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Representations of Fundamental Group

Genus g: The number of holes.

m1(X) ={A4;,B; : 0<i<g,
19—, A;B;A7IB 1 = ¢}

G: alinear group, e.9. GL(n,C), U(n), U(p, 1)
and etc.

Hom(m1(X),G): set of homomorphisms from
7T1(X) to G.

Hom(m1(X),G) = {(a1,b1,...,ag,bg) € G29 :
19—, aiba; 1o; 1 = 1}
0 —72Z—TI —m(X)—0.

Hom(T',G) = {(a1,b1, ...,aq,bg) € G?9 :
[1{_ aibia; "b; * € Z(G)}




Representations (continue)

G acts on Hom(I, G) by conjugation (isomor-
phism) and we form the quotients
Hom™(I,G)/G (of completely reducible rep-
resentations)

Suppose G is U(p,q) with p < gq. Then each
representation is associated with two invari-
ants:

Chern class: c€Z and 0 <c<p—+q;

Toledo invariant: 7 € I%Z and

+q

—2q(g—1) <7< 29(g—1).



Theorem 1 (Xia)
Hom™ (m1(X),U(p,1))/U(p, 1) has one connected
component for each even integer

Te[-2(g—1),2(g - 1)].

Theorem 2 (Markman,Xia)

Hom™ (I, U(p,p))/U(p,p) has one connected
component for a fixed ¢ and for each Toledo
invariant 2(p — 1)(g — 2) <7 <2p(g — 1).

GL(n,C)-Higgs bundles

GL(n,C)-Higgs bundles: (V,®) where V is a
vector bundle and @ : V — VQL. Let (V,®)
be a Higgs bundle.

Slope: u(V) = deg(V')/rank(V)

(Semi-)Stability: If W CV and (W) C W ®
QL. then p(W)(L) < u(V).

Denote by CM the moduli of S-equivalence of
semi-stable GL(n,C)-Higgs bundles.



Higgs bundles and the representation varieties

Theorem 3 (Hitchin et al) Hom™*(I,G)/G and
CM are homeomorphic.

Example (G = C¥):
C:Co0—-; :Q0 30t ...
0— HY(Q°) — HY(C) — HY(QY) — 0,
Q%0 50 .. Q0008 Q01 .
HY(Q0) = Hg’l.
0 —72Z —C —C" —0.

0 —7Z — QL — QY — 0.
0— HY(Z) — HY(C) — HY(C*) — H?(Z) - -

0 — HY(Z) — HY(Q) — HYQ*) — HA(Z) - -



The C*-action

The C*-action:

C*xCM — CM, (t,(V,®)) — (V,td).

The fixed points of this action are called Hodge
bundles.

Chern class: ¢ = deg(V'). Denote by CM,. C
CM the subspace associated with c.

Proposition 1 CM., = CM_..

Isomorphism : (V,®) — (V*, d*).

U(p, qg)-Higgs bundles

U(p, q)-Higgs bundles: (Vp@®Vy, (P1,P2)) where
Vp, Vg are vector bundles of rank-p and rank-q
and

P1:Vp = VoRQY, Po:Vg— VpeQ
(Note: u(p,q) = u(p) x u(q) +p).

Denote by M C CM the subspace of U(p, q)-
Higgs bundles. The C*-action preserves M.

1



The Toledo invariant

Let (VP@VQ,CD) e M.

. . do—pd
Toledo invariant: + = ££2-P9Q
p+q

Denote by Mdp’dQ C M.
WOLOG 7 > 0 or equivalently dp > dg.

The C*-action preserves Mdp’dQ.

Binary Hodge bundles

A U(p,q)-Higgs bundle (Vp ® Vg, (P1,P2)) is
binary if &, = 0. Denote by de,dQ C My,
the subscheme of binary Hodge bundles.

dq

Binary Hodge bundle: (Vp X Vo ® Q}()

Proposition 2 Every Higgs bundle in M can
be deformed to a binary Hodge bundle.



Hodge bundles and Moorse theory

Theorem 4 (Hitchin et al) The Hodge bun-
dles are critical points of CM (Mdp,dQ).

Compute the Moorse index at critical points.

End(V) %% End(V) e Ql

When (E,®) is a Hodge bundle, H!(K,.) de-
composes into weight spaces of the natural
C*-action.

If there is a negative weight space, then the
critical point is not a local minimum.



U(p,1)-Binary Hodge bundles

Assume ¢ = 0.

Suffices to show By, 4, IS connected.

dq

Canonical factorization:

0 — v % vy By, o0
Py VxS
VQ®Q = Wh

Semi-stability implies the bound on T:
Theorem 5 71 <2(g—1).

Let do = deg(VQ) and de,dQ(dQ) C BdPadQ
the subset with the canonical factorization.
Bap,dg, is stratified by the de,dQ(dQ)’S.



Families of Higgs bundles

Proposition 3 de,dQ IS connected.

Construct a family that parameterizes all pos-
sible V1's in the canonical decomposition (semi-
stability implies such family is bounded). The
construction uses the Grothendieck Quot scheme.

Construct all possible Vo's and Vp's. These
are line bundles, so we are just dealing with
Jacobi varieties. Care must be taken about
the map .

Construct all possible extension Eztl(V5, V7).

We thus end with a gigantic smooth object F
that parameterize a family of Higgs bundles
which contains all elements in BdP’dQ(dQ).

The condition of semi-stability is open. Hence
contains an open and connected subscheme
that maps onto de,dQ(dQ).



