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2D Conformal Field Theory : Quantum field theory in two dimensions
covariant under conformal transformations (local dilatations)

Relevant in two areas of Physics
- systems with scale invariance : critical point, long distance behaviour
- string theory : (residual reparametrization invariance)

Fascinating for the physicist : unconventional “non-perturbative” technigues
In QFT; connections with many other areas of MN®
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Fascinating for the mathematician

— many well posed problems
— multiplicity of concepts involved
e infinite dim Lie algebras (and related topics)
e modular properties
e classical and quantum integrable systems
e “quantum” (=deformed) algebras
e combinatorics
efc etc

— multiplicity of possible languages : algebra and representation theory;
geometry (group manifold); topology and TFT; operator algebras (and
subfactors); category theory. ..

N /
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In thistalk, focus on the ssimplest class of CFT, the “Rationa” CFT (RCFT)
and on three types of algebras which appear there

(1) infinite dimensional Lie algebras (affine Kac-Moody and Virasoro) and
their representations (and modular properties): building blocks of CFT

(2) fusion agebras and their “nimreps’ (= Non-negative Integer-valued
Matrix Representations) < various types of boundary conditions

(3) quantum algebras, constructed from the combinatorial data of (2)

|ssue Classification programme of RCFT
but Boundary conditionsin CFT relevant in study of “quantum impurities’
etc, and of D-branes

N /
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A crash courseof QFT !

1. Functional integral approach
> space-time with (pseudo-)Riemannian metric y. Basic objectsin QFT are

e partition function Zs y = [ “D¢’ e_SZV[(p], for ex. field o € Map(%, M),
M “target” manifold, S || local functional [sL(@,dq,---) of ¢; and

e correlation functions
(@,00) - @, 00) =2 [ Dge ¥ g, (x1) -, (x0)

2. Quantum mechanical approach

2 =2%' x[0,T], Hilbert space Hy of state vectors|.) ; vacuum state |0) € H ;
field operators @(x,0) actin H ; @(x,t) = et q(x,0)e~Ht; Z = (0]e 1T |0);

wl(xl) @ (%)) = Z7HO T e T @, (x1) - @, (%)|0), T - time ordering/
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/Zd-CFT : 2 acompact (orientable, no boundary) 2-d manifold. Demand that\
the correlation functions be covariant under analytic changes of local
coordinates (z,2) — (Z,7)

dz

@.@2)0G%) = [1(g

X (@ (21,21) - P (20, 20))
@ “primary field” of conformal weights (hi,ﬁi)

)" x (samewith z— Z h — h)

Infinitesimal form z — Z = z+ 2" represented by Virasoro generators Ly,
Zz— Z by Ln, 2 commuting copies of Virasoro algebra

: C
Lo, Lm] = ibid.
[LvI: — [CvL]:[qu:O
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More generally, extend Vir to chiral algebra2l “containing” it

Simplest (and best defined): Extend Vir to affine Lie algebrag : Vir C U (g)
(Sugawara construction : Vir generators quadratic in generators of g).

Other extensions could include W-algebras, super-conformal extensions, ...

first step study of “chiral data’: representations of chiral algebra 2l etc
second step how to match left and right representations to make a physically
sensible theory

N /
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Consistency of CFT

required on Riemann surface of any genus (and with possible boundaries)

Given , @ S — - A al the others may

be obtained by “conformal plumbering”

I
| K
il O C D
L
Consistent and unambiguous if @ @ are.

