY(S(KP),A) — B2N=1=1(y(KP),A(N — 1 — r)) — HZ(N*I*')(Y(KP)E,A(N —1-1r)),

then we obtain the induced map

ay: HY(S(KP),A)® — Hl(]qu,H2(N’1”)’1(Y(K")ﬁp,/\(N —1-1r))).

Yifeng Liu (Zhejiang University) Level raising via unitary Shimura varieties with good re Mar 14, 2023 8 /16



Cycle class maps
By the Hoschchild—Serre sequence, we have a short exact sequence
0— HI(IFqQ,H2(’V*1*’)*1(Y(KP)®,/\(N —1-1r)))
— HAV=10 (Y (KP), AN — 1 — 1)) — HO(F 2, HQ(N_I_’)(Y(KP)E,A(N —1-r)))—o0.
If we denote by H°(S(KP),A)® the kernel of the composite map
yv: HY(S(KP),A) — B2N=1=1(y(KP),A(N — 1 — r)) — HZ(N*I*')(Y(KP)E,A(N —1-1r)),

then we obtain the induced map

ay: HY(S(KP),A)® — Hl(]qu,H2(N’1”)’1(Y(K")ﬁp,/\(N —1-1r))).

In many cases, we are interested in the middle-degree (geometric) cohomology. More
precisely,
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Cycle class maps
By the Hoschchild—Serre sequence, we have a short exact sequence
0— HI(IFqQ,H2(’V*1*’)*1(Y(KP)®,/\(N —1-1r)))
— HAV=10 (Y (KP), AN — 1 — 1)) — HO(F 2, HQ(N_I_’)(Y(KP)E,A(N —1-r)))—o0.
If we denote by H°(S(KP),A)® the kernel of the composite map
yv: HY(S(KP),A) — B2N=1=1(y(KP),A(N — 1 — r)) — HZ(N*I*')(Y(KP)E,A(N —1-1r)),

then we obtain the induced map

ay: HY(S(KP),A)® — Hl(]qu,H2(N’1”)’1(Y(K")ﬁp,/\(N —1-1r))).

In many cases, we are interested in the middle-degree (geometric) cohomology. More
precisely,

e when N = 2r + 1, we are interested in the map ~yy: H(S(KP),A) — H2’(Y(KP)FP,/\(r)),

namely, Tate cycles given by basic locus (which has been extensively studied by Xiao—Zhu);
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Cycle class maps
By the Hoschchild—Serre sequence, we have a short exact sequence
0— Hl(quz,H2(’V*1*’)*1(Y(KP)®,/\(N —1-1r)))

— HAV=10 (Y (KP), AN — 1 — 1)) — HO(F 2, HQ(N_I_’)(Y(KP)E,A(N —1-r)))—o0.
If we denote by H°(S(KP),A)® the kernel of the composite map
v H(S(KP), A) — HEN=1=0(Y (KP), AN — 1 — r)) — HEN =120 (Y (KP)- AN —1—r)),
P

then we obtain the induced map

ay: HY(S(KP),A)® — Hl(]qu,H2(N’1”)’1(Y(K")ﬁp,/\(N —1-1r))).

In many cases, we are interested in the middle-degree (geometric) cohomology. More
precisely,
e when N = 2r + 1, we are interested in the map ~yy: H(S(KP),A) — H2’(Y(KP)FP,/\(r)),
namely, Tate cycles given by basic locus (which has been extensively studied by Xiao—Zhu);
e when N = 2r, we are interested in the map

an: HO(S(KP),N)® — Hl(]qu,H2’*1(Y(K")@p,/\(r)))-

The question of the surjective of ayy after certain localization will be our analogue of Ribet's
level raising theorem for the unitary Shimura variety X(KP).
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lhara's lemma for modular curve

We recall lhara's lemma for modular curve and its relation with Ribet's theorem.

Yifeng Liu (Zhejiang University) Level raising via unitary Shimura varieties with good re Mar 14, 2023 9/16



lhara's lemma for modular curve

We recall lhara's lemma for modular curve and its relation with Ribet’s theorem.
Consider the modular curve Xo(Xp) over Zp, which admits a natural involution i and a
natural finite morphism f: Xo(Xp) — Xo(X) of degree p + 1.
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lhara's lemma for modular curve

We recall lhara's lemma for modular curve and its relation with Ribet’s theorem.

Consider the modular curve Xo(Xp) over Zp, which admits a natural involution i and a
natural finite morphism f: Xo(Xp) — Xo(X) of degree p + 1.

Let £, L and X be as in the beginning of the talk. lhara’s lemma says that if £ mod A is
non-Eisenstein, then the map

(fe, e 0 i): HY (Xo(Zp)g,, Za) = H (Xo(R)g , Zx) ®*

is surjective after localizing at ms.
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lhara's lemma for modular curve

We recall lhara's lemma for modular curve and its relation with Ribet’s theorem.

