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1. Introduction 



The rise of Artificial Intelligence (AI)

The essential component is neural networks often described as software, 
but is just a type of mathematical function. In a one sentence description: 
piecewise linear maps.

AI

Machine Learning

Deep Learning

knowledge based



Some current or future problems with AI

Big Black Box 
 

contributing to: 
- reliability problem 
- fairness and bias problem 
- alignment problem 
- size and speed problem 
- copyright and privacy problem 
- extracting knowledge problem
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- Taking-over-the-world problem 
- Killing-us-all problem
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“Modern AI systems are powered by vast artificial neural networks, bits of software 
modelled, very loosely, on biological brains.” 



The Economist, June 24, 2023

MATHEMATICS

“Modern AI systems are powered by vast artificial neural networks, bits of software 
modelled, very loosely, on biological brains.” 



2. A statistical problem— deep learning 



Linear regression
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that minimizes the errors.
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Smallest neural network

Find y = ax+ b
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<latexit sha1_base64="FZ2wmpnV1Uupz9dfXJcUkRKwNuk=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhjlI4EL2VvmYMPe3mV3z+RC+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ncLG5tb2TnG3tLd/cHhUPj5p6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/c7T6g0j+WjyRL0IzqSPOSMGis9VLPqoFxxa+4CZJ14OalAjuag/NUfxiyNUBomqNY9z02MP6XKcCZwVuqnGhPKJnSEPUsljVD708WpM3JhlSEJY2VLGrJQf09MaaR1FgW2M6JmrFe9ufif10tNeO1PuUxSg5ItF4WpICYm87/JkCtkRmSWUKa4vZWwMVWUGZtOyYbgrb68Ttr1mufWvPt6pXGTx1GEMziHS/DgChpwB01oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPH57XjVc=</latexit><latexit sha1_base64="FZ2wmpnV1Uupz9dfXJcUkRKwNuk=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhjlI4EL2VvmYMPe3mV3z+RC+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ncLG5tb2TnG3tLd/cHhUPj5p6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/c7T6g0j+WjyRL0IzqSPOSMGis9VLPqoFxxa+4CZJ14OalAjuag/NUfxiyNUBomqNY9z02MP6XKcCZwVuqnGhPKJnSEPUsljVD708WpM3JhlSEJY2VLGrJQf09MaaR1FgW2M6JmrFe9ufif10tNeO1PuUxSg5ItF4WpICYm87/JkCtkRmSWUKa4vZWwMVWUGZtOyYbgrb68Ttr1mufWvPt6pXGTx1GEMziHS/DgChpwB01oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPH57XjVc=</latexit><latexit sha1_base64="FZ2wmpnV1Uupz9dfXJcUkRKwNuk=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhjlI4EL2VvmYMPe3mV3z+RC+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ncLG5tb2TnG3tLd/cHhUPj5p6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/c7T6g0j+WjyRL0IzqSPOSMGis9VLPqoFxxa+4CZJ14OalAjuag/NUfxiyNUBomqNY9z02MP6XKcCZwVuqnGhPKJnSEPUsljVD708WpM3JhlSEJY2VLGrJQf09MaaR1FgW2M6JmrFe9ufif10tNeO1PuUxSg5ItF4WpICYm87/JkCtkRmSWUKa4vZWwMVWUGZtOyYbgrb68Ttr1mufWvPt6pXGTx1GEMziHS/DgChpwB01oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPH57XjVc=</latexit><latexit sha1_base64="FZ2wmpnV1Uupz9dfXJcUkRKwNuk=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhjlI4EL2VvmYMPe3mV3z+RC+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ncLG5tb2TnG3tLd/cHhUPj5p6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/c7T6g0j+WjyRL0IzqSPOSMGis9VLPqoFxxa+4CZJ14OalAjuag/NUfxiyNUBomqNY9z02MP6XKcCZwVuqnGhPKJnSEPUsljVD708WpM3JhlSEJY2VLGrJQf09MaaR1FgW2M6JmrFe9ufif10tNeO1PuUxSg5ItF4WpICYm87/JkCtkRmSWUKa4vZWwMVWUGZtOyYbgrb68Ttr1mufWvPt6pXGTx1GEMziHS/DgChpwB01oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPH57XjVc=</latexit>

y = U(x)
<latexit sha1_base64="3U+x+sh58Pl7x/oOxl6m2iyGR1o=">AAAB73icbVBNT8JAEJ3iF+IX6tHLRjDBC2m56MWE6MUjJhZIoCHbZQsbttu6uzU2DX/CiweN8erf8ea/cYEeFHzJJC/vzWRmnh9zprRtf1uFtfWNza3idmlnd2//oHx41FZRIgl1ScQj2fWxopwJ6mqmOe3GkuLQ57TjT25mfueRSsUica/TmHohHgkWMIK1kbrV9MqtPZ1XB+WKXbfnQKvEyUkFcrQG5a/+MCJJSIUmHCvVc+xYexmWmhFOp6V+omiMyQSPaM9QgUOqvGx+7xSdGWWIgkiaEhrN1d8TGQ6VSkPfdIZYj9WyNxP/83qJDi69jIk40VSQxaIg4UhHaPY8GjJJieapIZhIZm5FZIwlJtpEVDIhOMsvr5J2o+7YdeeuUWle53EU4QROoQYOXEATbqEFLhDg8Ayv8GY9WC/Wu/WxaC1Y+cwx/IH1+QNss47k</latexit><latexit sha1_base64="3U+x+sh58Pl7x/oOxl6m2iyGR1o=">AAAB73icbVBNT8JAEJ3iF+IX6tHLRjDBC2m56MWE6MUjJhZIoCHbZQsbttu6uzU2DX/CiweN8erf8ea/cYEeFHzJJC/vzWRmnh9zprRtf1uFtfWNza3idmlnd2//oHx41FZRIgl1ScQj2fWxopwJ6mqmOe3GkuLQ57TjT25mfueRSsUica/TmHohHgkWMIK1kbrV9MqtPZ1XB+WKXbfnQKvEyUkFcrQG5a/+MCJJSIUmHCvVc+xYexmWmhFOp6V+omiMyQSPaM9QgUOqvGx+7xSdGWWIgkiaEhrN1d8TGQ6VSkPfdIZYj9WyNxP/83qJDi69jIk40VSQxaIg4UhHaPY8GjJJieapIZhIZm5FZIwlJtpEVDIhOMsvr5J2o+7YdeeuUWle53EU4QROoQYOXEATbqEFLhDg8Ayv8GY9WC/Wu/WxaC1Y+cwx/IH1+QNss47k</latexit><latexit sha1_base64="3U+x+sh58Pl7x/oOxl6m2iyGR1o=">AAAB73icbVBNT8JAEJ3iF+IX6tHLRjDBC2m56MWE6MUjJhZIoCHbZQsbttu6uzU2DX/CiweN8erf8ea/cYEeFHzJJC/vzWRmnh9zprRtf1uFtfWNza3idmlnd2//oHx41FZRIgl1ScQj2fWxopwJ6mqmOe3GkuLQ57TjT25mfueRSsUica/TmHohHgkWMIK1kbrV9MqtPZ1XB+WKXbfnQKvEyUkFcrQG5a/+MCJJSIUmHCvVc+xYexmWmhFOp6V+omiMyQSPaM9QgUOqvGx+7xSdGWWIgkiaEhrN1d8TGQ6VSkPfdIZYj9WyNxP/83qJDi69jIk40VSQxaIg4UhHaPY8GjJJieapIZhIZm5FZIwlJtpEVDIhOMsvr5J2o+7YdeeuUWle53EU4QROoQYOXEATbqEFLhDg8Ayv8GY9WC/Wu/WxaC1Y+cwx/IH1+QNss47k</latexit><latexit sha1_base64="3U+x+sh58Pl7x/oOxl6m2iyGR1o=">AAAB73icbVBNT8JAEJ3iF+IX6tHLRjDBC2m56MWE6MUjJhZIoCHbZQsbttu6uzU2DX/CiweN8erf8ea/cYEeFHzJJC/vzWRmnh9zprRtf1uFtfWNza3idmlnd2//oHx41FZRIgl1ScQj2fWxopwJ6mqmOe3GkuLQ57TjT25mfueRSsUica/TmHohHgkWMIK1kbrV9MqtPZ1XB+WKXbfnQKvEyUkFcrQG5a/+MCJJSIUmHCvVc+xYexmWmhFOp6V+omiMyQSPaM9QgUOqvGx+7xSdGWWIgkiaEhrN1d8TGQ6VSkPfdIZYj9WyNxP/83qJDi69jIk40VSQxaIg4UhHaPY8GjJJieapIZhIZm5FZIwlJtpEVDIhOMsvr5J2o+7YdeeuUWle53EU4QROoQYOXEATbqEFLhDg8Ayv8GY9WC/Wu/WxaC1Y+cwx/IH1+QNss47k</latexit>

U
<latexit sha1_base64="W7oNvms5gmRSOCzWphuj0Bid3Sk=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhg9IIEL2Vv2YMPe3mV3zoQQfoKNhcbY+ovs/DcucIWCL5nk5b2ZzMwLUykMuu63U9jY3NreKe6W9vYPDo/Kxyctk2SacZ8lMtGdkBouheI+CpS8k2pO41Dydji+nfvtJ66NSNQjTlIexHSoRCQYRSs9VP1qv1xxa+4CZJ14OalAjma//NUbJCyLuUImqTFdz00xmFKNgkk+K/Uyw1PKxnTIu5YqGnMTTBenzsiFVQYkSrQthWSh/p6Y0tiYSRzazpjiyKx6c/E/r5thdB1MhUoz5IotF0WZJJiQ+d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwVl9eJ616zXNr3n290rjJ4yjCGZzDJXhwBQ24gyb4wGAIz/AKb450Xpx352PZWnDymVP4A+fzB2gjjTM=</latexit><latexit sha1_base64="W7oNvms5gmRSOCzWphuj0Bid3Sk=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhg9IIEL2Vv2YMPe3mV3zoQQfoKNhcbY+ovs/DcucIWCL5nk5b2ZzMwLUykMuu63U9jY3NreKe6W9vYPDo/Kxyctk2SacZ8lMtGdkBouheI+CpS8k2pO41Dydji+nfvtJ66NSNQjTlIexHSoRCQYRSs9VP1qv1xxa+4CZJ14OalAjma//NUbJCyLuUImqTFdz00xmFKNgkk+K/Uyw1PKxnTIu5YqGnMTTBenzsiFVQYkSrQthWSh/p6Y0tiYSRzazpjiyKx6c/E/r5thdB1MhUoz5IotF0WZJJiQ+d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwVl9eJ616zXNr3n290rjJ4yjCGZzDJXhwBQ24gyb4wGAIz/AKb450Xpx352PZWnDymVP4A+fzB2gjjTM=</latexit><latexit sha1_base64="W7oNvms5gmRSOCzWphuj0Bid3Sk=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhg9IIEL2Vv2YMPe3mV3zoQQfoKNhcbY+ovs/DcucIWCL5nk5b2ZzMwLUykMuu63U9jY3NreKe6W9vYPDo/Kxyctk2SacZ8lMtGdkBouheI+CpS8k2pO41Dydji+nfvtJ66NSNQjTlIexHSoRCQYRSs9VP1qv1xxa+4CZJ14OalAjma//NUbJCyLuUImqTFdz00xmFKNgkk+K/Uyw1PKxnTIu5YqGnMTTBenzsiFVQYkSrQthWSh/p6Y0tiYSRzazpjiyKx6c/E/r5thdB1MhUoz5IotF0WZJJiQ+d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwVl9eJ616zXNr3n290rjJ4yjCGZzDJXhwBQ24gyb4wGAIz/AKb450Xpx352PZWnDymVP4A+fzB2gjjTM=</latexit><latexit sha1_base64="W7oNvms5gmRSOCzWphuj0Bid3Sk=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhg9IIEL2Vv2YMPe3mV3zoQQfoKNhcbY+ovs/DcucIWCL5nk5b2ZzMwLUykMuu63U9jY3NreKe6W9vYPDo/Kxyctk2SacZ8lMtGdkBouheI+CpS8k2pO41Dydji+nfvtJ66NSNQjTlIexHSoRCQYRSs9VP1qv1xxa+4CZJ14OalAjma//NUbJCyLuUImqTFdz00xmFKNgkk+K/Uyw1PKxnTIu5YqGnMTTBenzsiFVQYkSrQthWSh/p6Y0tiYSRzazpjiyKx6c/E/r5thdB1MhUoz5IotF0WZJJiQ+d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwVl9eJ616zXNr3n290rjJ4yjCGZzDJXhwBQ24gyb4wGAIz/AKb450Xpx352PZWnDymVP4A+fzB2gjjTM=</latexit>



A problem of statistics

even worse with polynomials:



Neural networks

Input OutputHidden layers

T1
<latexit sha1_base64="athRMrSnW8QFEdhbMDl6pw0zd9o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V+wVtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/udJ1Sax7Jppgn6ER1JHnJGjZUemwNvUK64VXcBsk68nFQgR2NQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz1JJI9R+tjh1Ri6sMiRhrGxJQxbq74mMRlpPo8B2RtSM9ao3F//zeqkJb/yMyyQ1KNlyUZgKYmIy/5sMuUJmxNQSyhS3txI2pooyY9Mp2RC81ZfXSfuq6rlV7+G6Ur/N4yjCGZzDJXhQgzrcQwNawGAEz/AKb45wXpx352PZWnDymVP4A+fzB9TJjXw=</latexit><latexit sha1_base64="athRMrSnW8QFEdhbMDl6pw0zd9o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V+wVtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/udJ1Sax7Jppgn6ER1JHnJGjZUemwNvUK64VXcBsk68nFQgR2NQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz1JJI9R+tjh1Ri6sMiRhrGxJQxbq74mMRlpPo8B2RtSM9ao3F//zeqkJb/yMyyQ1KNlyUZgKYmIy/5sMuUJmxNQSyhS3txI2pooyY9Mp2RC81ZfXSfuq6rlV7+G6Ur/N4yjCGZzDJXhQgzrcQwNawGAEz/AKb45wXpx352PZWnDymVP4A+fzB9TJjXw=</latexit><latexit sha1_base64="athRMrSnW8QFEdhbMDl6pw0zd9o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V+wVtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/udJ1Sax7Jppgn6ER1JHnJGjZUemwNvUK64VXcBsk68nFQgR2NQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz1JJI9R+tjh1Ri6sMiRhrGxJQxbq74mMRlpPo8B2RtSM9ao3F//zeqkJb/yMyyQ1KNlyUZgKYmIy/5sMuUJmxNQSyhS3txI2pooyY9Mp2RC81ZfXSfuq6rlV7+G6Ur/N4yjCGZzDJXhQgzrcQwNawGAEz/AKb45wXpx352PZWnDymVP4A+fzB9TJjXw=</latexit><latexit sha1_base64="athRMrSnW8QFEdhbMDl6pw0zd9o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V+wVtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/udJ1Sax7Jppgn6ER1JHnJGjZUemwNvUK64VXcBsk68nFQgR2NQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz1JJI9R+tjh1Ri6sMiRhrGxJQxbq74mMRlpPo8B2RtSM9ao3F//zeqkJb/yMyyQ1KNlyUZgKYmIy/5sMuUJmxNQSyhS3txI2pooyY9Mp2RC81ZfXSfuq6rlV7+G6Ur/N4yjCGZzDJXhQgzrcQwNawGAEz/AKb45wXpx352PZWnDymVP4A+fzB9TJjXw=</latexit>

