
The algorithm that runs in quasi-polynomial time

Let S   be the 
thin surfaces
for h .

Start here.
Input a diagram of
a knot K. 

Is some 
component of S  
a violating disc?

No
Run CUT ALONG SURFACE
for each surface in the
partial hierarchy and 
increase l.

Does one of these 
surfaces have a 
violating disc
component?

Yes
Yes

Does one of these 
surfaces have a 
violating disc
component?

Yes

Yes

Compute
b (M ) Is b (M ) > 0?

No
1 l

1 l

No

No

No

Yes

Is some region 
a Cheeger region?

Yes

Run BUILD HIERARCHICAL 
MULTI-SURFACE

l

l

Run CUT ALONG 
SURFACE.
Increase l by 1.

The hierarchy construction loop
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0
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Let M be the exterior
of K. Give M a
layered handle
structure with Morse
function h
with ∂ M = Ø

Let M  = M, set
h  = h. Set l = 1. 1

Run USE CHEEGER 
REGION to modify h.

Does the graph dual 
to the boundary pattern 
have a violating cycle?

K is non-trivial

No

No

Yes

Pick a disc 
spanned by a 
violating cycle 

Set l to be the index
of last surface in the
multi-surface and
discard later surfaces. 

K is the unknot

The hierarchy simplification process

Is this a 
compression 
disc for ∂M?

Let S  be the last
surface the disc
runs over.

Is S  part of a
multi-surface?

S  is a thin
surface.

Run HAKEN’S LEMMA 
to find weak reduction 
pair for h .

Run WEAKLY REDUCE to
create new handle structure
on M  and new Morse 
function to replace h .
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Run SIMPLIFY
MULTI-SURFACE

Set l = j and
discard later surfaces.

No Yes