Consider the modular curve Xo(Xp) over Zp, which admits a natural involution i and a
natural finite morphism f: Xo(Xp) — Xo(X) of degree p + 1.

Let £, L and X be as in the beginning of the talk. lhara’s lemma says that if £ mod A is
non-Eisenstein, then the map

(fe, e 0 i): HY (Xo(Zp)g,, Za) = H (Xo(R)g , Zx) ®*

is surjective after localizing at m¢. Ribet deduced his theorem from this lemma.
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lhara's lemma for modular curve

We recall lhara's lemma for modular curve and its relation with Ribet’s theorem.

Consider the modular curve Xo(Xp) over Zp, which admits a natural involution i and a
natural finite morphism f: Xo(Xp) — Xo(X) of degree p + 1.

Let £, L and X be as in the beginning of the talk. lhara’s lemma says that if £ mod A is
non-Eisenstein, then the map

(fe, e 0 i): HY (Xo(Zp)g,, Za) = H (Xo(R)g , Zx) ®*

is surjective after localizing at m¢. Ribet deduced his theorem from this lemma.
Now we give an alternative interpretation of lhara's lemma under the further assumption
£ (p+ 1), which will be instructive later.
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lhara's lemma for modular curve

We recall lhara's lemma for modular curve and its relation with Ribet’s theorem.

Consider the modular curve Xo(Xp) over Zp, which admits a natural involution i and a
natural finite morphism f: Xo(Xp) — Xo(X) of degree p + 1.

Let £, L and X be as in the beginning of the talk. lhara’s lemma says that if £ mod A is
non-Eisenstein, then the map

(fe, e 0 i): HY (Xo(Zp)g,, Za) = H (Xo(R)g , Zx) ®*

is surjective after localizing at m¢. Ribet deduced his theorem from this lemma.

Now we give an alternative interpretation of lhara's lemma under the further assumption
£ (p+ 1), which will be instructive later.

Put K := GL2(Z,) and let P C K be the standard upper-triangular Iwahori subgroup. Then
the Zy[K]-module Ind7’§ Zy admits a unique decomposition Zy @ Q2 in which Q) is a free
Zx-module of rank p.
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lhara's lemma for modular curve

We recall lhara's lemma for modular curve and its relation with Ribet’s theorem.

Consider the modular curve Xo(Xp) over Zp, which admits a natural involution i and a
natural finite morphism f: Xo(Xp) — Xo(X) of degree p + 1.

Let £, L and X be as in the beginning of the talk. lhara’s lemma says that if £ mod A is
non-Eisenstein, then the map

(fe, e 0 i): HY (Xo(Zp)g,, Za) = H (Xo(R)g , Zx) ®*

is surjective after localizing at m¢. Ribet deduced his theorem from this lemma.

Now we give an alternative interpretation of lhara's lemma under the further assumption
£ (p+ 1), which will be instructive later.

Put K := GL2(Z,) and let P C K be the standard upper-triangular Iwahori subgroup. Then
the Zy[K]-module Ind7’§ Zy admits a unique decomposition Zy @ Q2 in which Q) is a free
Zx-module of rank p. Then the surjectivity of (fs, fi 0 ix) localized at ms is equivalent to the
surjectivity of the composite map

B: H!(Xo(T)g,, @) = H (Xo(T)g, , Ind Z)
fxOly

= H'(Xo(Tp)g , 22) = H'(Xo(T)g,, 22)

localized at ms.
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Standard module of hermitian Siegel parahoric
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Standard module of hermitian Siegel parahoric

Now we assume that N = 2r is even and that A = Z,, for a finite extension Q) /Qy.

Yifeng Liu (Zhejiang University) Level raising via unitary Shimura varieties with good re Mar 14, 2023 10 / 16



Standard module of hermitian Siegel parahoric

Now we assume that N = 2r is even and that A = Z,, for a finite extension Q) /Qy.

Let K be the p-component of Kp, which is a hyperspecial maximal subgroup of U(V)(F'f).
Fix a hermitian Siegel parahoric subgroup P C K. Let Q be the double coset in P\K/P that
parameterizes a pair of Lagrangian subspaces with intersection of codimension 1.
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Standard module of hermitian Siegel parahoric

Now we assume that N = 2r is even and that A = Z,, for a finite extension Q) /Qy.

Let K be the p-component of Kp, which is a hyperspecial maximal subgroup of U(V)(Fp*).
Fix a hermitian Siegel parahoric subgroup P C K. Let Q be the double coset in P\K/P that
parameterizes a pair of Lagrangian subspaces with intersection of codimension 1.