T2
<latexit sha1_base64="48RsXY+GTeAgDVL6qKZhGYkGciY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V+wVtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/udJ1Sax7Jppgn6ER1JHnJGjZUem4PaoFxxq+4CZJ14OalAjsag/NUfxiyNUBomqNY9z02Mn1FlOBM4K/VTjQllEzrCnqWSRqj9bHHqjFxYZUjCWNmShizU3xMZjbSeRoHtjKgZ61VvLv7n9VIT3vgZl0lqULLlojAVxMRk/jcZcoXMiKkllClubyVsTBVlxqZTsiF4qy+vk3at6rlV7+GqUr/N4yjCGZzDJXhwDXW4hwa0gMEInuEV3hzhvDjvzseyteDkM6fwB87nD9ZNjX0=</latexit><latexit sha1_base64="48RsXY+GTeAgDVL6qKZhGYkGciY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V+wVtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/udJ1Sax7Jppgn6ER1JHnJGjZUem4PaoFxxq+4CZJ14OalAjsag/NUfxiyNUBomqNY9z02Mn1FlOBM4K/VTjQllEzrCnqWSRqj9bHHqjFxYZUjCWNmShizU3xMZjbSeRoHtjKgZ61VvLv7n9VIT3vgZl0lqULLlojAVxMRk/jcZcoXMiKkllClubyVsTBVlxqZTsiF4qy+vk3at6rlV7+GqUr/N4yjCGZzDJXhwDXW4hwa0gMEInuEV3hzhvDjvzseyteDkM6fwB87nD9ZNjX0=</latexit><latexit sha1_base64="48RsXY+GTeAgDVL6qKZhGYkGciY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V+wVtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/udJ1Sax7Jppgn6ER1JHnJGjZUem4PaoFxxq+4CZJ14OalAjsag/NUfxiyNUBomqNY9z02Mn1FlOBM4K/VTjQllEzrCnqWSRqj9bHHqjFxYZUjCWNmShizU3xMZjbSeRoHtjKgZ61VvLv7n9VIT3vgZl0lqULLlojAVxMRk/jcZcoXMiKkllClubyVsTBVlxqZTsiF4qy+vk3at6rlV7+GqUr/N4yjCGZzDJXhwDXW4hwa0gMEInuEV3hzhvDjvzseyteDkM6fwB87nD9ZNjX0=</latexit><latexit sha1_base64="48RsXY+GTeAgDVL6qKZhGYkGciY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V+wVtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/udJ1Sax7Jppgn6ER1JHnJGjZUem4PaoFxxq+4CZJ14OalAjsag/NUfxiyNUBomqNY9z02Mn1FlOBM4K/VTjQllEzrCnqWSRqj9bHHqjFxYZUjCWNmShizU3xMZjbSeRoHtjKgZ61VvLv7n9VIT3vgZl0lqULLlojAVxMRk/jcZcoXMiKkllClubyVsTBVlxqZTsiF4qy+vk3at6rlV7+GqUr/N4yjCGZzDJXhwDXW4hwa0gMEInuEV3hzhvDjvzseyteDkM6fwB87nD9ZNjX0=</latexit>

T3
<latexit sha1_base64="fAA/6ZfzyWT9s1dcLKPtMeUq/R4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK/YI2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vp7C2vrG5Vdwu7ezu7R+UD49aOk4VwyaLRaw6AdUouMSm4UZgJ1FIo0BgOxjfzfz2EyrNY9kwkwT9iA4lDzmjxkqPjf5lv1xxq+4cZJV4OalAjnq//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMT3vgZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1XOr3sNVpXabx1GEEziFc/DgGmpwD3VoAoMhPMMrvDnCeXHenY9Fa8HJZ47hD5zPH9fRjX4=</latexit><latexit sha1_base64="fAA/6ZfzyWT9s1dcLKPtMeUq/R4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK/YI2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vp7C2vrG5Vdwu7ezu7R+UD49aOk4VwyaLRaw6AdUouMSm4UZgJ1FIo0BgOxjfzfz2EyrNY9kwkwT9iA4lDzmjxkqPjf5lv1xxq+4cZJV4OalAjnq//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMT3vgZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1XOr3sNVpXabx1GEEziFc/DgGmpwD3VoAoMhPMMrvDnCeXHenY9Fa8HJZ47hD5zPH9fRjX4=</latexit><latexit sha1_base64="fAA/6ZfzyWT9s1dcLKPtMeUq/R4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK/YI2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vp7C2vrG5Vdwu7ezu7R+UD49aOk4VwyaLRaw6AdUouMSm4UZgJ1FIo0BgOxjfzfz2EyrNY9kwkwT9iA4lDzmjxkqPjf5lv1xxq+4cZJV4OalAjnq//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMT3vgZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1XOr3sNVpXabx1GEEziFc/DgGmpwD3VoAoMhPMMrvDnCeXHenY9Fa8HJZ47hD5zPH9fRjX4=</latexit><latexit sha1_base64="fAA/6ZfzyWT9s1dcLKPtMeUq/R4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK/YI2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vp7C2vrG5Vdwu7ezu7R+UD49aOk4VwyaLRaw6AdUouMSm4UZgJ1FIo0BgOxjfzfz2EyrNY9kwkwT9iA4lDzmjxkqPjf5lv1xxq+4cZJV4OalAjnq//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMT3vgZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1XOr3sNVpXabx1GEEziFc/DgGmpwD3VoAoMhPMMrvDnCeXHenY9Fa8HJZ47hD5zPH9fRjX4=</latexit>

Ti(x) = �(Aix+ bi)
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xout = T3 � T2 � T1(xin)
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where �(t) is an activity function, a non-linear function applied coordinatewise.

For example, �(t) = max 0, t (ReLU) or �(t) = tanh(t) (TanH).
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The following table compares the properties of several activation functions that are functions of one fold x from the
previous layer or layers:

Name Plot Function, Derivative of , Range Order of
continuity

Identity

Binary step

Logistic,
sigmoid, or
soft step

Hyperbolic
tangent
(tanh)

Rectified
linear unit
(ReLU)[9]

Gaussian
Error Linear
Unit
(GELU)[6]

Softplus[10]

Exponential
linear unit
(ELU)[11] with parameter 

Scaled
exponential
linear unit
(SELU)[12]

with parameters 
 and 

Leaky
rectified
linear unit
(Leaky
ReLU)[13]

Parametric
rectified
linear unit
(PReLU)[14] with parameter 

Sigmoid
linear unit

Table of activation functions

Neural networks

Nonlinearity!

A layer is a transformation T : x 7! �(Ax+ b)
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A a matrix and b a vector.
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Frank Rosenblatt, 1950s, built “embryo” of computer from these, 
and claimed it learns by itself, and in future can do many things.

Perceptron, or McCulloch-Pitts neuron, 1943
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Figure 3: A deep neural network

theoretical understanding, as remarked by many authors. According to [Se20] “A mathematical
theory of deep learning would illuminate how they function, allow us to assess the strengths
and weaknesses of different network architectures, and lead to major improvements.” Which
type of layer maps to take, which �, how many layers n, how many nodes d in each layer, how
to best find the parameters, how stable the solution is under random perturbation (such as
the drop-out procedure) are some of the questions of important practical concern. The need
for a theoretical understanding, instead of relying on black-box techniques, is also expressed
by practitioners, this lack of theory hinders their work.
One of the remarkable features that is not understood, is why deep neural networks gener-
ally seem to mostly avoid the problem of overfitting which is a phenomenon in traditional
statistics. The latter typically happens when approximating some data with a polynomial of
very high degree, the curves go through all the sample or training data, but inbetween these
points of perfect fit it can fluctuate wildly, related to the Runge phenomenon. This is clearly
undesirable.
There are several ways random products u(n) := g1g2...gn of noncommuting nonlinear maps
appear in deep learning:

1. Random initialization see [NBYS22] for a review

2. Drop-out regularization which in particular is used to verify robustness of the obtained
error minimizer, and also a way training the network [SHK14]

3. Bayesian learning [Ne12]

4. Learning that combines taking some maps gi at random and optimize the remaining one,
a procedure with apparently good performance that speeds up the training significantly
[BT22]

The first two concepts are so fundamental in the current state-of-the-art that one encounters
them after any couple of first lectures on deep learning. Hanin wrote in [Ha21] “Beyond
illuminating the properties of networks at the start of training, the analysis of random neural
networks can reveal a great deal about networks after training as well.”
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How to find these many parameters? Possible not to overfit !?



Training the network

Finding the global minimum of the error function.  
Where to start? Random initialization. 
Then stochastic gradient descent to local minimum. 
Regularization by drop-out procedure.
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Training the network

Finding the global minimum of the error function.  
Where to start? Random initialization. 
Then stochastic gradient descent to local minimum. 
Regularization by drop-out procedure.

Involve a random product of noncommuting operations. 



3. An ergodic theorem for the composition of 
noncommuting operations



The Law of Large Numbers asserts that for i.i.d X1, X2, X3, ...

1

n
(X1 +X2 + ...+Xn) ! E[X1].
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Is there a similar law for

X1 ·X2 · ... ·Xn?

Where Xi are noncommuting operations, for example elements of an arbitrary
group.
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Where Xi are noncommuting operations, for example elements of an arbitrary
group.
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LIMIT THEOREMS ’01 I0Ii-COMMUTATIVE OPERATIONS.

BY RICHARD BELLMAN

1. Introduction. In this paper a start is made in the construction of a
general theory involving the limiting behavior of systems subjected to non-
commutative effects.
The classical central limit theorem states that under certain assumptions

concerning the distribution function of the independent random variables z
the sum SN z - z2 - -t- z is, when properly normalized, asymptoticaIly
Gaussian. This is the mathematical counterpart of the problem of determining
the limiting behavior of a physical system subjected to a number of random
additive effects.
We propose in a series of papers, of which this is the first, to investigate a

number of corresponding problems in which the random effects are not additive,
and in particular, non-commutative.
As a simplest example of a problem of this type, let us consider a t)lwsical

system S to be specified at any time by a vector x (Xl x. x.). and
to be subject to random sequence of transformations each of which effects a
linear transformation upon the state variables, x .-. Zx, where Z is au n X n
matrix. We are interested in the possible limiting behaviors of the system.
If the Z are all close to the identity matrix, Z I W e, the product H-x Z
is very nearly I W zkhr..i ] and the problem is again within the commutative
domain.
We shall begin with a discussion of this problem for the case where the Z

are positive matrices. A particular case of this problem connected with the
theory of learning processes ([1], [2]) may be treated in a much simpler fashion
due to the fact that all the A are Markoff matrices.

In subsequent papers we shall discuss the details of this case, various generali-
zations of the concepts we introduce here, such as the generalized Krnecker
power and logarithm of a function, generalizations of the "fundamental identity"
of Wald in sequential analysis, generalizations of classical iteration pro,blems,
and other related topics.
We have here restricted ourselves to the case of 2 X 2 mat.rices in order to

reduce the algebraic and notational details which are even in this simplest case
occasionally onerous. To further simplify the extraneous details we shall
assume that each Z is a random matrix possessing the simple distribution
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The metric category

Let X be a metric space. f : X ! X is nonexpansive if

d(f(x), f(y))  d(x, y)

for all x, y 2 X.
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The metric category

Ex: Compositions; ISOMETRIES.
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Let X be a metric space. f : X ! X is nonexpansive if

d(f(x), f(y))  d(x, y)

for all x, y 2 X.
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A.K. From liner to metric functional analysis, PNAS 2021



Metrics

d(x, y) = max{logmaxi
xi
yi
, logmaxi

yi

xi
}
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Thompson metric

The Thurston asymmetric distance on Teichmüller space

TWO EXTENSIONS OF THURSTON’S SPECTRAL THEOREM 221

For x ∈ T denote by lx(α) the minimal length in its isotopy class in the hyperbolic metric x
(or more precisely the class of isometric metrics all mutually isotopic). Let us recall Thurston’s
asymmetric Lipschitz metric [30],

L(x, y) = log sup
α∈S

ly(α)
lx(α)

.

It is easy to see that L verifies the triangle inequality, and it also true that it separates
points although this is non-trivial. Therefore, L satisfies all the axioms for a metric except the
symmetry, which indeed fails except in very special cases of surfaces with symmetries. The
triangle inequality reads

L(x, z) ! L(x, y) + L(y, z).

The metric is clearly invariant: L(gx, gy) = L(x, y) for g ∈ MCG. The topology induced by L
coincides with the usual one; see [27].

Fix a base point x0 ∈ T . We will assume the following finite first moment condition for
asymmetric metrics,

∫

Ω
(L(g(ω)x0, x0) + L(x0, g(ω)x0)) dp(ω) < ∞,

in which case we refer to fn as an integrable ergodic cocycle, or informally as a random product
of mapping class elements.