Also ssmilar consistency conditions on surfaces
with boundary

[ ]

N /
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Chiral data of RCFT

Chiral algebra A D Vir , ccentral charge of Vir
Rationality : finite set of (highest weight) irreps Vi, ieJ of 2
| = 1 “vacuum repn”: lowest eigenvalue of Lo = 0, conjugationi — i*
Characters  Xi(q) = try, g-0~%2* = qi=¢/24 5>  mult(n)q"
(— unspecialised characters?)
and their modular transformation: q = 2Tt Xi(—=1/1) =3 Sjx; (1),
Ssymmetric unitary. T (T — 1+ 1) diagonal unitary.
Fusion of representations Vi xVj = &xNij* @ Vi
Verlindeformula  Nij* = 5¢; %S“Sﬁ' e N

I
— dimof spaceof CVO's 4(2) : V;— Vk k. * | t=1,00, N

C Y
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Braiding and Fusing of CVO's

i
B,® ‘
m| p

Kk

Z

N

t, zt, LG 41y

t,zy t,7

Example: 2l =gk, J theintegrable weights at level k, S
F the 6 — j symbolsof Uq(g), g=exp2it/(k+h")

In particular sl (2), J = {1,2,---, k+1}, §j = /szsin%
Question Which chiral agebras lead to such properties?

10



ome Problemsin CFT

4 N

Spectrum of RCFT on plane or half-plane

In the plane (or infinite cylinder, z= & TWy “two copies of chiral algebra A

acton Hilbert spaceH =& | (Vj®Vj—)<0‘>
o=1,-2;;

. asystem of finite size encodes nicely the spectrum, and its
consistency puts constraints on this spectrum.

OnatorusT = C/(Z+1Z), q = €™, the partition function reads

Z=try qLo C/24 «Log— c/24 _ ZZJJ XJ j(q)>

IS modular invariant, ZiyeN, Zpp=1 (unicity of
vacuum). Z;-= 0;;-adways a solution. Other solutions?

— Classmcatlon of Modular Invariants Zj j—?

N /
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ﬁ heorem [Cappdlli-Itzykson-Z., Kato, 1987] There is a one-to-one

correspondence between sl (2) modular invariants of level kand A— D — E
Coxeter-Dynkin diagrams of Coxeter number h = k+ 2.

k>0

k=4p >4
k=4p—-2>6
k=10
k=16
k=28

k+1
> bl
A=1
2p—1
Z Xx + Xap+2-2] + 2|x2p11 ]
Aodd =1
4p—1 2p—2
> halP+Ixel+ D> Goxbys+cc)
Aodd =1 A even =2

X1+ x71% + Ixa+ xs* + [xs + x11/?

Ix1 + x17|? + Ixs + x131% + Ix7 + x11]® + | xo]?
+[(x3 + x15)x5 + c.c.]

Ix1 + x11 + X190 + X29]* + |x7 + Xx13 + x17 + X23]°

~
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/Theorem [Gannon 1994] List of §(3)k modular invariants, n = k+ 3 \

A™)  z= 3"l

rep™
(A Z= 3" oo
rep™
oWy 7 { 5 aeqnpt !x; + Xox + Xo2a |2 * ?f 3 divides n -
Z,\GQQPJ(:Q XAl + ZAEPfQ\Q XAXon-y if 3 does not divide n
(D) 7 — 3 ZAeanﬁ) <Z§:o XUZA) (Z?:o Xge,\*> if 3 divides n
ZAEQQPJ(&) XAXax + ZAEPEF’Q\Q XAX:—nry«  if 3 does not divide n
(E(S)) Z = ‘X(1,1) + X(3,3)|2 + |X(3,2) + X(1,6)’2 + |X(2,3) + X(6,1)’2 + !X(4,1) + X(1,4)|2 + |X(1,3) + X(4,3)!2 + ]X(g,l) + X(3,4)‘2
(B®)) Z = Ixan +xeal + (Xe2 +x00) (X@s) + xX61) +60+ Ixan +xaanl® + (xas) +x@) (Xen +xew) +oc
(E(12)) Z = |x@1,1) + X@10,1) T X(1,10) T X(5,5) T X(5,2) + X(2,5)|2 + 2[x(3,3) T X(3,6) + X(6,3)|2
(B Z = xan + xao) + Xl + [xG.5) + X6.6 + X607 + 1X6.5 + X6.2 + Xen? + xXan + x@n + Xl