Proposition

Suppose that £ 1 q H:V:l(l — (—q)). We have a canonical decomposition
r
ZP\Kl = P 2,
j=0

of Z\[P\K/P]-modules in which Q’N \ is the eigenspace of Q with eigenvalue

*(*q)N“_zj*(fq)ijH
gc—1

(the differences of these eigenvalues are all invertible in Z; ).
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Standard module of hermitian Siegel parahoric

Now we assume that N = 2r is even and that A = Z,, for a finite extension Q) /Qy.

Let K be the p-component of Kp, which is a hyperspecial maximal subgroup of U(V)(Fp*).
Fix a hermitian Siegel parahoric subgroup P C K. Let Q be the double coset in P\K/P that
parameterizes a pair of Lagrangian subspaces with intersection of codimension 1.

Proposition

Suppose that £ 1 q H:V:l(l — (—q)). We have a canonical decomposition
r
ZP\Kl = P 2,
j=0

of Z\[P\K/P]-modules in which Q’N \ is the eigenspace of Q with eigenvalue

N+1—j j
=(=q) qzjij)j*qﬂ (the differences of these eigenvalues are all invertible in Z; ).

By the above proposition, one can see easily that QJI‘V,A is stable under the right translation

of KC; and in particular, Q(,’V \ = Zx.
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Standard module of hermitian Siegel parahoric

Now we assume that N = 2r is even and that A = Z,, for a finite extension Q) /Qy.

Let K be the p-component of Kp, which is a hyperspecial maximal subgroup of U(V)(Fp*).
Fix a hermitian Siegel parahoric subgroup P C K. Let Q be the double coset in P\K/P that
parameterizes a pair of Lagrangian subspaces with intersection of codimension 1.

Proposition

Suppose that £ 1 q H:V:l(l — (—q)). We have a canonical decomposition
r
ZP\Kl = P 2,
j=0

of Z\[P\K/P]-modules in which Q’N \ is the eigenspace of Q with eigenvalue

*(*q)N“_zj*(fq)ijH
gc—1

(the differences of these eigenvalues are all invertible in Z; ).

By the above proposition, one can see easily that Q’N 5 is stable under the right translation
of KC; and in particular, Q(,’V \ = Zx.
It is the direct summand Q}V » that will play the role of the “Steinberg component” Q) in

the modular curve case, if one wants to formulate the correct lhara-type lemma for level raising
for the unitary Shimura variety X(KP).
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Standard module of hermitian Siegel parahoric

Now we assume that N = 2r is even and that A = Z,, for a finite extension Q) /Qy.

Let K be the p-component of Kp, which is a hyperspecial maximal subgroup of U(V)(Fp*).
Fix a hermitian Siegel parahoric subgroup P C K. Let Q be the double coset in P\K/P that
parameterizes a pair of Lagrangian subspaces with intersection of codimension 1.

Proposition

Suppose that £ 1 q H:V:l(l — (—q)). We have a canonical decomposition
r
ZP\Kl = P 2,
j=0

of Z\[P\K/P]-modules in which Q’N \ is the eigenspace of Q with eigenvalue

*(*q)N“_zj*(fq)ijH
gc—1

(the differences of these eigenvalues are all invertible in Z; ).

By the above proposition, one can see easily that Q’N 5 is stable under the right translation
of KC; and in particular, Q(,’V \ = Zx.
It is the direct summand Q}V » that will play the role of the “Steinberg component” Q) in

the modular curve case, if one wants to formulate the correct lhara-type lemma for level raising
for the unitary Shimura variety X(KP).

VL1

It is a good exercise to show that Q}V 5 is a free Zx-module of rank gq sl
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An lhara lemma for unitary Shimura varieties
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An lhara lemma for unitary Shimura varieties
Let )?(KP) be the moduli problem over Q> parameterizing pairs of objects (A1, i1, A1, nf)

and (A2, iz, A2, 75) of X(KP) together with a compatible isogeny v : A; — Az such that
ker[p°°] is a Lagrangian subgroup of A1[p].
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An lhara lemma for unitary Shimura varieties

Let )?(KP) be the moduli problem over Q> parameterizing pairs of objects (A1, i1, A1, nf)
and (A2, iz, A2, 75) of X(KP) together with a compatible isogeny v : A; — Az such that
ker[p°°] is a Lagrangian subgroup of A;[p]. Then we have an involution i of )~((KP) switching
(A1, i1, A1,m7) and (A2, iz, A2,n5); and a morphism f: ;((Kp) — X(K’J)@(72 that remembers
(A1, i1, A1,n7), which is finite étale.
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An lhara lemma for unitary Shimura varieties

Let )?(KP) be the moduli problem over Q> parameterizing pairs of objects (A1, i1, A1, nf)
and (A2, iz, A2, 75) of X(KP) together with a compatible isogeny v : A; — Az such that
ker[p°°] is a Lagrangian subgroup of A;[p]. Then we have an involution i of )~((KP) switching
(A1, i1, A1,m7) and (A2, iz, A2,n5); and a morphism f: ;((Kp) — X(K’J)@(72 that remembers
(A1, i1, A1,n7), which is finite étale.