One has the following subadditivity property:

L(fn+m(ω)x0, x0) ! L(fn(ω)fm(Tnω)x0, fn(ω)x0) + L(fn(ω)x0, x0)
= L(fm(Tnω)x0, x0) + L(fn(ω)x0, x0).

From the subadditive ergodic theorem of Kingman one then knows that, for a.e. ω, the following
limit exists (the finite non-negative value being independent of ω by the ergodicity assumption):

l := lim
n→∞

1
n

L(fn(ω)x0, x0) = lim
n→∞

1
n

L(x0, Zn(ω)x0).

We now introduce concepts from the work of Walsh [33], which gave a crucial inspiration for
the present paper. It will be important to consider functions h in the so-called horofunction
compactification of T ; that is, for µ ∈ PMF ,

hµ(x) = log sup
α

i(µ,α)
lx(α)

− log sup
β

i(µ,β)
lx0(β)

,

(note that it is well-defined for projective equivalence classes of measured foliations µ) and, for
xn → µ in the Thurston compactification, one has

hµ(x) = lim
n→∞

L(x, xn) − L(x0, xn).

These functions together with hz(x) = L(x, z) − L(x0, z) constitute a compact space H
homeomorphic to Thurston’s compactification as proved by Walsh. Note that

hz(x) = L(x, z) − L(x0, z) ! L(x, x0)

by the triangle inequality.
It is a general fact that the action of the group of isometries extends to an action by

homeomorphism of the horofunction boundary. The action is given by

(g.h)(x) = h(g−1x) − h(g−1x0)

for an isometry g and a horofunction h.

x,y represent metrics on a surface,  
and homeomorphisms are isometries.

Conjecture 4. (Metric fixed point theorem) Let C be a convex set of a Banach space. Let
T : C ! C be an isometry. Then T fixes a point in the metric compactification C.

This is a metric extension of Browder’s fixed point theorem [Br65] but now also applying to
Alspach’s well-known example of a fixed point free isometry. A further possibility would then
be to study groups like in the Ryll-Nardzewski fixed point theorem.
The original Mazur-Ulam theorem states that every isometry of a Banach space in fact must
be affine. Walsh gave an innovative proof using metric functionals and the notion of Busemann
points [W18]. When looking just to convex subsets, like in Conjecture 4 above, and with non-
empty interior this may no longer be true, counter-examples were found by Gideon Schechtman
(unpublished). We again have a situation of a statement with counter-example in the linear
classical theory, but with conceivably a metric version without these caveats but still able to
recover the known facts in the linear settings. The more such examples that are found, the
more convincing our point of view will be.

Surface homeomorphisms
Objective: to prove an extension of Thurston’s spectral theorem for surface homeomorphisms
that is analogous to Oseledets’ theorem.
Let M be an oriented closed surface of genus g � 2. Let S denote the isotopy classes of simple
closed curves on M not isotopically trivial. For a Riemannian metric ⇢ on M , let l⇢(�) be the
infimum of the length of curves isotopic to �. In a legendary preprint from 1976, Thurston
announced the following non-linear spectral theorem:

Theorem 5. ([T88, Theorem 5]) Given a diffeomorphism f of a surface ⌃ of genus g � 2.
Then there is filtration of subsurfaces Y1 ⇢ Y2 ⇢ ... ⇢ Yk = ⌃ and algebraic integers �1 <
�2 < .. < �k such that

lim
n!1

1

n
log l⇢(f

nc) = �i

whenever the simple closed curve c can be isotoped to a curve contained in Yi but not in Yi�1.

DIFFEOMORPHISMS OF SURFACES 421 

&S?{M) is homeomorphic to a sphere, and S* (M) consists of a dense set of 
"rational" points on this sphere. From the coordinates of such a point, the 
corresponding simple closed curve can be drawn, rather mechanically, and 
quickly by a computer. 

FIGURE 1. A typical simple closed curve on a surface is 
complicated, from the point of view of someone tracing 
out the curve. 

^L5^(M) has two other interpretations. First, it is the space consisting of 
all equivalence classes of "measured foliations" on M (see §3). Second, it forms 
a boundary for the Teichmüller space of M, to which the action of the group 
of diffeomorphisms of M extends. 

With the aid of this tool, a canonical representative is found for every 
isotopy class of diffeomorphisms of M, well-defined up to conjugacy by dif-
feomorphisms isotopic to the identity. 

2. We denote by Mh,b,c the surface obtained from the sphere S2 by con-
nected sum with h tori, b disks and c projective spaces. We will sometimes 
use M% to mean M% 0 0. 

The classification of surfaces says that every surface is an M% b c ; that 
M2

yz+1+2k is synonymous with M^+fe + 1 ; and that these are all the rela-
tions. 

If a and /? are two members of J5^, we let i(a,f3) denote their geometric in-
tersection number, i.e., the minimum number of intersections of simple curves 
representing a and ft. 

PROPOSITION. (1) For every aeS* there is a f3 e 5? such that i(a, 0) ^ 
0. 

(2) For every pair of distinct a, o?2 G S*, there is a (3 G S? such that 

The map i: S? x S? —• R gives a map u : & ~• R ^ . In light of the 
proposition, i* (S") c R ^ — 0. We regard R ^ as a topological vector space 
with the product topology. There is an associated projective space P ( R ^ ) , 
with a projection 

P : R ^ - 0 - + P ( R ^ ) . 
P ( R ^ ) is given the quotient topology. 

Figure 3: fn(c)

Thurston used foliation theory to prove this.
In [K14] I showed how to get the top ex-
ponent for a random product of homeomor-
phisms using instead the softer metric ap-
proach. In the i.i.d case Horbez showed in
[H16] how to get all the exponents. We think
the corresponding ergodic theorem should
hold true:

Conjecture 6. Let v(n, !) = A(tn�1!)...A(T!)A(!)
be an integrable ergodic cocycle of homeomor-
phisms of a surface ⌃ of genus g � 2. Then there is (random) filtration of subsurfaces
Y1 ⇢ Y2 ⇢ ... ⇢ Yk = ⌃ and (deterministic) exponents �1 < �2 < .. < �k such that

lim
n!1

1

n
log l⇢(v(n, !))c) = �i

whenever the simple closed curve c can be isotoped to a curve contained in Yi but not in Yi�1.

One motivation for proving this comes from Kontsevich’s paper [Ko97] which for flat vector
bundles relates Lyapunov exponents to characteristic classes. The conjecture gives topological
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An example 

An observation in D. Blackwell, Discounted Dynamic Programming, 1965:

Let S be a set and B(S) the space of functions on S, equipped with sup-norm.
<latexit sha1_base64="WcxApqF6AEXoMvsD8sAKr31+GiQ="></latexit><latexit sha1_base64="WcxApqF6AEXoMvsD8sAKr31+GiQ="></latexit><latexit sha1_base64="WcxApqF6AEXoMvsD8sAKr31+GiQ="></latexit><latexit sha1_base64="WcxApqF6AEXoMvsD8sAKr31+GiQ="></latexit>

Let T : B(S) ! B(S) such that

• f  g implies Tf  Tg

• T (f + C) = Tf + �C certain � 2 (0, 1] all constants C
<latexit sha1_base64="ChbZFHYtXHltgMQNV8qxRIye32g="></latexit><latexit sha1_base64="ChbZFHYtXHltgMQNV8qxRIye32g="></latexit><latexit sha1_base64="ChbZFHYtXHltgMQNV8qxRIye32g="></latexit><latexit sha1_base64="ChbZFHYtXHltgMQNV8qxRIye32g="></latexit>

Then ||Tf � Tg||  �||f � g|| for all f, g.
<latexit sha1_base64="vO0wZ+eHiLf/G8MvwJh2JZCKgOE="></latexit><latexit sha1_base64="vO0wZ+eHiLf/G8MvwJh2JZCKgOE="></latexit><latexit sha1_base64="vO0wZ+eHiLf/G8MvwJh2JZCKgOE="></latexit><latexit sha1_base64="vO0wZ+eHiLf/G8MvwJh2JZCKgOE="></latexit>



An example 

An observation in D. Blackwell, Discounted Dynamic Programming, 1965:

Let S be a set and B(S) the space of functions on S, equipped with sup-norm.
<latexit sha1_base64="WcxApqF6AEXoMvsD8sAKr31+GiQ="></latexit><latexit sha1_base64="WcxApqF6AEXoMvsD8sAKr31+GiQ="></latexit><latexit sha1_base64="WcxApqF6AEXoMvsD8sAKr31+GiQ="></latexit><latexit sha1_base64="WcxApqF6AEXoMvsD8sAKr31+GiQ="></latexit>

Let T : B(S) ! B(S) such that

• f  g implies Tf  Tg

• T (f + C) = Tf + �C certain � 2 (0, 1] all constants C
<latexit sha1_base64="ChbZFHYtXHltgMQNV8qxRIye32g="></latexit><latexit sha1_base64="ChbZFHYtXHltgMQNV8qxRIye32g="></latexit><latexit sha1_base64="ChbZFHYtXHltgMQNV8qxRIye32g="></latexit><latexit sha1_base64="ChbZFHYtXHltgMQNV8qxRIye32g="></latexit>

Then ||Tf � Tg||  �||f � g|| for all f, g.
<latexit sha1_base64="vO0wZ+eHiLf/G8MvwJh2JZCKgOE="></latexit><latexit sha1_base64="vO0wZ+eHiLf/G8MvwJh2JZCKgOE="></latexit><latexit sha1_base64="vO0wZ+eHiLf/G8MvwJh2JZCKgOE="></latexit><latexit sha1_base64="vO0wZ+eHiLf/G8MvwJh2JZCKgOE="></latexit>

Example:
Tf(s) = maxa{ra(s) +

P
t pst(a)f(t)}

<latexit sha1_base64="BI7xYH1RPYxV2p2IHyCM4U3OT8w=">AAACGnicbVDLSgNBEJyNrxhfUY9eBhMhQQi7XvQiiF48Rkg0kA1L72RWh8zsLjO9YljyHV78FS8eFPEmXvwbJ4+Dr4KGoqqb7q4wlcKg6346hbn5hcWl4nJpZXVtfaO8uXVpkkwz3maJTHQnBMOliHkbBUreSTUHFUp+FQ7Oxv7VLddGJHELhynvKbiORSQYoJWCsldtRTVTP/YV3AVA/ZzqAKxA932TqQBpGuQGRzWoRzWsU39UDcoVt+FOQP8Sb0YqZIZmUH73+wnLFI+RSTCm67kp9nLQKJjko5KfGZ4CG8A171oag+Kml09eG9E9q/RplGhbMdKJ+n0iB2XMUIW2UwHemN/eWPzP62YYHfVyEacZ8phNF0WZpJjQcU60LzRnKIeWANPC3krZDWhgaNMs2RC83y//JZcHDc9teBcHlZPTWRxFskN2SY145JCckHPSJG3CyD15JM/kxXlwnpxX523aWnBmM9vkB5yPLzQ+nng=</latexit><latexit sha1_base64="BI7xYH1RPYxV2p2IHyCM4U3OT8w=">AAACGnicbVDLSgNBEJyNrxhfUY9eBhMhQQi7XvQiiF48Rkg0kA1L72RWh8zsLjO9YljyHV78FS8eFPEmXvwbJ4+Dr4KGoqqb7q4wlcKg6346hbn5hcWl4nJpZXVtfaO8uXVpkkwz3maJTHQnBMOliHkbBUreSTUHFUp+FQ7Oxv7VLddGJHELhynvKbiORSQYoJWCsldtRTVTP/YV3AVA/ZzqAKxA932TqQBpGuQGRzWoRzWsU39UDcoVt+FOQP8Sb0YqZIZmUH73+wnLFI+RSTCm67kp9nLQKJjko5KfGZ4CG8A171oag+Kml09eG9E9q/RplGhbMdKJ+n0iB2XMUIW2UwHemN/eWPzP62YYHfVyEacZ8phNF0WZpJjQcU60LzRnKIeWANPC3krZDWhgaNMs2RC83y//JZcHDc9teBcHlZPTWRxFskN2SY145JCckHPSJG3CyD15JM/kxXlwnpxX523aWnBmM9vkB5yPLzQ+nng=</latexit><latexit sha1_base64="BI7xYH1RPYxV2p2IHyCM4U3OT8w=">AAACGnicbVDLSgNBEJyNrxhfUY9eBhMhQQi7XvQiiF48Rkg0kA1L72RWh8zsLjO9YljyHV78FS8eFPEmXvwbJ4+Dr4KGoqqb7q4wlcKg6346hbn5hcWl4nJpZXVtfaO8uXVpkkwz3maJTHQnBMOliHkbBUreSTUHFUp+FQ7Oxv7VLddGJHELhynvKbiORSQYoJWCsldtRTVTP/YV3AVA/ZzqAKxA932TqQBpGuQGRzWoRzWsU39UDcoVt+FOQP8Sb0YqZIZmUH73+wnLFI+RSTCm67kp9nLQKJjko5KfGZ4CG8A171oag+Kml09eG9E9q/RplGhbMdKJ+n0iB2XMUIW2UwHemN/eWPzP62YYHfVyEacZ8phNF0WZpJjQcU60LzRnKIeWANPC3krZDWhgaNMs2RC83y//JZcHDc9teBcHlZPTWRxFskN2SY145JCckHPSJG3CyD15JM/kxXlwnpxX523aWnBmM9vkB5yPLzQ+nng=</latexit><latexit sha1_base64="BI7xYH1RPYxV2p2IHyCM4U3OT8w=">AAACGnicbVDLSgNBEJyNrxhfUY9eBhMhQQi7XvQiiF48Rkg0kA1L72RWh8zsLjO9YljyHV78FS8eFPEmXvwbJ4+Dr4KGoqqb7q4wlcKg6346hbn5hcWl4nJpZXVtfaO8uXVpkkwz3maJTHQnBMOliHkbBUreSTUHFUp+FQ7Oxv7VLddGJHELhynvKbiORSQYoJWCsldtRTVTP/YV3AVA/ZzqAKxA932TqQBpGuQGRzWoRzWsU39UDcoVt+FOQP8Sb0YqZIZmUH73+wnLFI+RSTCm67kp9nLQKJjko5KfGZ4CG8A171oag+Kml09eG9E9q/RplGhbMdKJ+n0iB2XMUIW2UwHemN/eWPzP62YYHfVyEacZ8phNF0WZpJjQcU60LzRnKIeWANPC3krZDWhgaNMs2RC83y//JZcHDc9teBcHlZPTWRxFskN2SY145JCckHPSJG3CyD15JM/kxXlwnpxX523aWnBmM9vkB5yPLzQ+nng=</latexit>