+ Ix(7.a) + x(1,7) + X0+ 2x @ ? + (X2 + X2 + X(2,8)) X{4,4) T C-C.
(EJ(\/?S‘)*) Z = Ixwy + xao01) + xw10))” +1x@8 + X6.6 + X637+ X655 + X652 + X5+ 20X
+ (X(4,7) + X(7,1) + X(1,4)) (X(7,4) +Xa,nt X(4,1))* +c.c. + (X(2,2) + X(8,2) T X(2,8))X>(k4,4) +c.c.
(E(24)) Z = |x,1) + X@22,1) T X(1,22) T X(5,5) T X(5,14) + X(14,5) T X(11,11) + X(11,2) + X(2,11) T X(7,7) + X(7,10) + X(10,7)|2
+ Ix(7.1) + X6,7) + X1,16) + X(1,7) + X(7,16) + X(16,1) T X(5,8) T X(11,5) + X(8,11) + X(8,5) + X(5,11) T X(11,8)’2

N /
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axis, only one copy of Vir or 2 acts and Hap = @icynia

interms of boundary states |a), |b) inH satisfying
(Ln—L_p)|a) = 0 etc. Find Cardy equation :

Qb S (j,0) *
jaa: 7ij J

?

Compare with Verlinde Nijk =Ylel %S“Sg
Assume P unitary = ninj = ¥, N Kny, ()" = nj

Invariant Z;;
\ — Classification of Nimrepsn ?

|b>

la>

m the upper half-plane, with boundary conditions a and b on the zO rea \
b\/i

Take afinite annulus and demand consistency with other picture

Proposition [Behrend, Pearce, Petkova,Z. 1998] Complete orthonormal
solutions of Cardy equation <+ nimreps of the fusion algebra
subject to (n)T = nj+ and spectrum specified by (diagonal part of) mod.

/
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Torus, but with defect lines (or “seams”)

L ook for (non local) operators X inH that |
commute with A @ 2 S

[Ln,X] = [Ln,X] =0 o

(Invariant under deformation of contour) <, >

Schur’s lemma = complete characterization of these X in terms of
projectors between equivalent copies

(Vj@VJ-—)O(/H(VjG@Vj_)G, O(,O(’:l,---,ij_.
|ndependent X, |abelled byx:l,---,zzjzj—, X1 =1.

N
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Alternative picture in which Hilbert space

HX|y = Djjel vii_*;xyvi ®Vi_7
(and in particular Vi, = Z)
Consistency condition

\/ . \/ . _ 3N L i3 N7 .
\/|1]1\/|212__Z NI1I2 NJlJZ Vlsls

13,13

Proposition [Petkova, Z. 2000] TheV form animrep of the double fusion

algebra.

(related to modular invariant by spectrum and by condition \7”—*;11 =Z;i.)
— Classification of NimrepsV of Double Fusion Algebra?

Set of x : Ocneanu “ quantum symmetries’
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/Cylinder and Defect Line \

b* Vi T

Similar story Hayp = @ (N fix) &

I "X/ g

W= YT ——
J,a,

The i form animrep of a new, associative, but in general non-commutative,
algebra

ﬁx ﬁy —

XXy = X, Ny?eEN

2
2N

\ Fusion of defect lines /
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commute etc.

“Trivial” solution when Z;; = &;; : N = m = i = N, Vi = NiN;

N; N;

NiN;

Viljlvizjz

PPy

R,

Summary

A set of multiplicity matrices, forming nimreps of fusion algebras

ZNijka
ZNijknk

> Nigip ®Njyj, 1% Vigjs (*)
13,]3

N, 2f
2 N

Nyy N

where (N) i = Nij¥, (Ny)x? = NyZ, plus some constraints: spectrum, ny, fiy

~

/
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From Nimrepsto Graphs

These (integer valued) matrices are conveniently encoded as graphs.
Sufficient to draw the graph corresponding to the generator(s) ns of these
algebras For exampl e, for §(2), N>, Ny, (\721,\712).

Graphs of n; ? For §l(2), n, must have eigenvalues 2cosTtj /(k-+ 2), hence
agraph of A— D — E or “tadpole’ type. Tadpoles ruled out to match ADE
classification of modular invariants

An [ 4 ® L 4 @ ®--06—0

e T

S S

Ceeereow .