From now on, we assume £ { qH,I.VZI(l —(—q)").
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An lhara lemma for unitary Shimura varieties

Let )?(KP) be the moduli problem over Q> parameterizing pairs of objects (A1, i1, A1, nf)
and (A2, iz, A2, 75) of X(KP) together with a compatible isogeny v : A; — Az such that
ker[p°°] is a Lagrangian subgroup of A;[p]. Then we have an involution i of )~((KP) switching
(A1, i1, A1,m7) and (A2, iz, A2,n5); and a morphism f: ;((Kp) — X(K’J)@(72 that remembers
(A1, i1, A1,n7), which is finite étale.

From now on, we assume £ { qH,I.VZI(l —(—q)").
By the previous proposition, we have the composite map

Bu: HYH(X(KP)g, , O p) = HYTH(X(KP)g , Indps Zy)

1o @

= HV"Y(X(KP)g , Z2) === HV"Y(X(KP)g , Z»)-
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An lhara lemma for unitary Shimura varieties

Let )?(KP) be the moduli problem over Q> parameterizing pairs of objects (A1, i1, A1, nf)
and (A2, iz, A2, 75) of X(KP) together with a compatible isogeny v : A; — Az such that
ker[p°°] is a Lagrangian subgroup of A;[p]. Then we have an involution i of )~((KP) switching
(A1, i1, A1,m7) and (A2, iz, A2,n5); and a morphism f: ;((Kp) — X(K’J)@(72 that remembers
(A1, i1, A1,n7), which is finite étale.

From now on, we assume £ { qH,I.VZI(l —(—q)").
By the previous proposition, we have the composite map

Bu: HYH(X(KP)g, , O p) = HYTH(X(KP)g , Indps Zy)
1o @

= HV"Y(X(KP)g , Z2) === HV"Y(X(KP)g , Z»)-

Denote by 'JI‘;V the abstract spherical unitary Hecke algebra over F/F* of rank N away from ?.
Fix a finite set ~ of prime numbers not containing p, away from which K” is hyperspecial. Then

Tﬁu{p} acts on X(KP) via Hecke correspondences which are finite étale. Put ’]I‘-}'V N ’]I‘;V Q Zy.
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An lhara lemma for unitary Shimura varieties

Let )N((KP) be the moduli problem over Q> parameterizing pairs of objects (A1, i1, A1, nf)
and (A2, iz, A2, 75) of X(KP) together with a compatible isogeny v : A; — Az such that
ker[p°°] is a Lagrangian subgroup of A;[p]. Then we have an involution i of )~((KP) switching
(A1, i1, A1,m7) and (A2, iz, A2,n5); and a morphism f: ;((KP) — X(K’J)@‘72 that remembers
(A1, i1, A1,n7), which is finite étale.

From now on, we assume £ { qHII.V:l(l —(—q)").
By the previous proposition, we have the composite map

Bn: HN—l(X(KP)@p,Q}“) — H"’—l(X(KP)@p, Ind Z)
1o @
=H(X (KP)g, Zx) — = HVH(X(KP)g . Zx)-
P

Denote by ']I‘;V the abstract spherical unitary Hecke algebra over F/F* of rank N away from ?.
Fix a finite set ¥ of prime numbers not containing p, away from which K” is hyperspecial Then

Tﬁu{p} acts on X(KP) via Hecke correspondences which are finite étale. Put ’]I‘ Ny = ’]1‘7 R Zy.

Let m be a maximal ideal of 'I[‘),E,  that is “non-Eisenstein” such that the Satake parameters
Zu{p}

mod m at p contain q at most once. Then the map By is surjective after localizing at mN'T),
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Relation with level raising
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Relation with level raising

Theorem (L.—Tian—Xiao)

Suppose that p is odd and q = p. Then for every maximal ideal m OFTEUX{"}, the surjectivity of
(Bn)m implies the surjectivity of (ay)m.
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Relation with level raising

Theorem (L.—Tian—Xiao)

Suppose that p is odd and q = p. Then for every maximal ideal m OFTEUX{"}, the surjectivity of
(Bn)m implies the surjectivity of (ay)m.

The assumption that p is odd and g = p is purely for technical reasons; one should be able
to remove them.
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Relation with level raising

Theorem (L.—Tian—Xiao)

Suppose that p is odd and q = p. Then for every maximal ideal m OFTEUX{"}, the surjectivity of
(Bn)m implies the surjectivity of (ay)m.

The assumption that p is odd and g = p is purely for technical reasons; one should be able
to remove them.