A noncommutative ergodic theorem
Let (X, d) be a weak metric space, i.e. d(x, x) = 0 and

d(x, y)  d(x, z) + d(z, y).
<latexit sha1_base64="wSWlKpYU3GWnYvu+gGEHnzjYcn8="></latexit><latexit sha1_base64="wSWlKpYU3GWnYvu+gGEHnzjYcn8="></latexit><latexit sha1_base64="wSWlKpYU3GWnYvu+gGEHnzjYcn8="></latexit><latexit sha1_base64="wSWlKpYU3GWnYvu+gGEHnzjYcn8="></latexit>

Let gi be i.i.d. selected nonexpansive maps X ! X.
<latexit sha1_base64="AuqaT/7zpsHbRaOIveqw6TdewJ0=">AAACKXicbVBNTwIxEO36ifiFevTSCCaeNrtc9Ej04sEDJoIkQMhsd4CGbrtpuygh/B0v/hUvmmjUq3/Eghz8eskkL+/NtDMvSgU3NgjevIXFpeWV1dxafn1jc2u7sLNbNyrTDGtMCaUbERgUXGLNciuwkWqEJBJ4HQ3Opv71ELXhSl7ZUYrtBHqSdzkD66ROoXKBlpZ6HV6iEVLucz/2qXsOmcWYSiXxNgVp+BBpAqmhpUZL81 7fgtbqhjZKfqdQDPxgBvqXhHNSJHNUO4WnVqxYlqC0TIAxzTBIbXsM2nImcJJvZQZTYAPoYdNRCQma9nh26YQeOiWmXaVdSUtn6veJMSTGjJLIdSZg++a3NxX/85qZ7Z60x1ymmUXJvj7qZoJaRaex0ZhrF4kYOQJMc7crZX3Q4GLSJu9CCH+f/JfUy34Y+OFluVg5nceRI/vkgByRkByTCjknVVIjjNyRB/JMXrx779F79d6/Whe8+cwe+QHv4xPU+aUv</latexit><latexit sha1_base64="AuqaT/7zpsHbRaOIveqw6TdewJ0=">AAACKXicbVBNTwIxEO36ifiFevTSCCaeNrtc9Ej04sEDJoIkQMhsd4CGbrtpuygh/B0v/hUvmmjUq3/Eghz8eskkL+/NtDMvSgU3NgjevIXFpeWV1dxafn1jc2u7sLNbNyrTDGtMCaUbERgUXGLNciuwkWqEJBJ4HQ3Opv71ELXhSl7ZUYrtBHqSdzkD66ROoXKBlpZ6HV6iEVLucz/2qXsOmcWYSiXxNgVp+BBpAqmhpUZL81 7fgtbqhjZKfqdQDPxgBvqXhHNSJHNUO4WnVqxYlqC0TIAxzTBIbXsM2nImcJJvZQZTYAPoYdNRCQma9nh26YQeOiWmXaVdSUtn6veJMSTGjJLIdSZg++a3NxX/85qZ7Z60x1ymmUXJvj7qZoJaRaex0ZhrF4kYOQJMc7crZX3Q4GLSJu9CCH+f/JfUy34Y+OFluVg5nceRI/vkgByRkByTCjknVVIjjNyRB/JMXrx779F79d6/Whe8+cwe+QHv4xPU+aUv</latexit><latexit sha1_base64="AuqaT/7zpsHbRaOIveqw6TdewJ0=">AAACKXicbVBNTwIxEO36ifiFevTSCCaeNrtc9Ej04sEDJoIkQMhsd4CGbrtpuygh/B0v/hUvmmjUq3/Eghz8eskkL+/NtDMvSgU3NgjevIXFpeWV1dxafn1jc2u7sLNbNyrTDGtMCaUbERgUXGLNciuwkWqEJBJ4HQ3Opv71ELXhSl7ZUYrtBHqSdzkD66ROoXKBlpZ6HV6iEVLucz/2qXsOmcWYSiXxNgVp+BBpAqmhpUZL81 7fgtbqhjZKfqdQDPxgBvqXhHNSJHNUO4WnVqxYlqC0TIAxzTBIbXsM2nImcJJvZQZTYAPoYdNRCQma9nh26YQeOiWmXaVdSUtn6veJMSTGjJLIdSZg++a3NxX/85qZ7Z60x1ymmUXJvj7qZoJaRaex0ZhrF4kYOQJMc7crZX3Q4GLSJu9CCH+f/JfUy34Y+OFluVg5nceRI/vkgByRkByTCjknVVIjjNyRB/JMXrx779F79d6/Whe8+cwe+QHv4xPU+aUv</latexit><latexit sha1_base64="AuqaT/7zpsHbRaOIveqw6TdewJ0=">AAACKXicbVBNTwIxEO36ifiFevTSCCaeNrtc9Ej04sEDJoIkQMhsd4CGbrtpuygh/B0v/hUvmmjUq3/Eghz8eskkL+/NtDMvSgU3NgjevIXFpeWV1dxafn1jc2u7sLNbNyrTDGtMCaUbERgUXGLNciuwkWqEJBJ4HQ3Opv71ELXhSl7ZUYrtBHqSdzkD66ROoXKBlpZ6HV6iEVLucz/2qXsOmcWYSiXxNgVp+BBpAqmhpUZL81 7fgtbqhjZKfqdQDPxgBvqXhHNSJHNUO4WnVqxYlqC0TIAxzTBIbXsM2nImcJJvZQZTYAPoYdNRCQma9nh26YQeOiWmXaVdSUtn6veJMSTGjJLIdSZg++a3NxX/85qZ7Z60x1ymmUXJvj7qZoJaRaex0ZhrF4kYOQJMc7crZX3Q4GLSJu9CCH+f/JfUy34Y+OFluVg5nceRI/vkgByRkByTCjknVVIjjNyRB/JMXrx779F79d6/Whe8+cwe+QHv4xPU+aUv</latexit>

Let
u(n,!) := g1 � g2 � g3 � ... � gn.

<latexit sha1_base64="3wnA+HlD1hcsKUI4Urw4cWLJkmg="></latexit><latexit sha1_base64="3wnA+HlD1hcsKUI4Urw4cWLJkmg="></latexit><latexit sha1_base64="3wnA+HlD1hcsKUI4Urw4cWLJkmg="></latexit><latexit sha1_base64="3wnA+HlD1hcsKUI4Urw4cWLJkmg="></latexit>

Assume everything measurable and E[d(x, g(x))] < 1.
<latexit sha1_base64="lnVjS1LN2pfRs53eae8CllQIkEg=">AAACKXicbVBNT9tAEF3T8tHwFeiRy6oBKUgosnOBA4dAValHkAggJVY0Xo+TFeu1tTtGsaz8HS78lV6KRNVy7R9hE3Kg0Cet9PTezM7Mi3IlLfn+H2/hw8fFpeWVT7XVtfWNzfrW9qXNCiOwKzKVmesILCqpsUuSFF7nBiGNFF5FN1+n/tUtGiszfUFljmEKQy0TKYCcNKh3TqwtUuToikoaST3kKYItDLgfOOiY7/ZToFEUVd 8mvbg5Phg2x/v74XFf6oTK3dag3vBb/gz8PQnmpMHmOBvUH/pxJtxMTUKBtb3AzymswJAUCie1fmExB3EDQ+w5qiFFG1azSyd8zykxTzLjniY+U193VJBaW6aRq5xubd96U/F/Xq+g5CispM4LQi1eBiWF4pTxaWw8lgYFqdIREEa6XbkYgQFBLtyaCyF4e/J7ctluBX4rOG83OqfzOFbYDvvCmixgh6zDvrMz1mWC3bEf7JH98u69n95v7+mldMGb93xm/8D7+wyvAqYw</latexit><latexit sha1_base64="lnVjS1LN2pfRs53eae8CllQIkEg=">AAACKXicbVBNT9tAEF3T8tHwFeiRy6oBKUgosnOBA4dAValHkAggJVY0Xo+TFeu1tTtGsaz8HS78lV6KRNVy7R9hE3Kg0Cet9PTezM7Mi3IlLfn+H2/hw8fFpeWVT7XVtfWNzfrW9qXNCiOwKzKVmesILCqpsUuSFF7nBiGNFF5FN1+n/tUtGiszfUFljmEKQy0TKYCcNKh3TqwtUuToikoaST3kKYItDLgfOOiY7/ZToFEUVd 8mvbg5Phg2x/v74XFf6oTK3dag3vBb/gz8PQnmpMHmOBvUH/pxJtxMTUKBtb3AzymswJAUCie1fmExB3EDQ+w5qiFFG1azSyd8zykxTzLjniY+U193VJBaW6aRq5xubd96U/F/Xq+g5CispM4LQi1eBiWF4pTxaWw8lgYFqdIREEa6XbkYgQFBLtyaCyF4e/J7ctluBX4rOG83OqfzOFbYDvvCmixgh6zDvrMz1mWC3bEf7JH98u69n95v7+mldMGb93xm/8D7+wyvAqYw</latexit><latexit sha1_base64="lnVjS1LN2pfRs53eae8CllQIkEg=">AAACKXicbVBNT9tAEF3T8tHwFeiRy6oBKUgosnOBA4dAValHkAggJVY0Xo+TFeu1tTtGsaz8HS78lV6KRNVy7R9hE3Kg0Cet9PTezM7Mi3IlLfn+H2/hw8fFpeWVT7XVtfWNzfrW9qXNCiOwKzKVmesILCqpsUuSFF7nBiGNFF5FN1+n/tUtGiszfUFljmEKQy0TKYCcNKh3TqwtUuToikoaST3kKYItDLgfOOiY7/ZToFEUVd 8mvbg5Phg2x/v74XFf6oTK3dag3vBb/gz8PQnmpMHmOBvUH/pxJtxMTUKBtb3AzymswJAUCie1fmExB3EDQ+w5qiFFG1azSyd8zykxTzLjniY+U193VJBaW6aRq5xubd96U/F/Xq+g5CispM4LQi1eBiWF4pTxaWw8lgYFqdIREEa6XbkYgQFBLtyaCyF4e/J7ctluBX4rOG83OqfzOFbYDvvCmixgh6zDvrMz1mWC3bEf7JH98u69n95v7+mldMGb93xm/8D7+wyvAqYw</latexit><latexit sha1_base64="lnVjS1LN2pfRs53eae8CllQIkEg=">AAACKXicbVBNT9tAEF3T8tHwFeiRy6oBKUgosnOBA4dAValHkAggJVY0Xo+TFeu1tTtGsaz8HS78lV6KRNVy7R9hE3Kg0Cet9PTezM7Mi3IlLfn+H2/hw8fFpeWVT7XVtfWNzfrW9qXNCiOwKzKVmesILCqpsUuSFF7nBiGNFF5FN1+n/tUtGiszfUFljmEKQy0TKYCcNKh3TqwtUuToikoaST3kKYItDLgfOOiY7/ZToFEUVd 8mvbg5Phg2x/v74XFf6oTK3dag3vBb/gz8PQnmpMHmOBvUH/pxJtxMTUKBtb3AzymswJAUCie1fmExB3EDQ+w5qiFFG1azSyd8zykxTzLjniY+U193VJBaW6aRq5xubd96U/F/Xq+g5CispM4LQi1eBiWF4pTxaWw8lgYFqdIREEa6XbkYgQFBLtyaCyF4e/J7ctluBX4rOG83OqfzOFbYDvvCmixgh6zDvrMz1mWC3bEf7JH98u69n95v7+mldMGb93xm/8D7+wyvAqYw</latexit>



Theorem (K.-Ledrappier, Ann Prob ’06 ; Gouëzel-K., JEMS ’20)
For a.e. ! there exists a metric functional h = h! s.t.

lim
n!1

� 1

n
h(u(n,!)x) = lim

n!1

1

n
d(x, u(n,!)x).