N /
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S0 as to match the list of modular invariants of

AQ 4 A®. <§ A Q@ e

A% Q A% .—Q AZ Q_Q AT ._Q_Q A% Q_Q_Q

> @ . @ B @ h @

N

/
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More algebraic features : graph algebra. . .Operator algebra interpretation in
the language of bi-modules or of sectors

Graphsof V ? Ocneanu graphs!

For sl (2), two generators 1 : red full lines and Vi blue broken lines

N /
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From Nimrepsor Graphsto Cells

These multiplicities (or graphs) specify the spectrum of the RCFT in
various situations.

other quantities, cells, to these graphs.

its dual 5\) . Quantum groupoid , in fact a Weak Hopf C*
Algebra

N

Beyond the spectrum, (Field) “Operator Product Algebra’ requires to attach

Together, these data enable one to construct a new quantum algebra A (and

/
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Construct asimplicial 3-complex, with C-valued 3-cochains or “cells’

o O

.—%i——. O——>>—0 O———""20
i ° J a X
k;;j Cia;a cin?x z\ /'Yy
S F ot @F 0 =

~

/
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For example

. 1 Bt
]ay

b,a.y

1t:17“.7

Nijk,azl,“',

Square matrices by virtue of nimrep relations (*)

Z 1= %nja Nip —ZNH Mo = Z 1
k3.t

Nip° €tc

26
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“Big Pentagon”: set of 6 quintic identities relating the
F.

FF=FFF, FOFOF=OFWE eec...

~ ~

Also unitarity of cellsfor F,(VUF, (UF F.

Physicaly, cells (UF give
e OPA coefficients in the bulk and on the boundary

equation
¢ Physical role of OF, (UF F 2

N

e Boltzmann welghts of associated lattice models solutions of Yang-Baxter

Refined problem : Find nimreps consistent with these pentagon identities ??

/
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Vector spaceV! of dim S Nja* with orthogonal ba- |
SiS‘EééB> B:]-a"'anjaC. ié
Algebra A = @y EndV! generated by “double

The Double Triangle Algebra

triangles’ e}?;?gf“” = const. |eééB><ei,’5/| £pd
j
<P a

a d
a d
Dual algebraA generated by H @
a d a d

\and dim(A) = 5i(TapNia®)? = Sx(Tapfax®)? = dim(A)
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/Product and coproduct

d y b
i
d b’
y T
J
AP a E B aE
]
c B a

C a c b b a
—— > e
p S = @ i '
A = 2 "B R j
b,b’
_— —_~— < —_—
c a c b b a

Coassociative coproduct, 3 counit €, but not a homomorphism and
\ A(1l) # 1® 1: Weak C* Hopf Algebra.

29
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This guantum algebra

- I1sbased on combinatorial data (multiplicities) of the RCFT,
F, (UF areits6j-, resp. 3j- (recombination) symbols etc

- incorporates in a natural way the truncation of repns inherent to RCFT

- enables one to construct Generalized Chiral Vertex Operators, appropriate
to describe bulk-boundary coupling

The natural guantum algebra of the RCFT!

30
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Per spectives

* Need of general results : systematic construction of nimreps,
existence/unicity of cells,. ..

* Loose points : geometrical interpretation of these graphs/nimreps?
Generalized root systems? Generalized McKay correspondence? Tensor
product multiplicities?. ..

* Extend these considerations to non rational (for example ¢ > 1) or non
compact (Liouville, SL(2,R)) : continuous spectrum !

N
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Appendices: further nimreps

A sampleof o (4) and s (5) exceptional graphs

7 8

11 e %/
VAN

32



ome Problemsin CFT

-

POWONRFEO A

17 18
()

()
NS
N = i‘g':‘//

z=" N
21 22
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S VALV 0

NI o3

C ﬁ}--@ﬁ

The A() graphsofsl ), N=3,4,5

N
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