















































































































































































































































































































































































































What is 3-dimensional hyperbolic geometry?

Consider a chunk of glass sitting on a table, so that the speed of
light n is proportional to the height above the table. Then light
will follow a minimal path in the glass which is a semicircle or line
perpendicular to the tabletop.

This gives a physical approximation of the upper half space model
of hyperbolic space. Hyperbolic distance is measured in the
minimal time it takes for light to get from point a to point b.














































































Hyperbolic manifolds

The orientation-preserving isometry group of H3 is PSL2(C). The
action of this group on CP

1 extends to H
3.

Consider a discrete subgroup � < PSL2(C) without any elements
of finite order (discrete is equivalent to the idenity element being
isolated). Then H

3/� is a 3-dimensional manifold admitting a
complete hyperbolic metric.

Conversely, any 3-dimensional complete Riemannian manifold with
constant sectional curvature �1 will be realized in such a fashion,
with � unique up to conjugacy in PSL2(C).














































































Knot complements

A fundamental discovery of Bill Thurston in the 1970s is that
“most” knot complements admit a geometry modeled on
hyperbolic geometry. Trichotomy: torus, satellite, hyperbolic

Torus knot Connect sum (satellite)

Satellite knot Hyperbolic knot














































































Hyperbolic volume

A region in the upper half-space has a hyperbolic volume, obtained
by integrating 1/n3 over the region.

The hyperbolic volume of this knot complement
= 2.0298 . . . =

p
3(1 + 1

22 �
1
42 �

1
52 +

1
72 +

1
82 � · · · ).








































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