<latexit sha1_base64="mKYbOxSqziH2SUzleaLDaBKQl5U="></latexit><latexit sha1_base64="mKYbOxSqziH2SUzleaLDaBKQl5U="></latexit><latexit sha1_base64="mKYbOxSqziH2SUzleaLDaBKQl5U="></latexit><latexit sha1_base64="mKYbOxSqziH2SUzleaLDaBKQl5U="></latexit>

A noncommutative ergodic theorem
Let

u(n,!) = g1g2g3...gn

be an integrable ergodic cocycle of nonexpansive maps of X.
<latexit sha1_base64="k1l71Xko/Rcws58raFt+5wMQbNg="></latexit><latexit sha1_base64="k1l71Xko/Rcws58raFt+5wMQbNg="></latexit><latexit sha1_base64="k1l71Xko/Rcws58raFt+5wMQbNg="></latexit><latexit sha1_base64="k1l71Xko/Rcws58raFt+5wMQbNg="></latexit>
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<latexit sha1_base64="mKYbOxSqziH2SUzleaLDaBKQl5U="></latexit><latexit sha1_base64="mKYbOxSqziH2SUzleaLDaBKQl5U="></latexit><latexit sha1_base64="mKYbOxSqziH2SUzleaLDaBKQl5U="></latexit><latexit sha1_base64="mKYbOxSqziH2SUzleaLDaBKQl5U="></latexit>

A noncommutative ergodic theorem

Kingman’s subadditive  
ergodic theorem

Let
u(n,!) = g1g2g3...gn

be an integrable ergodic cocycle of nonexpansive maps of X.
<latexit sha1_base64="k1l71Xko/Rcws58raFt+5wMQbNg="></latexit><latexit sha1_base64="k1l71Xko/Rcws58raFt+5wMQbNg="></latexit><latexit sha1_base64="k1l71Xko/Rcws58raFt+5wMQbNg="></latexit><latexit sha1_base64="k1l71Xko/Rcws58raFt+5wMQbNg="></latexit>



Proof based on substantial refinement of the subadditive ergodic theorem,



Rough idea of the proof

x
<latexit sha1_base64="7IOBoQVqvtk6umo4VJLyMRMVz1o=">AAAB63icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIRwIXsrcssGF377I7ZyQX/oKNhcbY+ofs/DfewRUKvmSSl/dmMjMviKSw6LrfTmFjc2t7p7hb2ts/ODwqH5+0bRgbxlsslKHpBtRyKTRvoUDJu5HhVAWSd4LpbeZ3HrmxItQPOIu4r+hYi5FgFDOp+lQtDcoVt+YuQNaJl5MK5GgOyl/9YchixTUySa3teW6EfkINCib5vNSPLY8om9Ix76VUU8WtnyxunZOLVBmSUWjS0kgW6u+JhCprZypIOxXFiV31MvE/rxfj6NpPhI5i5JotF41iSTAk2eNkKAxnKGcpocyI9FbCJtRQhmk8WQje6svrpF2veW7Nu69XGjd5HEU4g3O4BA+uoAF30IQWMJjAM7zCm6OcF+fd+Vi2Fpx85hT+wPn8AdIijWo=</latexit><latexit sha1_base64="7IOBoQVqvtk6umo4VJLyMRMVz1o=">AAAB63icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIRwIXsrcssGF377I7ZyQX/oKNhcbY+ofs/DfewRUKvmSSl/dmMjMviKSw6LrfTmFjc2t7p7hb2ts/ODwqH5+0bRgbxlsslKHpBtRyKTRvoUDJu5HhVAWSd4LpbeZ3HrmxItQPOIu4r+hYi5FgFDOp+lQtDcoVt+YuQNaJl5MK5GgOyl/9YchixTUySa3teW6EfkINCib5vNSPLY8om9Ix76VUU8WtnyxunZOLVBmSUWjS0kgW6u+JhCprZypIOxXFiV31MvE/rxfj6NpPhI5i5JotF41iSTAk2eNkKAxnKGcpocyI9FbCJtRQhmk8WQje6svrpF2veW7Nu69XGjd5HEU4g3O4BA+uoAF30IQWMJjAM7zCm6OcF+fd+Vi2Fpx85hT+wPn8AdIijWo=</latexit><latexit sha1_base64="7IOBoQVqvtk6umo4VJLyMRMVz1o=">AAAB63icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIRwIXsrcssGF377I7ZyQX/oKNhcbY+ofs/DfewRUKvmSSl/dmMjMviKSw6LrfTmFjc2t7p7hb2ts/ODwqH5+0bRgbxlsslKHpBtRyKTRvoUDJu5HhVAWSd4LpbeZ3HrmxItQPOIu4r+hYi5FgFDOp+lQtDcoVt+YuQNaJl5MK5GgOyl/9YchixTUySa3teW6EfkINCib5vNSPLY8om9Ix76VUU8WtnyxunZOLVBmSUWjS0kgW6u+JhCprZypIOxXFiV31MvE/rxfj6NpPhI5i5JotF41iSTAk2eNkKAxnKGcpocyI9FbCJtRQhmk8WQje6svrpF2veW7Nu69XGjd5HEU4g3O4BA+uoAF30IQWMJjAM7zCm6OcF+fd+Vi2Fpx85hT+wPn8AdIijWo=</latexit><latexit sha1_base64="7IOBoQVqvtk6umo4VJLyMRMVz1o=">AAAB63icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIRwIXsrcssGF377I7ZyQX/oKNhcbY+ofs/DfewRUKvmSSl/dmMjMviKSw6LrfTmFjc2t7p7hb2ts/ODwqH5+0bRgbxlsslKHpBtRyKTRvoUDJu5HhVAWSd4LpbeZ3HrmxItQPOIu4r+hYi5FgFDOp+lQtDcoVt+YuQNaJl5MK5GgOyl/9YchixTUySa3teW6EfkINCib5vNSPLY8om9Ix76VUU8WtnyxunZOLVBmSUWjS0kgW6u+JhCprZypIOxXFiV31MvE/rxfj6NpPhI5i5JotF41iSTAk2eNkKAxnKGcpocyI9FbCJtRQhmk8WQje6svrpF2veW7Nu69XGjd5HEU4g3O4BA+uoAF30IQWMJjAM7zCm6OcF+fd+Vi2Fpx85hT+wPn8AdIijWo=</latexit>

Take a weak limit point of                         for these special orbit points.  QED.

u(n1,!)x
<latexit sha1_base64="/X+uHA18Qm55J4HsbUxbGAoRWio=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g61QQUrSjS6LblxWsA9oQ5hMJ+3QeYSZSbGE/okbF4q49U/c+TdO2yy09cCFwzn3cu89UcKoNp737RQ2Nre2d4q7pb39g8Mj9/ikrWWqMGlhyaTqRkgTRgVpGWoY6SaKIB4x0onGd3O/MyFKUykezTQhAUdDQWOKkbFS6LqVtCpC/6ovORmiy6dK6Ja9mrcAXCd+TsogRzN0v/oDiVNOhMEMad3zvcQEGVKGYkZmpX6qSYLwGA1Jz1KBONFBtrh8Bi+sMoCxVLaEgQv190SGuNZTHtlOjsxIr3pz8T+vl5r4JsioSFJDBF4uilMGjYTzGOCAKoINm1qCsKL2VohHSCFsbFglG4K/+vI6addrvlfzH+rlxm0eRxGcgXNQBT64Bg1wD5qgBTCYgGfwCt6czHlx3p2PZWvByWdOwR84nz+rW5Je</latexit><latexit sha1_base64="/X+uHA18Qm55J4HsbUxbGAoRWio=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g61QQUrSjS6LblxWsA9oQ5hMJ+3QeYSZSbGE/okbF4q49U/c+TdO2yy09cCFwzn3cu89UcKoNp737RQ2Nre2d4q7pb39g8Mj9/ikrWWqMGlhyaTqRkgTRgVpGWoY6SaKIB4x0onGd3O/MyFKUykezTQhAUdDQWOKkbFS6LqVtCpC/6ovORmiy6dK6Ja9mrcAXCd+TsogRzN0v/oDiVNOhMEMad3zvcQEGVKGYkZmpX6qSYLwGA1Jz1KBONFBtrh8Bi+sMoCxVLaEgQv190SGuNZTHtlOjsxIr3pz8T+vl5r4JsioSFJDBF4uilMGjYTzGOCAKoINm1qCsKL2VohHSCFsbFglG4K/+vI6addrvlfzH+rlxm0eRxGcgXNQBT64Bg1wD5qgBTCYgGfwCt6czHlx3p2PZWvByWdOwR84nz+rW5Je</latexit><latexit sha1_base64="/X+uHA18Qm55J4HsbUxbGAoRWio=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g61QQUrSjS6LblxWsA9oQ5hMJ+3QeYSZSbGE/okbF4q49U/c+TdO2yy09cCFwzn3cu89UcKoNp737RQ2Nre2d4q7pb39g8Mj9/ikrWWqMGlhyaTqRkgTRgVpGWoY6SaKIB4x0onGd3O/MyFKUykezTQhAUdDQWOKkbFS6LqVtCpC/6ovORmiy6dK6Ja9mrcAXCd+TsogRzN0v/oDiVNOhMEMad3zvcQEGVKGYkZmpX6qSYLwGA1Jz1KBONFBtrh8Bi+sMoCxVLaEgQv190SGuNZTHtlOjsxIr3pz8T+vl5r4JsioSFJDBF4uilMGjYTzGOCAKoINm1qCsKL2VohHSCFsbFglG4K/+vI6addrvlfzH+rlxm0eRxGcgXNQBT64Bg1wD5qgBTCYgGfwCt6czHlx3p2PZWvByWdOwR84nz+rW5Je</latexit><latexit sha1_base64="/X+uHA18Qm55J4HsbUxbGAoRWio=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g61QQUrSjS6LblxWsA9oQ5hMJ+3QeYSZSbGE/okbF4q49U/c+TdO2yy09cCFwzn3cu89UcKoNp737RQ2Nre2d4q7pb39g8Mj9/ikrWWqMGlhyaTqRkgTRgVpGWoY6SaKIB4x0onGd3O/MyFKUykezTQhAUdDQWOKkbFS6LqVtCpC/6ovORmiy6dK6Ja9mrcAXCd+TsogRzN0v/oDiVNOhMEMad3zvcQEGVKGYkZmpX6qSYLwGA1Jz1KBONFBtrh8Bi+sMoCxVLaEgQv190SGuNZTHtlOjsxIr3pz8T+vl5r4JsioSFJDBF4uilMGjYTzGOCAKoINm1qCsKL2VohHSCFsbFglG4K/+vI6addrvlfzH+rlxm0eRxGcgXNQBT64Bg1wD5qgBTCYgGfwCt6czHlx3p2PZWvByWdOwR84nz+rW5Je</latexit>

u(n2,!)x
<latexit sha1_base64="m/syiymC3gloI6LF4b+iL6cGL/Y=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g61QQUrSjS6LblxWsA9oQ5hMJ+3QeYSZSbGE/okbF4q49U/c+TdO2yy09cCFwzn3cu89UcKoNp737RQ2Nre2d4q7pb39g8Mj9/ikrWWqMGlhyaTqRkgTRgVpGWoY6SaKIB4x0onGd3O/MyFKUykezTQhAUdDQWOKkbFS6LqVtCrC+lVfcjJEl0+V0C17NW8BuE78nJRBjmbofvUHEqecCIMZ0rrne4kJMqQMxYzMSv1UkwThMRqSnqUCcaKDbHH5DF5YZQBjqWwJAxfq74kMca2nPLKdHJmRXvXm4n9eLzXxTZBRkaSGCLxcFKcMGgnnMcABVQQbNrUEYUXtrRCPkELY2LBKNgR/9eV10q7XfK/mP9TLjds8jiI4A+egCnxwDRrgHjRBC2AwAc/gFbw5mfPivDsfy9aCk8+cgj9wPn8ArOmSXw==</latexit><latexit sha1_base64="m/syiymC3gloI6LF4b+iL6cGL/Y=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g61QQUrSjS6LblxWsA9oQ5hMJ+3QeYSZSbGE/okbF4q49U/c+TdO2yy09cCFwzn3cu89UcKoNp737RQ2Nre2d4q7pb39g8Mj9/ikrWWqMGlhyaTqRkgTRgVpGWoY6SaKIB4x0onGd3O/MyFKUykezTQhAUdDQWOKkbFS6LqVtCrC+lVfcjJEl0+V0C17NW8BuE78nJRBjmbofvUHEqecCIMZ0rrne4kJMqQMxYzMSv1UkwThMRqSnqUCcaKDbHH5DF5YZQBjqWwJAxfq74kMca2nPLKdHJmRXvXm4n9eLzXxTZBRkaSGCLxcFKcMGgnnMcABVQQbNrUEYUXtrRCPkELY2LBKNgR/9eV10q7XfK/mP9TLjds8jiI4A+egCnxwDRrgHjRBC2AwAc/gFbw5mfPivDsfy9aCk8+cgj9wPn8ArOmSXw==</latexit><latexit sha1_base64="m/syiymC3gloI6LF4b+iL6cGL/Y=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g61QQUrSjS6LblxWsA9oQ5hMJ+3QeYSZSbGE/okbF4q49U/c+TdO2yy09cCFwzn3cu89UcKoNp737RQ2Nre2d4q7pb39g8Mj9/ikrWWqMGlhyaTqRkgTRgVpGWoY6SaKIB4x0onGd3O/MyFKUykezTQhAUdDQWOKkbFS6LqVtCrC+lVfcjJEl0+V0C17NW8BuE78nJRBjmbofvUHEqecCIMZ0rrne4kJMqQMxYzMSv1UkwThMRqSnqUCcaKDbHH5DF5YZQBjqWwJAxfq74kMca2nPLKdHJmRXvXm4n9eLzXxTZBRkaSGCLxcFKcMGgnnMcABVQQbNrUEYUXtrRCPkELY2LBKNgR/9eV10q7XfK/mP9TLjds8jiI4A+egCnxwDRrgHjRBC2AwAc/gFbw5mfPivDsfy9aCk8+cgj9wPn8ArOmSXw==</latexit><latexit sha1_base64="m/syiymC3gloI6LF4b+iL6cGL/Y=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g61QQUrSjS6LblxWsA9oQ5hMJ+3QeYSZSbGE/okbF4q49U/c+TdO2yy09cCFwzn3cu89UcKoNp737RQ2Nre2d4q7pb39g8Mj9/ikrWWqMGlhyaTqRkgTRgVpGWoY6SaKIB4x0onGd3O/MyFKUykezTQhAUdDQWOKkbFS6LqVtCrC+lVfcjJEl0+V0C17NW8BuE78nJRBjmbofvUHEqecCIMZ0rrne4kJMqQMxYzMSv1UkwThMRqSnqUCcaKDbHH5DF5YZQBjqWwJAxfq74kMca2nPLKdHJmRXvXm4n9eLzXxTZBRkaSGCLxcFKcMGgnnMcABVQQbNrUEYUXtrRCPkELY2LBKNgR/9eV10q7XfK/mP9TLjds8jiI4A+egCnxwDRrgHjRBC2AwAc/gFbw5mfPivDsfy9aCk8+cgj9wPn8ArOmSXw==</latexit>