Deformation of BdP’dQ(dQ)

BT — U de,dQ(dQ)
do

Fix a set of distinct points

A={T1, 3T, Y15 > Ydp—15Z1s +++» Zdp—d—1F C X

and let Y = X\ A. FixyeY. Fortey,
consider the following divisors on X:

do do—1
DQZin7 C(t):DQ_t_Zyia
do—d—1
C=Dy—y— Z Z;
1=1

Y parameterizes a family of Higgs bundles

p—1
Vp(t) = O(C) P O(Ci(1)),
=1



Deformation of BdP,dQ(dg) (Continue)

Denote by p and p,(t), the projections to O(C)
and O(C;(t)).

D> — C(t) and D, — C define maps h;(t) :
O(C;(t)) — O(D»5) and h: O(C) — O(D>).
These maps induce a map
p—1
Gy - Vp(t) — O(D»), Gi=h+ Z hz(t)
i=1
Let Vo = O(D»). Since dr < (2g—2)—d, there
exists Vg € J~%and 0 £ ¢ € HO(V5 1@ Vpe0).
Let ©(t) = ¢ o Gy.

(Vp(t) ® Vg, ®(t)) is a family of Higgs bun-
dles parameterized by Y. Let pp,pg be the
projections onto the Vp(t),Vy factors.

Proposition 4 The Higgs bundle (Vp(t)®Vgy, ®(t))
is in de,dQ(dQ — 1) ift =y and in B:(d>) if
t #~=y.



U(p,p)-binary bundles

Canonical factorization:
0 — v I ve 22y, o0

Pyl P4
0 «— Wo «— Vog®QL «— W; «— O

Semi-stability implies the bound on T:
Theorem 6 7 < 2p(g —1).

Lemma 1 Supposer >2(p—1)(g—1). Then
(Vp ® Vg, (P1,P2)) € My, 4, implies

¢1:Vp—>VQ®Q

Is generically surjective.

Proof: Otherwise the sub-Higgs bundle (V &
Wi Q1 (b1, P5)) is d-invariant and with a
larger slope.



Families of Higgs bundles

Proposition 5 de,dQ Is irreducible.

Construct a family that parameterizes all pos-
sible V5's in the canonical decomposition (semi-
stability implies such family is bounded). Con-
struct

the Grothendieck scheme parameterizing the
quotient sheaves of @flz(ll)L_l with Hilbert poly-
nomial H(m) := x(Vo® L™), where L is some
ample line bundle.

()1 contains an irreducible and smooth quasi-
projective variety

R={W € Qq: W is locally free and H*(W) = 0}



Families of Higgs bundles

Construct
F— X xR

the universal quotient bundle of @fi(ll)L_l.
Then there exists a relative Quot scheme

Q> = Quotgc/lfftcg_lﬁfp(g_l)
parameterizing quotient sheaves of E supported
as length —dp +dg+2p(g — 1) subschemes of
a fiber of X x R — R.

We thus end with a gigantic smooth object )»
that parameterize a family of Higgs bundles
which contains all elements in de,dQ-

Proposition 6 Q> is irreducible.
The condition of semi-stability is open. Hence

contains an open and connected subscheme
that maps onto de,dQ-



Irrducibility of Q-

Q> — R factors through a surjective morphism

h o Qr — RXX(_dP‘I'dQ‘I'QP(g_l)),

Q5 C Qo parameterizing pairs of quotient
sheaves (@flz(ll)L_l —~ W, W — F), where F is
supported on a subscheme D C X as a free

Op-module of rank 1.

The restriction of h to Q%" °° is a smooth.

R, x(=dptdo+2p(9—1)) 3nd the fibers of h (re-
stricting to Q4"°) are irreducible.

Each fiber of h in Q5" is dense in the fiber

in QQ

Lemma 2 The Quot scheme Q(¥, (’)I(jx)), of
length | quotients of the stalk at x of the
trivial rank p vector bundle, is irreducible.
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m the maximal ideal of z, A = O(,)/m’. G =
GL(p, A)

Any quotient sheaf in Q(¥, (’)I(’m)) is also a quo-
tient of the free A-module of rank p.

Deformation: n(t) ;== v + ty, t € C,

[ 0 0 zfp\
L1000 0
Y = 0 22 0 .- 0 and
\ 0 0 1 0 )
/(10 0 0 )
01 0
0 :
L P 1 O
O ---010
\0 0O --- 00 2¢)
¢ p—1 k
IONE R GIEDY [(‘71) B @')] (6
k=2



Some related results

e [Hitchin]The components in
Hom(w(X),PSL(2,R))/PSL(2,R) are vec-
tor bundles of rank e4+(g—1) over the 2(g—
1) — e symmetric products of X, where ¢
is the Euler characteristic (invariant).

e [Xia] The components in
Hom(w(X),S0(2,1))/SO(2,1) that do not
correspond to components in
Hom(n(X),PSL(2,R))/PSL(2,R) are ei-
ther the total space of a vector bundle
of rank 2g — 2 over a torus of complex di-
mension g — 1 or contain an open dense
set that is a vector bundle of rank 2g — 2
over a torus of complex dimension g — 1
with the identity removed.



Some related results (continue)

e [Xial] Hom(n(X),PU(2,1))/PU(2,1) has 6(g—
1) + 1 connected components, and these
components are distinguished by the Toledo
invariants.

e [Gothen] The Betti numbers of the smooth
components of Hom(n(X), PU(2,1))/PU(2,1)
have been computed.

e [Bradlow, Garcia-Prada, Gothen] Each com-
ponent of Hom(71(X), PU(p,q))/PU(p,q),
associated with a fixed 7 and a fixed Chern
class ¢, is connected.



