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Commutative P'-bundles
e Mod X : the category of quasi-coherent sheaves on X.
e mod X : the category of coherent sheaves on X.
Definition

(1) Zis a Pl-bundle over X <= 3 € mod X locally free of rank 2 s.t.

Z = Px(€) :=ProjSx(€) where Sx (&) is the symmetric algebra of
& over X.

(2) Z is a ruled surface :<=> Z is a P1-bundle over a curve X.

(3) Z is a Hirzebruch surface :<= Z is a P!-bundle over P!.

& € mod X is locally free of rank 2 :<5 £, = Ox, ® Ox ) Vp € X
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Z is a P'-bundle over X = 3f : Z — X a structure morphism s.t.
[ p) =P Vpe X.

If € =0Ox ® Ox, then

Px(OX &>, Ox) = PI"OjSX(OX & Ox) = ProjOX[x,y] ~ X x P!

where f: X x P! — X; (p,q) — p is a structure morphism so that
f'(p) =p x Pt =P
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L € mod X is invertible :<—= — ®x £ : Mod X — Mod X is an
autoequivalence
Pic X := {£ € mod X | L is invertible}

Theorem

Let £,&" € mod X be locally free of rank 2.
L ePicX st. £ 2 ERx L < Px (&) 2 Px(&).
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Lemma

(1) PicP! = {Opi(a) | a € Z}.

(2) & € modP! is locally free of rank 2 <= Ja,b € Z s.t.
£ = Opi(a) ® Op (b).

Corollary
Z is a Hirzebruch surface <= Z = Pp1(Op1 @ Op1(d)) 3d € N.

Definition
Fgi :=Pp1(Op1 & Op1(d)) : Hirzebruch surface of degree d.

IFQ = ]P)IPI(OIPl @Opl) = Pl X Pl.
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Noncommutative P!-bundles

Let R, S be commutative rings.
e Mod R : the category of R-modules
e BiMod(R-S) : the category of R-S bimodules

There are two ways to characterize an R-S bimodule:
(a) BiMod(R-S) = Mod(R ® S) = Mod(Spec(R® 5)) =
Mod(Spec R x Spec S)
(b) BiMod(R-S) =2 {— ®r M : Mod R = Mod S : Homg(M, —) |
adjoint pair of functors}

I. Mori (Shizuoka University) Noncommutative Hirzebruch surfaces April 77, 2024, SLMath 7/29



(a) Let £ € mod(X xY), and
W :=SuppEf ={pe X xY |E #0}C X xY.
& is a sheaf X-Y bimodule if the restrictions of the projections
u:=prilw : W — X, v :=pro|lw : W — Y are both finite.
(b) £ is an X-Y bimodule if £ is an adjoint pair of functors

—®x £:Mod X = ModY : Homy (€, —).

e bimod(X-Y') : the category of sheaf X-Y bimodules
e BiMod(X-Y) : the category of X-Y bimodules

Theorem [Van den Bergh (2012)]
There exists a fully faithful functor bimod(X-Y') — BiMod(X-Y).
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Definition

(1) Z is a noncommutative P'-bundle over X :<=> 3¢ € bimod(X-X)
locally free of rank 2 s.t. Z =2 Px(€) := ProjncSx(€) where
Projn.Sx(€) is the “noncommutative projective scheme” associated
to the “noncommutative symmetric algebra” Sx(£) of £ over X.

(2) Z is a noncommutative ruled surface :<= Z is a noncommutative
P!-bundle over a curve X.

(3) Z is a noncommutative Hirzebruch surface ;<= Z is a
noncommutative P!-bundle over P!

& € bimod(X-X) is locally free of rank 2 <=
(Ox @xE)p=0x,®0x, Vpe X
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Let £,&" € bimod(X-X) be locally free of rank 2.
L1, Lo € bimod(X-X) invertible s.t. &' = L1 @x € @x Lo =
Px (&) 2 Px(&'). (Converse??)

L € bimod(X-X) is invertible :«<—= — ®x £ : Mod X — Mod X is an
autoequivalence
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Classification of noncommutative Hirzebruch surfaces

Artin's conjecture (1997)

Every noncommutative integral surface Z is birationally equivalent to
either

(1) a noncommutative projective plane ¢-P? (classified),

(2) a noncommutative ruled surface Px(€) (X is a commutative curve),

(3) a noncommutative surface which is finite over its center.

To classify noncommutative ruled surfaces Px (&):

(1) Classify commutative curves X (classical).