Theorem (LTXZZ+LTX)

+
Consider a prime pT of F*t inert in F and a maximal ideal m! of Tﬁ\ip } satisfying
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Relation with level raising

Theorem (L.—Tian—Xiao)

Suppose that p is odd and q = p. Then for every maximal ideal m OFTEUX{"}, the surjectivity of
(Bn)m implies the surjectivity of (ay)m.

The assumption that p is odd and g = p is purely for technical reasons; one should be able
to remove them.

Theorem (LTXZZ+LTX)

+
Consider a prime pT of F*t inert in F and a maximal ideal m! of Tﬁ\ip } satisfying

) F:T = Q, for an odd prime number pl unramified in F;
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Relation with level raising

Theorem (L.—Tian—Xiao)

Suppose that p is odd and q = p. Then for every maximal ideal m OFTEUX{"}, the surjectivity of
(Bn)m implies the surjectivity of (ay)m.

The assumption that p is odd and g = p is purely for technical reasons; one should be able
to remove them.

Theorem (LTXZZ+LTX)

+
Consider a prime pT of F*t inert in F and a maximal ideal m! of Tﬁ\ip } satisfying

) F:T = Q, for an odd prime number pl unramified in F;

e V is not split at pt (= p' € X) but splits at other pt-adic places of F*;
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Relation with level raising

Theorem (L.—Tian—Xiao)

Suppose that p is odd and q = p. Then for every maximal ideal m OFTEUX{"}, the surjectivity of
(Bn)m implies the surjectivity of (ay)m.

The assumption that p is odd and g = p is purely for technical reasons; one should be able
to remove them.

Theorem (LTXZZ+LTX)

+
Consider a prime pT of F*t inert in F and a maximal ideal m! of Tﬁ\ip } satisfying

. F:T = pr for an odd prime number p' unramified in F;
e V is not split at pt (= p' € X) but splits at other pt-adic places of F*;

e m' is “non-Eisenstein”;
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Relation with level raising

Theorem (L.—Tian—Xiao)

Suppose that p is odd and q = p. Then for every maximal ideal m OFTEUX{"}, the surjectivity of
(Bn)m implies the surjectivity of (ay)m.

The assumption that p is odd and g = p is purely for technical reasons; one should be able
to remove them.

Theorem (LTXZZ+LTX)

T\ {p'}
A

Consider a prime pT of F*t inert in F and a maximal ideal m! of Ty satisfying

) F;’ = Q, for an odd prime number pl unramified in F;

e V is not split at pt (= p' € X) but splits at other pt-adic places of F*;
e m' is “non-Eisenstein”;

o the Satake parameters mod m' at p contain p at most once and do not contain —1;
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Relation with level raising

Theorem (L.—Tian—Xiao)

Suppose that p is odd and q = p. Then for every maximal ideal m OFTEUX{"}, the surjectivity of
(Bn)m implies the surjectivity of (ay)m.

The assumption that p is odd and g = p is purely for technical reasons; one should be able
to remove them.

Theorem (LTXZZ+LTX)

+
Consider a prime pT of F*t inert in F and a maximal ideal m! of Tﬁ\ip } satisfying

) F;’ = Q, for an odd prime number pl unramified in F;

e V is not split at pt (= p' € X) but splits at other pt-adic places of F*;
e m' is “non-Eisenstein”;
o the Satake parameters mod m' at p contain p at most once and do not contain —1;

o the Satake parameters mod m' at pT contain pt exactly once and do not contain —1;
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Relation with level raising

Theorem (L.—Tian—Xiao)

Suppose that p is odd and q = p. Then for every maximal ideal m OFTEUX{"}, the surjectivity of
(Bn)m implies the surjectivity of (ay)m.

The assumption that p is odd and g = p is purely for technical reasons; one should be able
to remove them.

Theorem (LTXZZ+LTX)

satisfying

+
Consider a prime pt of Ft inert in F and a maximal ideal m! of Tﬁ\ip }

. F:T = pr for an odd prime number p' unramified in F;
V is not split at pt (= pT € ) but splits at other pt-adic places of F*;

e m' is “non-Eisenstein”;

the Satake parameters mod m' at p contain p at most once and do not contain —1;

the Satake parameters mod m' at pT contain pt exactly once and do not contain —1;

® some other technical conditions ...
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Relation with level raising

Theorem (L.—Tian—Xiao)

Suppose that p is odd and q = p. Then for every maximal ideal m of’ll‘fluk{p}, the surjectivity of
(Bn)m implies the surjectivity of (ay)m.

The assumption that p is odd and g = p is purely for technical reasons; one should be able
to remove them.

Theorem (LTXZZ+LTX)

satisfying

+
Consider a prime pT of F*t inert in F and a maximal ideal m! of Tﬁ\ip }

) F;’ = Q, for an odd prime number pl unramified in F;

e V is not split at pt (= p' € X) but splits at other pt-adic places of F*;

e m' is “non-Eisenstein”;

o the Satake parameters mod m' at p contain p at most once and do not contain —1;
o the Satake parameters mod m' at pT contain pt exactly once and do not contain —1;

® some other technical conditions ...