u(n3,!)x
<latexit sha1_base64="lb6L4Tn+HnaRoP950Kb8W3imP3Q=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g61QQUpSF7osunFZwT6gDWEynbRD5xFmJsUS+iduXCji1j9x5984bbPQ6oELh3Pu5d57ooRRbTzvyymsrW9sbhW3Szu7e/sH7uFRW8tUYdLCkknVjZAmjArSMtQw0k0UQTxipBONb+d+Z0KUplI8mGlCAo6GgsYUI2Ol0HUraVWElxd9yckQnT9WQrfs1bwF4F/i56QMcjRD97M/kDjlRBjMkNY930tMkCFlKGZkVuqnmiQIj9GQ9CwViBMdZIvLZ/DMKgMYS2VLGLhQf05kiGs95ZHt5MiM9Ko3F//zeqmJr4OMiiQ1RODlojhl0Eg4jwEOqCLYsKklCCtqb4V4hBTCxoZVsiH4qy//Je16zfdq/n293LjJ4yiCE3AKqsAHV6AB7kATtAAGE/AEXsCrkznPzpvzvmwtOPnMMfgF5+MbrneSYA==</latexit><latexit sha1_base64="lb6L4Tn+HnaRoP950Kb8W3imP3Q=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g61QQUpSF7osunFZwT6gDWEynbRD5xFmJsUS+iduXCji1j9x5984bbPQ6oELh3Pu5d57ooRRbTzvyymsrW9sbhW3Szu7e/sH7uFRW8tUYdLCkknVjZAmjArSMtQw0k0UQTxipBONb+d+Z0KUplI8mGlCAo6GgsYUI2Ol0HUraVWElxd9yckQnT9WQrfs1bwF4F/i56QMcjRD97M/kDjlRBjMkNY930tMkCFlKGZkVuqnmiQIj9GQ9CwViBMdZIvLZ/DMKgMYS2VLGLhQf05kiGs95ZHt5MiM9Ko3F//zeqmJr4OMiiQ1RODlojhl0Eg4jwEOqCLYsKklCCtqb4V4hBTCxoZVsiH4qy//Je16zfdq/n293LjJ4yiCE3AKqsAHV6AB7kATtAAGE/AEXsCrkznPzpvzvmwtOPnMMfgF5+MbrneSYA==</latexit><latexit sha1_base64="lb6L4Tn+HnaRoP950Kb8W3imP3Q=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g61QQUpSF7osunFZwT6gDWEynbRD5xFmJsUS+iduXCji1j9x5984bbPQ6oELh3Pu5d57ooRRbTzvyymsrW9sbhW3Szu7e/sH7uFRW8tUYdLCkknVjZAmjArSMtQw0k0UQTxipBONb+d+Z0KUplI8mGlCAo6GgsYUI2Ol0HUraVWElxd9yckQnT9WQrfs1bwF4F/i56QMcjRD97M/kDjlRBjMkNY930tMkCFlKGZkVuqnmiQIj9GQ9CwViBMdZIvLZ/DMKgMYS2VLGLhQf05kiGs95ZHt5MiM9Ko3F//zeqmJr4OMiiQ1RODlojhl0Eg4jwEOqCLYsKklCCtqb4V4hBTCxoZVsiH4qy//Je16zfdq/n293LjJ4yiCE3AKqsAHV6AB7kATtAAGE/AEXsCrkznPzpvzvmwtOPnMMfgF5+MbrneSYA==</latexit><latexit sha1_base64="lb6L4Tn+HnaRoP950Kb8W3imP3Q=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g61QQUpSF7osunFZwT6gDWEynbRD5xFmJsUS+iduXCji1j9x5984bbPQ6oELh3Pu5d57ooRRbTzvyymsrW9sbhW3Szu7e/sH7uFRW8tUYdLCkknVjZAmjArSMtQw0k0UQTxipBONb+d+Z0KUplI8mGlCAo6GgsYUI2Ol0HUraVWElxd9yckQnT9WQrfs1bwF4F/i56QMcjRD97M/kDjlRBjMkNY930tMkCFlKGZkVuqnmiQIj9GQ9CwViBMdZIvLZ/DMKgMYS2VLGLhQf05kiGs95ZHt5MiM9Ko3F//zeqmJr4OMiiQ1RODlojhl0Eg4jwEOqCLYsKklCCtqb4V4hBTCxoZVsiH4qy//Je16zfdq/n293LjJ4yiCE3AKqsAHV6AB7kATtAAGE/AEXsCrkznPzpvzvmwtOPnMMfgF5+MbrneSYA==</latexit>

There exist good times ni when the subadditive cocycle
d(x, u(n,!)x) is nearly additive.

<latexit sha1_base64="KKGijGl0mqmZ7eOEK0S+rbiUAao="></latexit><latexit sha1_base64="KKGijGl0mqmZ7eOEK0S+rbiUAao="></latexit><latexit sha1_base64="KKGijGl0mqmZ7eOEK0S+rbiUAao="></latexit><latexit sha1_base64="KKGijGl0mqmZ7eOEK0S+rbiUAao="></latexit>

hu(ni,!)x
<latexit sha1_base64="A65v1WmxRIHP1MpGs9CtDTYzbdw=">AAACB3icbVDLSgMxFM3UV62vUZeCBFuhgpSZbnRZdOOygn1AZxgymbQNzSRDkhHL0J0bf8WNC0Xc+gvu/BvTdhbaeiBwOOfem3tPmDCqtON8W4WV1bX1jeJmaWt7Z3fP3j9oK5FKTFpYMCG7IVKEUU5ammpGuokkKA4Z6YSj66nfuSdSUcHv9DghfowGnPYpRtpIgX3scUF5RLiGlWGQpVUe0HNPxGSAzh4mlcAuOzVnBrhM3JyUQY5mYH95kcBpbAZihpTquU6i/QxJTTEjk5KXKpIgPEID0jOUo5goP5vdMYGnRolgX0jzzEIz9XdHhmKlxnFoKmOkh2rRm4r/eb1U9y/9jPIk1YTj+Uf9lEEt4DQUGFFJsGZjQxCW1OwK8RBJhLWJrmRCcBdPXibtes11au5tvdy4yuMogiNwAqrABRegAW5AE7QABo/gGbyCN+vJerHerY95acHKew7BH1ifPwPomLw=</latexit><latexit sha1_base64="A65v1WmxRIHP1MpGs9CtDTYzbdw=">AAACB3icbVDLSgMxFM3UV62vUZeCBFuhgpSZbnRZdOOygn1AZxgymbQNzSRDkhHL0J0bf8WNC0Xc+gvu/BvTdhbaeiBwOOfem3tPmDCqtON8W4WV1bX1jeJmaWt7Z3fP3j9oK5FKTFpYMCG7IVKEUU5ammpGuokkKA4Z6YSj66nfuSdSUcHv9DghfowGnPYpRtpIgX3scUF5RLiGlWGQpVUe0HNPxGSAzh4mlcAuOzVnBrhM3JyUQY5mYH95kcBpbAZihpTquU6i/QxJTTEjk5KXKpIgPEID0jOUo5goP5vdMYGnRolgX0jzzEIz9XdHhmKlxnFoKmOkh2rRm4r/eb1U9y/9jPIk1YTj+Uf9lEEt4DQUGFFJsGZjQxCW1OwK8RBJhLWJrmRCcBdPXibtes11au5tvdy4yuMogiNwAqrABRegAW5AE7QABo/gGbyCN+vJerHerY95acHKew7BH1ifPwPomLw=</latexit><latexit sha1_base64="A65v1WmxRIHP1MpGs9CtDTYzbdw=">AAACB3icbVDLSgMxFM3UV62vUZeCBFuhgpSZbnRZdOOygn1AZxgymbQNzSRDkhHL0J0bf8WNC0Xc+gvu/BvTdhbaeiBwOOfem3tPmDCqtON8W4WV1bX1jeJmaWt7Z3fP3j9oK5FKTFpYMCG7IVKEUU5ammpGuokkKA4Z6YSj66nfuSdSUcHv9DghfowGnPYpRtpIgX3scUF5RLiGlWGQpVUe0HNPxGSAzh4mlcAuOzVnBrhM3JyUQY5mYH95kcBpbAZihpTquU6i/QxJTTEjk5KXKpIgPEID0jOUo5goP5vdMYGnRolgX0jzzEIz9XdHhmKlxnFoKmOkh2rRm4r/eb1U9y/9jPIk1YTj+Uf9lEEt4DQUGFFJsGZjQxCW1OwK8RBJhLWJrmRCcBdPXibtes11au5tvdy4yuMogiNwAqrABRegAW5AE7QABo/gGbyCN+vJerHerY95acHKew7BH1ifPwPomLw=</latexit><latexit sha1_base64="A65v1WmxRIHP1MpGs9CtDTYzbdw=">AAACB3icbVDLSgMxFM3UV62vUZeCBFuhgpSZbnRZdOOygn1AZxgymbQNzSRDkhHL0J0bf8WNC0Xc+gvu/BvTdhbaeiBwOOfem3tPmDCqtON8W4WV1bX1jeJmaWt7Z3fP3j9oK5FKTFpYMCG7IVKEUU5ammpGuokkKA4Z6YSj66nfuSdSUcHv9DghfowGnPYpRtpIgX3scUF5RLiGlWGQpVUe0HNPxGSAzh4mlcAuOzVnBrhM3JyUQY5mYH95kcBpbAZihpTquU6i/QxJTTEjk5KXKpIgPEID0jOUo5goP5vdMYGnRolgX0jzzEIz9XdHhmKlxnFoKmOkh2rRm4r/eb1U9y/9jPIk1YTj+Uf9lEEt4DQUGFFJsGZjQxCW1OwK8RBJhLWJrmRCcBdPXibtes11au5tvdy4yuMogiNwAqrABRegAW5AE7QABo/gGbyCN+vJerHerY95acHKew7BH1ifPwPomLw=</latexit>



Special cases of the noncommutative ergodic theorem

1. Oseledets multiplicative ergodic theorem

2. Random mean ergodic theorems

When applied to X = Pos and G = GL(n,R)
<latexit sha1_base64="f+gTojcb9qN8UrSL7431e8lUcuM=">AAACGnicbVA9SwNBEN2LXzF+RS1tFhMhgoS7NNoEghaxsIhiPiAJYW9vkizZ2zt294Rw5HfY+FdsLBSxExv/jXtJCk18MPB4b4aZeW7ImdK2/W2lVlbX1jfSm5mt7Z3dvez+QUMFkaRQpwEPZMslCjgTUNdMc2iFEojvcmi6o6vEbz6AVCwQ93ocQtcnA8H6jBJtpF7WaQ5BYBKaXeBhHeB8q1wLVB4T4eF8tVy9KYizjk/00HVxfDc5zfeyObtoT4GXiTMnOTRHrZf97HgBjXwQmnKiVNuxQ92NidSMcphkOpGCkNARGUDbUEF8UN14+toEnxjFw/1AmhIaT9XfEzHxlRr7rulMjlSLXiL+57Uj3b/oxkyEkQZBZ4v6EU8iSHLCHpNANR8bQqhk5lZMh0QSqk2aGROCs/jyMmmUio5ddG5LucrlPI40OkLHqIAcdI4q6BrVUB1R9Iie0St6s56sF+vd+pi1pqz5zCH6A+vrB/Ednkc=</latexit><latexit sha1_base64="f+gTojcb9qN8UrSL7431e8lUcuM=">AAACGnicbVA9SwNBEN2LXzF+RS1tFhMhgoS7NNoEghaxsIhiPiAJYW9vkizZ2zt294Rw5HfY+FdsLBSxExv/jXtJCk18MPB4b4aZeW7ImdK2/W2lVlbX1jfSm5mt7Z3dvez+QUMFkaRQpwEPZMslCjgTUNdMc2iFEojvcmi6o6vEbz6AVCwQ93ocQtcnA8H6jBJtpF7WaQ5BYBKaXeBhHeB8q1wLVB4T4eF8tVy9KYizjk/00HVxfDc5zfeyObtoT4GXiTMnOTRHrZf97HgBjXwQmnKiVNuxQ92NidSMcphkOpGCkNARGUDbUEF8UN14+toEnxjFw/1AmhIaT9XfEzHxlRr7rulMjlSLXiL+57Uj3b/oxkyEkQZBZ4v6EU8iSHLCHpNANR8bQqhk5lZMh0QSqk2aGROCs/jyMmmUio5ddG5LucrlPI40OkLHqIAcdI4q6BrVUB1R9Iie0St6s56sF+vd+pi1pqz5zCH6A+vrB/Ednkc=</latexit><latexit sha1_base64="f+gTojcb9qN8UrSL7431e8lUcuM=">AAACGnicbVA9SwNBEN2LXzF+RS1tFhMhgoS7NNoEghaxsIhiPiAJYW9vkizZ2zt294Rw5HfY+FdsLBSxExv/jXtJCk18MPB4b4aZeW7ImdK2/W2lVlbX1jfSm5mt7Z3dvez+QUMFkaRQpwEPZMslCjgTUNdMc2iFEojvcmi6o6vEbz6AVCwQ93ocQtcnA8H6jBJtpF7WaQ5BYBKaXeBhHeB8q1wLVB4T4eF8tVy9KYizjk/00HVxfDc5zfeyObtoT4GXiTMnOTRHrZf97HgBjXwQmnKiVNuxQ92NidSMcphkOpGCkNARGUDbUEF8UN14+toEnxjFw/1AmhIaT9XfEzHxlRr7rulMjlSLXiL+57Uj3b/oxkyEkQZBZ4v6EU8iSHLCHpNANR8bQqhk5lZMh0QSqk2aGROCs/jyMmmUio5ddG5LucrlPI40OkLHqIAcdI4q6BrVUB1R9Iie0St6s56sF+vd+pi1pqz5zCH6A+vrB/Ednkc=</latexit><latexit sha1_base64="f+gTojcb9qN8UrSL7431e8lUcuM=">AAACGnicbVA9SwNBEN2LXzF+RS1tFhMhgoS7NNoEghaxsIhiPiAJYW9vkizZ2zt294Rw5HfY+FdsLBSxExv/jXtJCk18MPB4b4aZeW7ImdK2/W2lVlbX1jfSm5mt7Z3dvez+QUMFkaRQpwEPZMslCjgTUNdMc2iFEojvcmi6o6vEbz6AVCwQ93ocQtcnA8H6jBJtpF7WaQ5BYBKaXeBhHeB8q1wLVB4T4eF8tVy9KYizjk/00HVxfDc5zfeyObtoT4GXiTMnOTRHrZf97HgBjXwQmnKiVNuxQ92NidSMcphkOpGCkNARGUDbUEF8UN14+toEnxjFw/1AmhIaT9XfEzHxlRr7rulMjlSLXiL+57Uj3b/oxkyEkQZBZ4v6EU8iSHLCHpNANR8bQqhk5lZMh0QSqk2aGROCs/jyMmmUio5ddG5LucrlPI40OkLHqIAcdI4q6BrVUB1R9Iie0St6s56sF+vd+pi1pqz5zCH6A+vrB/Ednkc=</latexit>