(2) Classify locally free £ € bimod(X-X) of rank 2 for each commutative
curve X.
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Setup

€ € bimod(X-Y) locally free of rank 2,
t: W :=Supp& — X x Y embedding,
wi=prilw: W = X,v:=prolw : W =Y.

e CM(W) :={U € mod W | U is maximal Cohen-Macaulay}

Lemma
N € CM(W) s.t. U = E.

Classify (W,U € CM(W)) instead of £ € bimod(X-Y).
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Theorem [MOUJ

If U € CM(W) such that .U = &, then one of the following cases occur:

(1)

(2)

W is integral,

u, v are isomorphisms, and

U is locally free of rank 2.

W is integral,

degu = degv = 2, and

U is isomorphic to Oy on an open dense subset of 1.
W = W7 U Wj is reduced with two irreducible components,
ulw,, v|w, are isomorphisms for i = 1,2, and

U is isomorphic to Oyy on an open dense subset of .
W is irreducible and non-reduced,

ulw, .4 V|w,., are isomorphisms, and

U is isomorphic to Oy, on an open dense subset of .
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From now on, we focus on the case X =Y = PL. |

For W, W' C P! x P!, we define
W~ W' = 3,7 € AutP! sit. (11 x 1) (W) = W',

Lemma

Let £ € bimod(PP*-P!) be locally free of rank 2, W = Supp & C P! x P!
W' ~ W = 3&" € bimod(P!-P!) locally free of rank 2 s.t.

Supp &’ = W' and Pp1(€) = Ppi (7).

Aim

To classify noncommutative Hirzebruch surfaces Pp1(&):
(1) Classify W C P! x P! up to ~.

(2) Classify CM(W) for each .
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Theorem [Patrick (1997), MOU]

VE € bimod(P-P!) locally free of rank 2, W = Supp& C P! x Pl is a
Cartier divisor of bidegree (1,1) or (2,2). In fact, it is equivalent to one of
the following types:

ALY/

Type P Type EC Type NC Type CC Type S Type T Type WL
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Since W ~ Ap1 := {(p,p) €EP! x P! | p € P}, Ppi () 2 F; Id € N
(commutative Hirzebruch surface)

For the rest of the types, we define the non-invertible locus of
U e CM(W) by

Ninv(U) = {p € W | U, 2 Ow,} C Sing(W).

We classify U by analyzing IndCM(Oyw,,) (or IndCM((m)) for
p € Ninv(U).

(smooth)

Since Sing(W) =0, U € PicW 2 W x Z.
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Type NC, CC, S, T‘ (singular, reduced)

For p € Sing(W), 5‘/;1) >~ k[[z,y]]/(y? — ") for n = 1,2,3. Using the
classifications of IndCM(Oy,,), we can show that ), = Endm (Up)

viewed as an Endav\(up)—module.

|

Theorem [MOU]

If L{j Pic W, then JU € PicW s.t. I/*Z:i = U/ where
v: W = Spec Endw (U) — W.

Type W Pic W
NC, CC P! Z

S, T PlUP! 7 X7
ST P P! ZXZ
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Type WL | (non-reduced)

For p € Sing(W) = W, Ow,, = k[x,y] )/ (y?). Using the classification of
IndCM(Owp), we can show that U, = (2", y) < k[z, y] (x)/(y2) for some
n € N.

Theorem [MOUJ

#(Ninv(U)) < oo and 3L € PicW =k X Z s.t.
0—=U— L — ONinv) — 0

is exact.
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Commutativity with shifts

In the commutative case, for & = Opi(a) ® Op1(b), a < b,
Op1 (k) @p1 € = Opi(a + k) ® Op1(b+ k) for every k € Z, so
Ppi1(€) 2 Fq if and only if b — a = d.

What happens in the noncommutative case?

Definition

For £ € bimod(PP!-P!) locally free of rank 2 and k € Z, we define
ak, by € Z by Opi(k) ®pr € = Opi(ax) @ Op1(bk), ax < by.

We say that £ commutes with shifts if Opi(k) ®p1 € = (Op1 @p1 E)(k)
(ie. ax = ag + k, by, = by + k for every k € 7).

Remark

A first example of £ which does not commute with shifts was given by
Ingalls and Patrick (2002).
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Let Y € PicW, and £ = v.U. For j € Z, we define U; := U @w v*Op1(j)

and Ej = L*Uj.
If Op1(k) @p1 € = Opi(ag) ® Op1 (by), then

Op1 (k) Qp1 5]' > Op (ak +7) @ Op (bk + ])
so deglf; = deglU + 2j.

Replacing U/ by U; for a suitable j € Z, we may reduce to the cases
deg! = 0 or degd =1 in computing {(ak, bg) }kez-

Lemma

If U € Pic® W is “tame”, then

Op1(—2) ® Op1 if U = Ow

Op1 ®p1 € =
B {opl(—n@oﬂn(—n if U % Oy
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Theorem [MOUJ

All possible {(ag,bx)}rez are computed in terms of U.