Putm :=min Tﬁj\{"}. Then (Bn)m is surjective; hence (ay)m is surjective as well.
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Why Q ,?
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Why Q ,?

The heuristic reason why Q}V » is the factor that is responsible for the surjectivity of the map
ayy is the following proposition, previously proved in [LTXZZ].

Yifeng Liu (Zhejiang University) Level raising via unitary Shimura varieties with good re Mar 14, 2023 13 /16



Why QF, ,?

The heuristic reason why Q}V,)\ is the factor that is responsible for the surjectivity of the map
ayy is the following proposition, previously proved in [LTXZZ].

Recall that N = 2r is even and K is a hyperspecial maximal subgroup of U(V)(F;‘) with
P C K a Siegel parahoric subgroup. Similarly, write K’ for a special maximal subgroup of
U(V)(FH).

Yifeng Liu (Zhejiang University) Level raising via unitary Shimura varieties with good re Mar 14, 2023 13 /16



Why QF, ,?

The heuristic reason why Q}V » is the factor that is responsible for the surjectivity of the map

ayy is the following proposition, previously proved in [LTXZZ].

Recall that N = 2r is even and K is a hyperspecial maximal subgroup of U(V)(F;‘) with
P C K a Siegel parahoric subgroup. Similarly, write K’ for a special maximal subgroup of
U(V)(FH).

Write SYN ¢ for the corresponding factor of C[P\K] with complex coefficients for 0 < j < r.
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Why Q ,?

The heuristic reason why Q}V » is the factor that is responsible for the surjectivity of the map
ayy is the following proposition, previously proved in [LTXZZ].
Recall that N = 2r is even and K is a hyperspecial maximal subgroup of U(V)(F;) with

P C K a Siegel parahoric subgroup. Similarly, write K’ for a special maximal subgroup of
U(V)(FH).

Write Q’N ¢ for the corresponding factor of C[P\K] with complex coefficients for 0 < j < r.

Proposition
Define

e S to be the set of isomorphism classes of (complex) irreducible admissible representations 7
of U( V)(F;) such that 7| contains Q} ¢ (hence 7 is semistable) and that the Satake
parameters of 7 contain q;
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Why Q ,?

The heuristic reason why Q}V » is the factor that is responsible for the surjectivity of the map
ayy is the following proposition, previously proved in [LTXZZ].
Recall that N = 2r is even and K is a hyperspecial maximal subgroup of U(V)(F;) with

P C K a Siegel parahoric subgroup. Similarly, write K’ for a special maximal subgroup of
U(V)(FH).

Write Q’N ¢ for the corresponding factor of C[P\K] with complex coefficients for 0 < j < r.

Proposition
Define

e S to be the set of isomorphism classes of (complex) irreducible admissible representations 7
of U( V)(F;) such that 7| contains Q} ¢ (hence 7 is semistable) and that the Satake
parameters of 7 contain q;

e S’ to be the set of isomorphism classes of (complex) irreducible admissible representations
n' of U(V')(F,") such that «'|;c/ contains the trivial representation.
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Why Q ,?

The heuristic reason why Q}V,)\ is the factor that is responsible for the surjectivity of the map
ayy is the following proposition, previously proved in [LTXZZ].

Recall that N = 2r is even and K is a hyperspecial maximal subgroup of U(V)(F;) with
P C K a Siegel parahoric subgroup. Similarly, write K’ for a special maximal subgroup of
U(V)(FH).

Write Q’,'V’C for the corresponding factor of C[P\K] with complex coefficients for 0 < j < r.

Proposition
Define

e S to be the set of isomorphism classes of (complex) irreducible admissible representations 7
of U( V)(F;) such that 7| contains Q} ¢ (hence 7 is semistable) and that the Satake
parameters of T contain q;

e S’ to be the set of isomorphism classes of (complex) irreducible admissible representations
n' of U(V')(F,") such that «'|;c/ contains the trivial representation.

Then there is a unique bijection between S and S’ such that w and 7’ correspond if and only if
BC(w) ~ BC(n').
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Explicit reciprocity law
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Explicit reciprocity law
The surjectivity of (ay)m can provide a (second) explicit reciprocity law for the diagonal

cycle on the Shimura variety associated with U, x Upy1, which is the arithmetic avatar of the
Rankin—Selberg integral.
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Explicit reciprocity law

The surjectivity of (ay)m can provide a (second) explicit reciprocity law for the diagonal
cycle on the Shimura variety associated with U, x Upy1, which is the arithmetic avatar of the
Rankin—Selberg integral.