When applied to X =Hilbert space and gi(x) = Uix+ v
<latexit sha1_base64="yetFq4DocLsJHy5HSvJ/RbzcZnU=">AAACHnicbVDLSgMxFM34rPU16tJNsBUqQpkpiG4KRTddVrAPaMuQydy2oZnMkGRKS+mXuPFX3LhQRHClf2P6WGjrgcDhnHs5ucePOVPacb6ttfWNza3t1E56d2//4NA+Oq6pKJEUqjTikWz4RAFnAqqaaQ6NWAIJfQ51v3839esDkIpF4kGPYmiHpCtYh1GijeTZV/UeCExikwUB1hHONorZMuM+SI1VTChgIgKc7XosN7woVj02vBxkPTvj5J0Z8CpxFySDFqh49mcriGgSgtCUE6WarhPr9phIzSiHSbqVKDBhfdKFpqGChKDa49l5E3xulAB3Imme0Him/t4Yk1CpUeibyZDonlr2puJ/XjPRnZv2mIk40SDoPKiT8GkN065wwCRQzUeGECqZ+SumPSIJ1abRtCnBXT55ldQKedfJu/eFTOl2UUcKnaIzlEMuukYlVEYVVEUUPaJn9IrerCfrxXq3Puaja9Zi5wT9gfX1A9gOoGg=</latexit><latexit sha1_base64="yetFq4DocLsJHy5HSvJ/RbzcZnU=">AAACHnicbVDLSgMxFM34rPU16tJNsBUqQpkpiG4KRTddVrAPaMuQydy2oZnMkGRKS+mXuPFX3LhQRHClf2P6WGjrgcDhnHs5ucePOVPacb6ttfWNza3t1E56d2//4NA+Oq6pKJEUqjTikWz4RAFnAqqaaQ6NWAIJfQ51v3839esDkIpF4kGPYmiHpCtYh1GijeTZV/UeCExikwUB1hHONorZMuM+SI1VTChgIgKc7XosN7woVj02vBxkPTvj5J0Z8CpxFySDFqh49mcriGgSgtCUE6WarhPr9phIzSiHSbqVKDBhfdKFpqGChKDa49l5E3xulAB3Imme0Him/t4Yk1CpUeibyZDonlr2puJ/XjPRnZv2mIk40SDoPKiT8GkN065wwCRQzUeGECqZ+SumPSIJ1abRtCnBXT55ldQKedfJu/eFTOl2UUcKnaIzlEMuukYlVEYVVEUUPaJn9IrerCfrxXq3Puaja9Zi5wT9gfX1A9gOoGg=</latexit><latexit sha1_base64="yetFq4DocLsJHy5HSvJ/RbzcZnU=">AAACHnicbVDLSgMxFM34rPU16tJNsBUqQpkpiG4KRTddVrAPaMuQydy2oZnMkGRKS+mXuPFX3LhQRHClf2P6WGjrgcDhnHs5ucePOVPacb6ttfWNza3t1E56d2//4NA+Oq6pKJEUqjTikWz4RAFnAqqaaQ6NWAIJfQ51v3839esDkIpF4kGPYmiHpCtYh1GijeTZV/UeCExikwUB1hHONorZMuM+SI1VTChgIgKc7XosN7woVj02vBxkPTvj5J0Z8CpxFySDFqh49mcriGgSgtCUE6WarhPr9phIzSiHSbqVKDBhfdKFpqGChKDa49l5E3xulAB3Imme0Him/t4Yk1CpUeibyZDonlr2puJ/XjPRnZv2mIk40SDoPKiT8GkN065wwCRQzUeGECqZ+SumPSIJ1abRtCnBXT55ldQKedfJu/eFTOl2UUcKnaIzlEMuukYlVEYVVEUUPaJn9IrerCfrxXq3Puaja9Zi5wT9gfX1A9gOoGg=</latexit><latexit sha1_base64="yetFq4DocLsJHy5HSvJ/RbzcZnU=">AAACHnicbVDLSgMxFM34rPU16tJNsBUqQpkpiG4KRTddVrAPaMuQydy2oZnMkGRKS+mXuPFX3LhQRHClf2P6WGjrgcDhnHs5ucePOVPacb6ttfWNza3t1E56d2//4NA+Oq6pKJEUqjTikWz4RAFnAqqaaQ6NWAIJfQ51v3839esDkIpF4kGPYmiHpCtYh1GijeTZV/UeCExikwUB1hHONorZMuM+SI1VTChgIgKc7XosN7woVj02vBxkPTvj5J0Z8CpxFySDFqh49mcriGgSgtCUE6WarhPr9phIzSiHSbqVKDBhfdKFpqGChKDa49l5E3xulAB3Imme0Him/t4Yk1CpUeibyZDonlr2puJ/XjPRnZv2mIk40SDoPKiT8GkN065wwCRQzUeGECqZ+SumPSIJ1abRtCnBXT55ldQKedfJu/eFTOl2UUcKnaIzlEMuukYlVEYVVEUUPaJn9IrerCfrxXq3Puaja9Zi5wT9gfX1A9gOoGg=</latexit>

3. Operator multiplicative ergodic theorems

5. Random walks on groups and Brownian motion (with Ledrappier, 2007) 

6. A Furstenberg-Khasminskii type formula (with Ledrappier, 2007) 

(Ulam-von Neumann,…)

(Ruelle,…)

4. Muliplicative ergodic theorem for CAT(0)-spaces (K.-Margulis)



3. Deep learning: 
metric frameworks



Providing a metric and dynamical framework

In this paper we: 

• Display invariant metrics or associated metric spaces on  
which the layer maps act by nonexpansive maps.

Avelin, B, Karlsson, A, Deep limits and a cut-off phenomenon for neural networks, 
                                    Journal of Machine Learning Research, 2022
                                    NeurIPS 2022 presentation

• Apply the noncommutative ergodic theorem

• Found evidence for a cut-off phenomenon



“Beyond illuminating the properties of networks at the start of training, the 
analysis of random neural networks can reveal a great deal about networks 
after training as well.” Boris Hanin, 2021

Benoit Dherin, Michael Munn, Mihaela Rosca, David G.T. Barrett, Why neural 
networks find simple solutions: the many regularizers of geometric complexity, 

NeurIPS (2022)

Instances of recent deep learning literature
“The Principles of Deep Learning Theory: 

An Effective Theory Approach to Understanding Neural Networks” 
Daniel A. Roberts and Sho Yaida 

based on research in collaboration with 
Boris Hanin 

Cambridge Univ. Press, 2022



“Direct” metrics

Positive models

T (x) = �(Ax+ b)
<latexit sha1_base64="QRHh/NFlXP+Iwe/GitoNn6Smmj8=">AAAB/XicbVDLSgMxFM3UV62v8bFzE2yFFqHMdKMboerGZYW+oB1KJs20wSQzJBlpHYq/4saFIm79D3f+jWk7C209cOFwzr3ce48fMaq043xbmZXVtfWN7GZua3tnd8/eP2iqMJaYNHDIQtn2kSKMCtLQVDPSjiRB3Gek5d/fTP3WA5GKhqKuxxHxOBoIGlCMtJF69lGhXhyVLruKDjiCxavRmV8q9Oy8U3ZmgMvETUkepKj17K9uP8QxJ0JjhpTquE6kvQRJTTEjk1w3ViRC+B4NSMdQgThRXjK7fgJPjdKHQShNCQ1n6u+JBHGlxtw3nRzpoVr0puJ/XifWwYWXUBHFmgg8XxTEDOoQTqOAfSoJ1mxsCMKSmlshHiKJsDaB5UwI7uLLy6RZKbtO2b2r5KvXaRxZcAxOQBG44BxUwS2ogQbA4BE8g1fwZj1ZL9a79TFvzVjpzCH4A+vzB19pkzc=</latexit><latexit sha1_base64="QRHh/NFlXP+Iwe/GitoNn6Smmj8=">AAAB/XicbVDLSgMxFM3UV62v8bFzE2yFFqHMdKMboerGZYW+oB1KJs20wSQzJBlpHYq/4saFIm79D3f+jWk7C209cOFwzr3ce48fMaq043xbmZXVtfWN7GZua3tnd8/eP2iqMJaYNHDIQtn2kSKMCtLQVDPSjiRB3Gek5d/fTP3WA5GKhqKuxxHxOBoIGlCMtJF69lGhXhyVLruKDjiCxavRmV8q9Oy8U3ZmgMvETUkepKj17K9uP8QxJ0JjhpTquE6kvQRJTTEjk1w3ViRC+B4NSMdQgThRXjK7fgJPjdKHQShNCQ1n6u+JBHGlxtw3nRzpoVr0puJ/XifWwYWXUBHFmgg8XxTEDOoQTqOAfSoJ1mxsCMKSmlshHiKJsDaB5UwI7uLLy6RZKbtO2b2r5KvXaRxZcAxOQBG44BxUwS2ogQbA4BE8g1fwZj1ZL9a79TFvzVjpzCH4A+vzB19pkzc=</latexit><latexit sha1_base64="QRHh/NFlXP+Iwe/GitoNn6Smmj8=">AAAB/XicbVDLSgMxFM3UV62v8bFzE2yFFqHMdKMboerGZYW+oB1KJs20wSQzJBlpHYq/4saFIm79D3f+jWk7C209cOFwzr3ce48fMaq043xbmZXVtfWN7GZua3tnd8/eP2iqMJaYNHDIQtn2kSKMCtLQVDPSjiRB3Gek5d/fTP3WA5GKhqKuxxHxOBoIGlCMtJF69lGhXhyVLruKDjiCxavRmV8q9Oy8U3ZmgMvETUkepKj17K9uP8QxJ0JjhpTquE6kvQRJTTEjk1w3ViRC+B4NSMdQgThRXjK7fgJPjdKHQShNCQ1n6u+JBHGlxtw3nRzpoVr0puJ/XifWwYWXUBHFmgg8XxTEDOoQTqOAfSoJ1mxsCMKSmlshHiKJsDaB5UwI7uLLy6RZKbtO2b2r5KvXaRxZcAxOQBG44BxUwS2ogQbA4BE8g1fwZj1ZL9a79TFvzVjpzCH4A+vzB19pkzc=</latexit><latexit sha1_base64="QRHh/NFlXP+Iwe/GitoNn6Smmj8=">AAAB/XicbVDLSgMxFM3UV62v8bFzE2yFFqHMdKMboerGZYW+oB1KJs20wSQzJBlpHYq/4saFIm79D3f+jWk7C209cOFwzr3ce48fMaq043xbmZXVtfWN7GZua3tnd8/eP2iqMJaYNHDIQtn2kSKMCtLQVDPSjiRB3Gek5d/fTP3WA5GKhqKuxxHxOBoIGlCMtJF69lGhXhyVLruKDjiCxavRmV8q9Oy8U3ZmgMvETUkepKj17K9uP8QxJ0JjhpTquE6kvQRJTTEjk1w3ViRC+B4NSMdQgThRXjK7fgJPjdKHQShNCQ1n6u+JBHGlxtw3nRzpoVr0puJ/XifWwYWXUBHFmgg8XxTEDOoQTqOAfSoJ1mxsCMKSmlshHiKJsDaB5UwI7uLLy6RZKbtO2b2r5KvXaRxZcAxOQBG44BxUwS2ogQbA4BE8g1fwZj1ZL9a79TFvzVjpzCH4A+vzB19pkzc=</latexit>

where Aij � 0, bi � 0 and � = sigmoid or ReLU.
<latexit sha1_base64="4l9L+nTwiRWf2NbIa8Zsn01ng/I="></latexit><latexit sha1_base64="4l9L+nTwiRWf2NbIa8Zsn01ng/I="></latexit><latexit sha1_base64="4l9L+nTwiRWf2NbIa8Zsn01ng/I="></latexit><latexit sha1_base64="4l9L+nTwiRWf2NbIa8Zsn01ng/I="></latexit>

Thompson or Blackwell



“Direct” metrics

Positive models

Residual neural networks, “ResNets”

