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Online Learning and Collusion in 
Multi-unit Auctions



Multi-unit 
Auction

Seller brings multiple 

identical units of a good    

(e.g. chairs) 

Set of buyers have money 

and may be interested in 

purchasing the goods.
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Buyers
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Auction format: the Walrasian mechanism.
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Multi-unit Auction – Model  

Min Walrasian 
price

Reported values
(Declared
willingness 
to pay)
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This work: Repeated Auction

Auctioneer can decide to hide some
information from a player



Example

●  

35



Example

●  

36



Example

●  

37



Large body of literature on multi-unit auctions (e.g. Maskin-Riley-Hahn 

’89; Engelbrecht-Kahn ‘98; Borgs-Chayes-Immorlica-Mahdian-Saberi ’05; 

J. Hartline, A. Karlin, D. Kempe, C. Kenyon, and F. McSherry ‘05; 

Dobzinski-Nisan ’07; Dobzinski-Lavi-Nisan ’12; 

Feldman-Fiat-Leonardi-Sankowski ’12; Goel-Mirrokni-Leme ‘13; 

Ausubel-Cramton-Pycia-Rostek-Weretka ’14). 

Repeated multi-unit auctions: allocating carbon licenses (Cramton-Kerr 

’02; ads in online settings (Balseiro-Besbes-Weintraub 15); US treasury 

notes (Markakis-Telelis 15).

Related Work



Repeated auctions and quality of outcomes reached (Lucier-Borodin 
’10; Bhawalkar and  Roughgarden ’11; Daskalakis-Syrganis 16; 
Nedelec-Calauzènes-Karoui-Perchet ‘22)

Related Work
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Algorithm 

Theorem: There is a polynomial time algorithm for the offline 

problem. 

Proof sketch:
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One vertex for each 
possible bid value for

first unit
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One vertex for each 
possible bid value for

second unit
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Note: the nodes do not have
equal degrees.
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The Online Setting – Full Information Feedback 



Polynomial time implementation. 

For the efficient implementation, we follow the work of 

Takimoto-Warmuth ’03 on path kernels. Simulate MWU using an  

“indirect” algorithm that maintains only probability per edge 

rather than per each path.

The Online Setting – Full Information Feedback 
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Bidders in an auction can collude to improve their utilities 
together (e.g. bid low to keep the price small), pay each other 
for favors. Repeated auctions allow bidders to use bid rotation 
schemes as the history of bids can serve as a communication 
device (e.g. Aoyagi ’03).

A few words about quality of equilibria
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Collusion can emerge naturally even when the agents are not 

trying to conspire but use q-learning algorithms to update their 

strategies (e.g. Calvano-Calzolari-Denicolo-Pastorello ’21, on 

algorithmic collusion in markets such as Cournot oligopolies).

A few words about quality of equilibria
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H

True valuations, 
in (0, H)
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Consider the game between the players (bidders) using the core 
solution concept. 

The core of auctions has been studied extensively, usually 
allowing the auctioneer to collude together with the players 
(see, e.g., Ausubel-Milgrom ’02, Krishna-Maenner ’01).

We will assume the auctioneer chooses the auction format and 
then does not take further actions except to run it. The bidders 
may coordinate their actions. 

Core of the game between the bidders
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Core of the game between the bidders

0 

H

K bids

All other bids
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Core with transfers

Welfare = sum of valuations
It really means the players 
with highest valuations win.
In this setting these can be seen 
as the players with most money.
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