Consider a hermitian space V,, over F/F+ as before but of rank n. Put V41 =V, & F.e
with e of length 1. We have corresponding unitary groups G, and Gpy1, with a natural
embedding G, < Gp41 as the stabilizer of e.
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Explicit reciprocity law

The surjectivity of (ay)m can provide a (second) explicit reciprocity law for the diagonal
cycle on the Shimura variety associated with U, x Upy1, which is the arithmetic avatar of the
Rankin—Selberg integral.

Consider a hermitian space V,, over F/F+ as before but of rank n. Put V41 =V, & F.e
with e of length 1. We have corresponding unitary groups G, and Gpy1, with a natural
embedding G, < G,11 as the stabilizer of e. Fix a pair of open compact subgroups (K7, K,‘:_H)
satisfying Kj € KP ; N Ga(A°P). Then we have a natural morphism

ax: X(KE) = X(KP,,)

over Zqz, which is finite.
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Explicit reciprocity law

The surjectivity of (ay)m can provide a (second) explicit reciprocity law for the diagonal
cycle on the Shimura variety associated with U, x Upy1, which is the arithmetic avatar of the
Rankin—Selberg integral.

Consider a hermitian space V,, over F/F+ as before but of rank n. Put V41 =V, & F.e
with e of length 1. We have corresponding unitary groups G, and Gpy1, with a natural
embedding G, < G,11 as the stabilizer of e. Fix a pair of open compact subgroups (K7, K,‘:_H)
satisfying Kj € KP ; N Ga(A°P). Then we have a natural morphism

ax: X(KE) = X(KP,,)

over Zg, which is finite. Denote by AX(KPE) the graph of ox, and by
Taxkry € H2"(X(K,’,’)Qq2 X X(K5+1)quvzk("))

the absolute cycle class of AX(K,‘,’)Qq2.
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Explicit reciprocity law

The surjectivity of (ay)m can provide a (second) explicit reciprocity law for the diagonal
cycle on the Shimura variety associated with U, x Upy1, which is the arithmetic avatar of the
Rankin—Selberg integral.

Consider a hermitian space V,, over F/F+ as before but of rank n. Put V41 =V, & F.e
with e of length 1. We have corresponding unitary groups G, and Gpy1, with a natural
embedding G, < G,11 as the stabilizer of e. Fix a pair of open compact subgroups (K7, K,‘:_H)
satisfying Kj € KP ; N Ga(A°P). Then we have a natural morphism

ax: X(KE) = X(KP,,)

over Zg, which is finite. Denote by AX(KPE) the graph of ox, and by
Taxkry € H2"(X(K,’,’)Qq2 X X(K5+1)quvzk("))

the absolute cycle class of AX(KF)qg , -
q
Assume n odd from now on for simplicity. Then there is a natural map

os: S(KP) = S(KP,,)

of Shimura sets as well, compatible with ox under basic correspondences. (When n is even, one
has to replace o by a finite correspondence.)
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Explicit reciprocity law

The surjectivity of (ay)m can provide a (second) explicit reciprocity law for the diagonal
cycle on the Shimura variety associated with U, x Upy1, which is the arithmetic avatar of the
Rankin—Selberg integral.

Consider a hermitian space V,, over F/F+ as before but of rank n. Put V41 =V, & F.e
with e of length 1. We have corresponding unitary groups G, and Gpy1, with a natural
embedding G, < G,11 as the stabilizer of e. Fix a pair of open compact subgroups (K7, K,‘:_H)
satisfying Kj € KP ; N Ga(A°P). Then we have a natural morphism

ox: X(KF) = X(KP )
over Zg, which is finite. Denote by AX(KPE) the graph of ox, and by
Taxkry € H2"(X(K,’,’)Qq2 X X(K5+1)quvzk("))

the absolute cycle class of AX(KF)qg , -
q
Assume n odd from now on for simplicity. Then there is a natural map

os: S(KP) = S(KP,,)

of Shimura sets as well, compatible with ox under basic correspondences. (When n is even, one
has to replace os by a finite correspondence.) Denote by AS(KPF) the graph of o5, and by

Las(ke) € ZAIS(KR) x S(KR, )]

the characteristic function of AS(KE).
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Explicit reciprocity law
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Explicit reciprocity law

SU
Consider maximal ideals m, and m,; of T* BA and Tn+1 s+ and ideals n, and npqq of T {p}

ZU{p} and mpy41 N =V {p} respectlvely.

and T2V} containing some positive powers of m, 0T L

n+1,\
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Explicit reciprocity law

SU
Consider maximal ideals m, and m,; of T* BA and Tn+1 s+ and ideals n, and npqq of T {P}

):u{p} and mpy41 N =V {p} respectlvely.

and T2V} containing some positive powers of m, 0T L

n+1,\

Theorem (Second explicit reciprocity law)

Suppose that
® pis odd and q = p;

v
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Explicit reciprocity law

SU
Consider maximal ideals m, and m,; of T* BA and Tn+1 s+ and ideals n, and npqq of T {P}