Case 1
If W is irreducible (Type EC, NC, CC, WL), and U € Pic W, then

degl degUd

(ak, br) = ( —

if U =~ u*Opi (—k) @w v*Op1(j) (37 € Z) (so degld = 0mod 2),

+ k-2, +k),bk—ak:2

(ak,bk): (degu+k—1, degu—f-k—l),bk—akzo
if U 2 u*Opi (—k) Qw v*Op1(5) (Vj € Z) and degld = 0mod 2,
d -1 d -1
(ak,bk): (%—Fk—l,%-ﬁ-k),bk—ak:l

if degd = 1mod?2.
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Case 2

If W =W, UWs is reducible (Type S, T), and U € Pic W with
deg(Ulw,) < deg(Ulw,), then

{ag, b} = {degU|w,) + k,deg(U|w,) + &k — 2}
br, — ax, = | deg(U|w,) — deg(U|w,) — 2|.

If W is non-reduced (Type WL) and U ¢ Pic W, then

x(U) — #(Ninv(U)) +k X(U) + #(Ninv(U)) +k— 2} ;

{ak, bx} = { 5
b, — ai, = [#(Ninv(U)) — 2|

2
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If W is reduced (Type NC, CC, S, T) and U & Pic W, then

Type | W U (i < j) {aw, bi} by — ag
NC, CC| P! O(2i) {i+k—1,i+k} 1

NC, CC| P! 0(2i+1) {i+k,i+k} 0

S, T PUP! | O(i,7) {i+kj+k—1} |7 —i—1|
S, T PP | OG)UO®G) | {i+k,j+Ek} J—t

where v : W := Spec Endoy, (U) — W and U € Pic W such that

u*ii:u.
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Corollary
(1) If W is integral (but not of Type P), then by — aj, € {0,1,2} for
every k € Z.

(2) If £ does not commute with shifts, then
> W is integral,
> U = u*Opi (i) @ v*Opi () for some i, € Z, and
> uw*Op1 (i) % v*Opi(i) for some @ € Z.
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For a noncommutative Hirzebruch surface Pp:i(€), we may define a
“sequence of structure morphisms” f; : Pp1(£) — P! for i € Z.

Theorem [MOUJ]

D’ (mod Pp1 () = (711D’ (mod PY), f7D°(mod P'))

7

is a semi-orthogonal decomposition for every i € Z.
For i = 0, the dual gluing functor is given by — ®x &.
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We write O(i, j) := f*,(Op1(j)) € mod Pp1(E) for i, j € Z.

Theorem [MOUJ
O(_lv -J - 1); O(_la _j)a O(Oa _1)5 O(Oa 0) = O]P’]P,l &)

is a full strong exceptional sequence for D°(mod Pp:1 (€)) if and only if
a_1 > —j—1(eg. (ag,bo) = (0,d), j =1, and & commutes with shifts).
In this case, D’(mod Pp1(£)) = DP(mod R) where

R=Endp, (£ (0(-1,—j — 1) & O(-1,—j) ® O(0,-1) & O(0, 0)).

We need to know (ay, by) for all k € Z in order to construct a “full
geometric helix” for D®(mod Pp:1 (£)).
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Conjecture

Definition

(a) Zis a ¢-Fy = Z 2 Pp1(&) IE € bimod(P-P!) s.t.
OPI (k) ®]P>1 g = Opl (k) ) O]pl (k I d) Vk} € Z.
(i.e. (ap,bo) = (0,d) and & commutes with shifts).

(b) Zisa g-(P! x P!) :<= Z = Projp.S for some 3-dimensional cubic
AS-regular Z-algebra S.

(c) Zisa ¢-Q C ¢-P? :<= Z = Projn.S/(g) for some 4-dimensional

quadratic AS-regular algebra S and an (irreducible) regular normal
element g € Ss.
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Theorem [Van den Bergh (1996)]
A “generic’ ¢-Q C ¢-P3 is isomorphic to some ¢-Fy.

Theorem [Van den Bergh (2011)]
Every g-(P! x P!) is isomorphic to some ¢-Q C ¢-P3.

Theorem [M-Ueyama (2021), M-Nyman (preprint)]
A “standard” ¢-Q C ¢-P3 is isomorphic to some ¢-(P' x P!).

Theorem [MOUJ

A “generic’ ¢-Fy is derived equivalent to some ¢-(P! x P!), and vice versa.
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There are 1-1 correspondences??

V{Q-]Fo}

{-(P x PL)} (€@ C ¢-F%)
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