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A connection € on a G-principal bundle P is a morphism
of G-principal bundles

€:pi P — pj

above A?X/S? in other words, for all (z, y) € Aﬁ(/s,

€x,y

with the further requirement that €z = lpforallz € X.

The curvature x of a connection ¢ is defined by the fol-
lowing commutative square above A?{ /8"

so that it is a morphism « A%{ /s P™ where
P = Autg(P)

1s the adjoint group bundle of P (so that x is an element
of the group Lie(P*!) @4, 0% /s of Lie(P*)-valued 2-
forms on X).



The Bianchi identity asserts that the diagram:

pSP K013 pgp
"30231 ’Mm(f‘&l:z:a)

PP’ TOI‘;PSP

above A% /s 1s commutative, in other words that the equa-
tion

—1 =l
/j’x7y(l{ly7z7u) K;xayﬂl' ,{'.'E,Z,’U; K;:c,y,z T 1

is satisfied. This is equivalent to the classical Bianchi
identity:

d,(k) == dr+ [u, K] = 0.



Proof of the Bianchi identity:

piP €13 piP

€03
€01
* KQ13 *
pol” pol’ K123
€93
ko ) ro1(k123)
* 12 *
Py b
ﬁ? A
* %k
p OP KQ12 p OP




The connection
PP ——pP

determines a connection on the gauge stack Pad.
U= cad : pikg)ad — pbkg)ad
U = eue !
Inner conjugation monoida] functor:
g)ad A & q(?ad, Tad)

Koo (u— kuk

PP

s H \
K

*ad *pad *Pad
pQT H12 plj) 01 p()j) )

where X := 4,

In particular, the natural transformation K determines
an arrow

Kz} i (o) () — (gy) (t12)()

in py P* for every object € ob(p; P2d).

2



Connection € on the gerbe P:
e:pP — pp?

In other words, for all (z, y) € Al /5» A1 AITOW

€z,y
Ty j):L’

with the further requirement that €, , = 1p_for all x.

Naive 2-connection:

2%

RN

nP PP,

*
e Pia€ Po1€
A (genuine) connective structure (k, K) on the gerbe P
consists of the curving K and the fake curvature k:

B
P3P ———pIP——pi P,

P1g€ Pp1€




A curving triple (e, k, K) on a gerbe P consists of a curv-
ing K and a fake curvature «:

The associated 3-curvature

2 € Ar(Lie(P")) @0, O /s

is the 2-arrow ) defined as the front face of the commu-
tative cube

* €13 *
p3j> piP
€03
/K123 K',(_)_,l>3 A
p* K013 rp*j)
0 0 K123
€23
) £01(%123)
023 * €12 *
/o023 p % P1
cop 1012
Q/ €01
k %k
Py KQ12 pO:P

We will call this cube the 3-curvature cube C,



The higher Bianchi identity asserts that the following
cube above A‘)lf /s 1s commutative:

Py

%
Q2
v\0134

*

K013

©o1(K134)
Soows /

K014

Py

K024 Q0234 / N

Po

1402
‘\{K012,’$234}—1 Qo12

K023

k012

po1(K124)

(K234)

,4/

jo

k012

j

PP

p*
1 /u01(91234) #o1(#123)

yo

%“12("&234)



‘f The 1- and 2-arrows encountered above may locally be
respectively described as Aut(G)- and G-valued differen-
tial forms, according to the following table:

connection |Aut(G)|deg. 1

curving G |deg. 2
Aut(G) |deg. 2
3-curvature G |deg. 3

)
TABLE 1

fake curvature

Q3 Ix|°
€ | | olx

Locally, the 3-curvature form is defined by

w=d,B

with d,B = dB + [, B]. Similarly, the higher Bianchi
identity may be locally expressed as

dyw = dw + [, w|] = [v, B

where [, ] is the pairing between Aut(G)-valued and G-
valued forms induced by the evaluation map

Aut(G) x G — G




Proof of the Bianchi identity:

P

P €14
Py €34 y
* €13 *
P3P —p1P
* K013 %
. pOT Do
Ko34, — S~ 01(k134
% K014 *
Do pog)
€23 k123 |po1(k124)
K023 Ho1(K123) (
%k
P €12
—TH12(k93
k
€12 D 19)
%k
e 2
N01u1m

pyP

K012



The following table describes each of the eight cubes
occuring in the previous hypercubical diagram:

mnner | left | right | top |bottom| front | back |outer
Co123 | Cogaa |trivial | Corsa| {, } |Bianchi|Ciasq| Coo
Kogs |trivial | Koi3 | Koo | Qo103 | Kios

The lower line in this table describes the face along which
the corresponding cube is attached to the inner cube.

Here C'is the cube defining the 3-curvature €.

The cube {, } is the commutative cube

piP——"——pi?P
€02
PP P p12(K234)
K234
102(k234) P €12 Mowu(@i%))
P5e pie
/ ﬁ(?)m -
02 ﬁm

with trivial left, right and back faces, and which defines
the 2-arrow { K19, K934} as its front face.