):u{p} and mpy41 N =V {p} respectlvely.

and T2V} containing some positive powers of m, 0T L

n+1,\

Theorem (Second explicit reciprocity law)

Suppose that
® pis odd and q = p;
o Lfp(p? —1);

v
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Explicit reciprocity law

SU
Consider maximal ideals m, and m,; of T* BA and Tn+1 s+ and ideals n, and npqq of T {P}

):u{p} and mpy41 N =V {p} respectlvely.

and T2V} containing some positive powers of m, 0T L

n+1,\

Theorem (Second explicit reciprocity law)

Suppose that
® pis odd and q = p;
o Lfp(p? —1);
e both m, and m,y; are “non-Eisenstein”’;

v
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Explicit reciprocity law

SU
Consider maximal ideals m, and m,; of T* BA and Tn+1 s+ and ideals n, and npqq of T {p}

):u{p} and mpy41 N =V {p} respectlvely.

and T2V} containing some positive powers of m, 0T L

n+1,\

Theorem (Second explicit reciprocity law)

Suppose that
® pis odd and q = p;
o Lfp(p? —1);
e both m, and m,y; are “non-Eisenstein”’;

e the Satake parameters mod m, at p contain 1 exactly once;

v
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Explicit reciprocity law
ZU{p}
Consider maximal ideals m, and m;; of T* BA and Tn+1 X

and ']I‘zfl{’;} containing some positive powers of m, N ,]T):U{p}

and ideals n, and npyq of T}

and mpy; NT H{F)’\}, respectlvely.

Theorem (Second explicit reciprocity law)

Suppose that
® pis odd and q = p;
o Lfp(p? —1);
e both m, and m,y; are “non-Eisenstein”’;
e the Satake parameters mod m, at p contain 1 exactly once;

e the Satake parameters mod m,41 at p contain p exactly once;
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Explicit reciprocity law
Consider maximal ideals m, and m,; of T* BA and Tn+1 s+ and ideals n, and npiq of TZU{p}

and ']I‘zfl{’;\} containing some positive powers of m, N T):u{p} and mpy; NT H{F)’\}, respectively.

Theorem (Second explicit reciprocity law)

Suppose that
® pis odd and q = p;
£1p(p? —1);

both m, and m,11 are “non-Eisenstein”;

the Satake parameters mod m, at p contain 1 exactly once;

e the Satake parameters mod m,41 at p contain p exactly once;

the Satake parameters mod m, X m,;1 at p contain p exactly once.
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Explicit reciprocity law

SU
Consider maximal ideals m, and m,; of T* BA and Tn+1 s+ and ideals n, and npqq of T {p}

and ']I‘zfl{i} containing some positive powers of m, N ']l'zu{p} and mpy; NT H{F)’\}, respectlvely.

Theorem (Second explicit reciprocity law)

Suppose that
® pis odd and q = p;
o Lfp(p? —1);
e both m, and m,y; are “non-Eisenstein”’;
e the Satake parameters mod m, at p contain 1 exactly once;
e the Satake parameters mod m,41 at p contain p exactly once;

e the Satake parameters mod m, X m,y; at p contain p exactly once.
Then

eXpy (le(Kﬁ)zH%(X(Kﬁ)qu X X(K5+1) qg:ZA( ))/(nn:nn+1))
< expy, (1as(ey, ZIS(KE) x S(K, )1/ (tn, 1nt1))

holds. Here, for a torsion Zx-module M and m € M, expy(m, M) denotes the smallest
nonnegative integer e such that A*m = 0.
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Explicit reciprocity law
ZU{p}
Consider maximal ideals m, and m;; of T* BA and Tn+1 X

sU{p} ZU{ }
and T +1§\ 2

and ideals n, and npyq of T}

and mpy41 N =V {p} respectlvely.

containing some positive powers of m, 0T AL

Theorem (Second explicit reciprocity law)

Suppose that

® pis odd and q = p;

o Lfp(p? —1);

e both m, and m,y; are “non-Eisenstein”’;

e the Satake parameters mod m, at p contain 1 exactly once;

e the Satake parameters mod m,41 at p contain p exactly once;

e the Satake parameters mod m, X m,y; at p contain p exactly once.
Then

eXpy (le(Kﬁ)zH%(X(Kﬁ)qu X X(K5+1) qg:ZA( ))/(nn:nn+1))
< expy (HAS(K,F”):ZA[S(KAJ) X 5(K5+1)]/(nnann+1))
holds. Here, for a torsion Zx-module M and m € M, expy(m, M) denotes the smallest

nonnegative integer e such that A*m = 0.
Furthermore, if aupy1/nnt1 is an isomorphism, then the above inequality is an equality.
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Shouwu, Happy Birthday!!
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