T (x) = �(Ax+ b)
<latexit sha1_base64="QRHh/NFlXP+Iwe/GitoNn6Smmj8=">AAAB/XicbVDLSgMxFM3UV62v8bFzE2yFFqHMdKMboerGZYW+oB1KJs20wSQzJBlpHYq/4saFIm79D3f+jWk7C209cOFwzr3ce48fMaq043xbmZXVtfWN7GZua3tnd8/eP2iqMJaYNHDIQtn2kSKMCtLQVDPSjiRB3Gek5d/fTP3WA5GKhqKuxxHxOBoIGlCMtJF69lGhXhyVLruKDjiCxavRmV8q9Oy8U3ZmgMvETUkepKj17K9uP8QxJ0JjhpTquE6kvQRJTTEjk1w3ViRC+B4NSMdQgThRXjK7fgJPjdKHQShNCQ1n6u+JBHGlxtw3nRzpoVr0puJ/XifWwYWXUBHFmgg8XxTEDOoQTqOAfSoJ1mxsCMKSmlshHiKJsDaB5UwI7uLLy6RZKbtO2b2r5KvXaRxZcAxOQBG44BxUwS2ogQbA4BE8g1fwZj1ZL9a79TFvzVjpzCH4A+vzB19pkzc=</latexit><latexit sha1_base64="QRHh/NFlXP+Iwe/GitoNn6Smmj8=">AAAB/XicbVDLSgMxFM3UV62v8bFzE2yFFqHMdKMboerGZYW+oB1KJs20wSQzJBlpHYq/4saFIm79D3f+jWk7C209cOFwzr3ce48fMaq043xbmZXVtfWN7GZua3tnd8/eP2iqMJaYNHDIQtn2kSKMCtLQVDPSjiRB3Gek5d/fTP3WA5GKhqKuxxHxOBoIGlCMtJF69lGhXhyVLruKDjiCxavRmV8q9Oy8U3ZmgMvETUkepKj17K9uP8QxJ0JjhpTquE6kvQRJTTEjk1w3ViRC+B4NSMdQgThRXjK7fgJPjdKHQShNCQ1n6u+JBHGlxtw3nRzpoVr0puJ/XifWwYWXUBHFmgg8XxTEDOoQTqOAfSoJ1mxsCMKSmlshHiKJsDaB5UwI7uLLy6RZKbtO2b2r5KvXaRxZcAxOQBG44BxUwS2ogQbA4BE8g1fwZj1ZL9a79TFvzVjpzCH4A+vzB19pkzc=</latexit><latexit sha1_base64="QRHh/NFlXP+Iwe/GitoNn6Smmj8=">AAAB/XicbVDLSgMxFM3UV62v8bFzE2yFFqHMdKMboerGZYW+oB1KJs20wSQzJBlpHYq/4saFIm79D3f+jWk7C209cOFwzr3ce48fMaq043xbmZXVtfWN7GZua3tnd8/eP2iqMJaYNHDIQtn2kSKMCtLQVDPSjiRB3Gek5d/fTP3WA5GKhqKuxxHxOBoIGlCMtJF69lGhXhyVLruKDjiCxavRmV8q9Oy8U3ZmgMvETUkepKj17K9uP8QxJ0JjhpTquE6kvQRJTTEjk1w3ViRC+B4NSMdQgThRXjK7fgJPjdKHQShNCQ1n6u+JBHGlxtw3nRzpoVr0puJ/XifWwYWXUBHFmgg8XxTEDOoQTqOAfSoJ1mxsCMKSmlshHiKJsDaB5UwI7uLLy6RZKbtO2b2r5KvXaRxZcAxOQBG44BxUwS2ogQbA4BE8g1fwZj1ZL9a79TFvzVjpzCH4A+vzB19pkzc=</latexit><latexit sha1_base64="QRHh/NFlXP+Iwe/GitoNn6Smmj8=">AAAB/XicbVDLSgMxFM3UV62v8bFzE2yFFqHMdKMboerGZYW+oB1KJs20wSQzJBlpHYq/4saFIm79D3f+jWk7C209cOFwzr3ce48fMaq043xbmZXVtfWN7GZua3tnd8/eP2iqMJaYNHDIQtn2kSKMCtLQVDPSjiRB3Gek5d/fTP3WA5GKhqKuxxHxOBoIGlCMtJF69lGhXhyVLruKDjiCxavRmV8q9Oy8U3ZmgMvETUkepKj17K9uP8QxJ0JjhpTquE6kvQRJTTEjk1w3ViRC+B4NSMdQgThRXjK7fgJPjdKHQShNCQ1n6u+JBHGlxtw3nRzpoVr0puJ/XifWwYWXUBHFmgg8XxTEDOoQTqOAfSoJ1mxsCMKSmlshHiKJsDaB5UwI7uLLy6RZKbtO2b2r5KvXaRxZcAxOQBG44BxUwS2ogQbA4BE8g1fwZj1ZL9a79TFvzVjpzCH4A+vzB19pkzc=</latexit>

where Aij � 0, bi � 0 and � = sigmoid or ReLU.
<latexit sha1_base64="4l9L+nTwiRWf2NbIa8Zsn01ng/I="></latexit><latexit sha1_base64="4l9L+nTwiRWf2NbIa8Zsn01ng/I="></latexit><latexit sha1_base64="4l9L+nTwiRWf2NbIa8Zsn01ng/I="></latexit><latexit sha1_base64="4l9L+nTwiRWf2NbIa8Zsn01ng/I="></latexit>

T (x) = WT�(Wx+ b)
<latexit sha1_base64="mEiI8+qOOri2GWierS/VeFIcDBk=">AAACAHicbVA9TwJBEN3DL8SvUwsLm41gAjEhdzTamBBtLDEBjgROsrcssGF377K7ZyAXGv+KjYXG2Poz7Pw3LnCFgi+Z5OW9mczMCyJGlXacbyuztr6xuZXdzu3s7u0f2IdHTRXGEpMGDlkoWwFShFFBGppqRlqRJIgHjHjB6Hbme49EKhqKup5ExOdoIGifYqSN1LVPCvXiuHTtPdQ7ig44gkVvfBGUCl0775SdOeAqcVOSBylqXfur0wtxzInQmCGl2q4TaT9BUlPMyDTXiRWJEB6hAWkbKhAnyk/mD0zhuVF6sB9KU0LDufp7IkFcqQkPTCdHeqiWvZn4n9eOdf/KT6iIYk0EXizqxwzqEM7SgD0qCdZsYgjCkppbIR4iibA2meVMCO7yy6ukWSm7Ttm9r+SrN2kcWXAKzkARuOASVMEdqIEGwGAKnsEreLOerBfr3fpYtGasdOYY/IH1+QOWdpR0</latexit><latexit sha1_base64="mEiI8+qOOri2GWierS/VeFIcDBk=">AAACAHicbVA9TwJBEN3DL8SvUwsLm41gAjEhdzTamBBtLDEBjgROsrcssGF377K7ZyAXGv+KjYXG2Poz7Pw3LnCFgi+Z5OW9mczMCyJGlXacbyuztr6xuZXdzu3s7u0f2IdHTRXGEpMGDlkoWwFShFFBGppqRlqRJIgHjHjB6Hbme49EKhqKup5ExOdoIGifYqSN1LVPCvXiuHTtPdQ7ig44gkVvfBGUCl0775SdOeAqcVOSBylqXfur0wtxzInQmCGl2q4TaT9BUlPMyDTXiRWJEB6hAWkbKhAnyk/mD0zhuVF6sB9KU0LDufp7IkFcqQkPTCdHeqiWvZn4n9eOdf/KT6iIYk0EXizqxwzqEM7SgD0qCdZsYgjCkppbIR4iibA2meVMCO7yy6ukWSm7Ttm9r+SrN2kcWXAKzkARuOASVMEdqIEGwGAKnsEreLOerBfr3fpYtGasdOYY/IH1+QOWdpR0</latexit><latexit sha1_base64="mEiI8+qOOri2GWierS/VeFIcDBk=">AAACAHicbVA9TwJBEN3DL8SvUwsLm41gAjEhdzTamBBtLDEBjgROsrcssGF377K7ZyAXGv+KjYXG2Poz7Pw3LnCFgi+Z5OW9mczMCyJGlXacbyuztr6xuZXdzu3s7u0f2IdHTRXGEpMGDlkoWwFShFFBGppqRlqRJIgHjHjB6Hbme49EKhqKup5ExOdoIGifYqSN1LVPCvXiuHTtPdQ7ig44gkVvfBGUCl0775SdOeAqcVOSBylqXfur0wtxzInQmCGl2q4TaT9BUlPMyDTXiRWJEB6hAWkbKhAnyk/mD0zhuVF6sB9KU0LDufp7IkFcqQkPTCdHeqiWvZn4n9eOdf/KT6iIYk0EXizqxwzqEM7SgD0qCdZsYgjCkppbIR4iibA2meVMCO7yy6ukWSm7Ttm9r+SrN2kcWXAKzkARuOASVMEdqIEGwGAKnsEreLOerBfr3fpYtGasdOYY/IH1+QOWdpR0</latexit><latexit sha1_base64="mEiI8+qOOri2GWierS/VeFIcDBk=">AAACAHicbVA9TwJBEN3DL8SvUwsLm41gAjEhdzTamBBtLDEBjgROsrcssGF377K7ZyAXGv+KjYXG2Poz7Pw3LnCFgi+Z5OW9mczMCyJGlXacbyuztr6xuZXdzu3s7u0f2IdHTRXGEpMGDlkoWwFShFFBGppqRlqRJIgHjHjB6Hbme49EKhqKup5ExOdoIGifYqSN1LVPCvXiuHTtPdQ7ig44gkVvfBGUCl0775SdOeAqcVOSBylqXfur0wtxzInQmCGl2q4TaT9BUlPMyDTXiRWJEB6hAWkbKhAnyk/mD0zhuVF6sB9KU0LDufp7IkFcqQkPTCdHeqiWvZn4n9eOdf/KT6iIYk0EXizqxwzqEM7SgD0qCdZsYgjCkppbIR4iibA2meVMCO7yy6ukWSm7Ttm9r+SrN2kcWXAKzkARuOASVMEdqIEGwGAKnsEreLOerBfr3fpYtGasdOYY/IH1+QOWdpR0</latexit>

where ||W ||  1 and � = one of the standard.
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Thompson or Blackwell

The norm



“Associated” metrics

Distances on space of metrics

Distance on the set of decision functions

Avelin and Karlsson

The above theorem is a consequence of the same theorem that gave rise to Theorem 4,
but in this case, since we have a norm we get that the metric functional reduces to a dot-
product (Theorem 8) and from this fact we can read o↵ the explicit convergence in the
above theorem, see Karlsson (2019) for more details.

6.3 An example of the reverse order

Let ⌦ = [−1,1]N and use TanH which map the whole vector space di↵eomorphically onto
the open cube. Let X be the set of distance functions on ⌦ bi-Lipschitz equivalent to the
original distance d0 defined by a norm �⋅�. The metric D on X is:

D(d1, d2) = log�max�sup
x≠y

d2(x, y)
d1(x, y) , supx≠y

d1(x, y)
d2(x, y)�� .

which was discussed in Section 5, see also Appendix A.3 for more details about the corre-
sponding metric functionals.

We consider maps T of the usual type except for insisting on that the matrices W are
invertible and also having fixed the activation function TanH so that T ∶ ⌦ → ⌦ and which
will then be a di↵eomorphism, and as remarked in Section 5, leaving the distance of the
metric space (X,D) invariant for the induced action T ∗.

We consider the reverse dynamics TnTn−1...T0x0, and shift the point of view by instead
studying

dn ∶= T ∗1 T ∗2 ...T ∗nd0.
In the above we see that the maps are “inserted” just before d0, which is again the order
which corresponds to random walks.

Thanks to the subadditive ergodic theorem and the other theorems in Gouëzel and Karls-
son (2020) T ∗1 T ∗2 ...T ∗nd0 will have some regular behavior when n→∞ especially in terms of
metric functionals on the space X. We have the following result proven in Appendix A.3.

Theorem 6 Under the above assumptions there is a number � so that

lim
n→∞�supx≠y

�TnTn−1...T1x − TnTn−1...T1y��x − y� �1�n = e�.
Moreover, in case � > 0 there exists a point x ∈ ⌦ and a sequence zi = (xi, yi) ∈ {(x, y) ∶ x, y ∈
⌦, x ≠ y} such that zi → (x,x) and for any " > 0 there is a number N so that for n > N

�Tn . . . T1xi − Tn . . . T1yi��xi − yi� ≥ e(�−")n,
for all su�ciently large i.

The second assertion means in words that there is a random point x ∈ ⌦ and points
approaching x which the maps TnTn−1...T1 separate with maximal exponential rate.
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Ex.

Figure 3: A deep neural network

theoretical understanding, as remarked by many authors. According to [Se20] “A mathematical
theory of deep learning would illuminate how they function, allow us to assess the strengths
and weaknesses of different network architectures, and lead to major improvements.” Which
type of layer maps to take, which �, how many layers n, how many nodes d in each layer, how
to best find the parameters, how stable the solution is under random perturbation (such as
the drop-out procedure) are some of the questions of important practical concern. The need
for a theoretical understanding, instead of relying on black-box techniques, is also expressed
by practitioners, this lack of theory hinders their work.
One of the remarkable features that is not understood, is why deep neural networks gener-
ally seem to mostly avoid the problem of overfitting which is a phenomenon in traditional
statistics. The latter typically happens when approximating some data with a polynomial of
very high degree, the curves go through all the sample or training data, but inbetween these
points of perfect fit it can fluctuate wildly, related to the Runge phenomenon. This is clearly
undesirable.
There are several ways random products u(n) := g1g2...gn of noncommuting nonlinear maps
appear in deep learning:

1. Random initialization see [NBYS22] for a review

2. Drop-out regularization which in particular is used to verify robustness of the obtained
error minimizer, and also a way training the network [SHK14]

3. Bayesian learning [Ne12]

4. Learning that combines taking some maps gi at random and optimize the remaining one,
a procedure with apparently good performance that speeds up the training significantly
[BT22]

The first two concepts are so fundamental in the current state-of-the-art that one encounters
them after any couple of first lectures on deep learning. Hanin wrote in [Ha21] “Beyond
illuminating the properties of networks at the start of training, the analysis of random neural
networks can reveal a great deal about networks after training as well.”
Moreover, as Avelin pointed out to me, not only the initialization but also the training (stochas-
tic gradient descent) actually involves a random product of transformations. Thus we see com-
positional product of random operations appearing in several ways in deep learning. Since the

6

=: fn(x0)
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Theorem(Avelin-K. ’20) Given layer maps x 7! W�(Ax+ b) where W,A, b
are selected iid (or stationary) with ||W ||, ||A||  1, and �(t) = max{0, t}. Then
there is a random vector v such that

1

n
U1U2...Unx0 ! v.
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Sample result, “ResNets”
U
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n ! 1
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Sample results
Take X = [�1, 1]N and activation function �(t) = tanh(t)
and invertible weights A. As before U(x) = �(Ax+ b).
Select at random say with finite support.
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Theorem (Avelin-K. 21) There is a well-defined maximal exponential rate
separating two nearby points. And when it is strictly positive,
there is moreover a random point x whose neighborhood is stretched
with this maximal rate.
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lim
n!1

 
sup
x 6=y

||un(x)� un(y)||
||x� y||

!1/n

= e�

<latexit sha1_base64="CmC6BPCPq0pouwOqxZHt8uUfiD4="></latexit><latexit sha1_base64="CmC6BPCPq0pouwOqxZHt8uUfiD4="></latexit><latexit sha1_base64="CmC6BPCPq0pouwOqxZHt8uUfiD4="></latexit><latexit sha1_base64="CmC6BPCPq0pouwOqxZHt8uUfiD4="></latexit>



Summary and outlook

• Products of noncommuting operations is a feature of deep  

• Main idea in deep learning, hence AI, is mathematical, simple to understand 

• Lack of theoretical understanding contributes to the main problems of AI 

• There is a general noncommutative ergodic theorem 

learning, and several other scientific contexts, as are metrics
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