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Integrable systems have solutions satisfying Vi-
rasoro constraints. Expanding with respect to
a parameter leads to:

e topology
e random matrices
e combinatorics

e statistics

Discuss the following three integrals
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with F=C, R, H.



INTEGRAL 1

e A determinant of moments
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e Thelength of the longest increasing sequence
in a random permutation:
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e Painlevé equations and rational inductive equa-
tions :
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MacMillan equation

(rational three step relation)

(Tracy-Widom, Adler-PvM, Borodin, Adler-PvM)
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These facts follow from a basic observation:
insert time parameters (¢1,t>,...) and (s1,s2,...)
(with  zg(t,s) = yp(t,s) = 1) in the ratios of
integrals:
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satisfy
(i) The Toeplitz lattice
(ii) Virasoro constraints

(Adler-PvM)



(i) Toeplitz lattice: The matrices [, awxt L, /H

[ —z1y0
—22y0
—23Y0
~24Y0
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and
[ —zoy1
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l—z111

1l —x1yq 0] 0
—X2Y1 1 —zoy> 0
—x3Y1 —X3Y2 1—2z3y3
—T4Y1 —ZT4YD —ZT4Y3
—ZoY2 —ZoY3 —ZoYa4
—Z1Y2 —I1Y3 —Z1Y4
1 —x2yp —x2y3 —X2Y4
0 1—2x3y3 —x3y4

satisfy the equations (i =1,2 and n > 1)
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Equivalently, the z,, and y, satisfy the following
integrable Hamiltonian system

(2)
(2)
;{yg} = (1 -z T 2

(Toeplitz lattice)

e initial condition z,(0,0) = 4,(0,0) = 0 for
n>1

e boundary condition zg(t,s) = yg(t,s) = 1.

e HM = _1p i =1,2,3,., k=1,2



(ii) Virasoro constraints:

The integrals

Tn(t, s) = /U(n)(det M)TeXT Tr(tMi=si1) g p

satisfy an SL(2,Z)-algebra of Virasoro constraints:

k=-1,0,1
Vian(t,s) =0, for {n=0,1,2,3,... }

with the vector Virasoro constraint
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2d-Toda relation: (example)
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INTEGRAL 2
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Example: pn = (8,4,4,2,1,1)
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= det (Jyz._mj(z))
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1<i,j<n

n non-intersecting walkers
Xk going in k steps

kgo —i{!—#< from z1 < 20 < ... < Tn
Ltoy1<y2<“'<yn y

\
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(Fischer, Gessel, Forrester, Grabiner, Baik, Adler-Shiota-PvM)

standard skew-tableaux filled
with numbers 1,... |A\u|



INTEGRAL 3.

/ exT"(I-I-ZTZ)_1 det(ZTZ)_(q_p)dZ
Gr(p,F")

with F =C, R, H. (Adler-PvM)

(dZ=left-invariant measure on the symmetric
space Gr(p,F™) in appropriate coordinates)

Relates to:
e random words

e another probability measure on Young dia-
grams (# Plancherel measure)

e testing statistical independence of Gaussian
populations

Upon putting an appropriate (t1,%>,...) depen-
dence, this integral becomes a solution of

Toda lattice (F =C)
Pfaff lattice (F =R or H)

TRic is jovat work w L Werdd Adlor




Uniform probability:

1

pt

PhP(m) =

on

P words 7 of length ¢, from
£ 1 an alphabet {1,...,p}

The RSK correspondence:

word € S
X
(semi-standard tableau P, standard tableau Q)
(%%33 | (L3I \
8
/

p

where P and Q have the form

A € Yp = {partitions A € Y of weight |A| = ¢}.



Induces a probability on partitions

A € Y, = {partitions A € Y of weight |\| = ¢},
given by

A s\(1P)
pt

PEP(N) = Al=¢,

where
e s, Schur polynomials associated with A

p
e 1P=(1,...,1,0,0,...)

e f* = #{standard tableaux of shape \}

semi-standard tableaux
e 5)(1P) = # ¢ of shape A, containing
the integers (1,...,p)

Based on Cauchy’s identity:
[I @=—=zy) = sal@)sa(w).

t,52>1 ey



Subsequence o of the word 7 is k-increasing:

oc—=o01UopU...Uoy,

o; = increasing subsequences of .

By the RSK correspondence: (Greene)

[ maximal length of
. . . N7 @ongth of
dq(w) =< a strictly decreasing =] = Bst b
| subsequence of & o M
[ maximal length of )
. __} the disjoint union -
w(m) =9 of k-increasing = ALTT A
| subsequences of n |

Example:

™ = (4,2,3,6,5,1,7) — (2,3,5,7)  i1(w) =4

ir(r) =4+2=26



Consider a word such that:
di(m) =p

X

r=C(..,p,...,p—1,...,.p—2,...,2,...

(word of length £)

Then

ip(m) ¢ = trivial

ip—l(ﬂ')
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FACT 1. =

n:p / Meg,;
di(m) = p and )
ip—1(m) <€ —(n—p)
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E 1;[ ( ! nng_Zp%n*p) (hﬁ')Q (n)n

pbp <7r & Sf

n—1i)l
anSp

pbr (A D fixed p) pr Aschigular

Notation: (a)y:= H(a +1—1)),
where () :=z2z(z+1)...(z+n—-1), zg=1
= [J("hook length” of all (z,5) € k)

Hypergeometric function in many variables:
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FACT 3. (Adler-PvM) For p < q < n/2,
consider the generating function
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where u(x) is the unique solution of the equa-
tion:

220" + zu” + 620’ — dud + 4Qu’ — 2Q'u + 2R = 0

(Painlevé V)
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where

4Q ~z2 +2(n+ 2(p — q))z — (n — 2p)?
2R = p(p— ¢)(xz+n — 2p).
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Integration on
Grassmannians

Consider (p <n/2)
U(n)
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Affine Gr(p,F*) = {span A ( ‘g’ )In, where A € G}
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and
K\G/K
= !span KA(IOP), ou AEG}
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,Span < Ip ) l A€ G, }
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( —tan )y O
= y°pPan (Z) 4= O —tan Xy
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Setting
1 >
z; = = Ccos“)\;, 1<:<
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where 0 < z; < 1, is Haar measure on Gr(p,C")
of the following shape, for g =1,

du(Z) = |Ap(2)|?P ﬁ(l — 2)Pn2P) (1 — 2) )P Ldz,
1

(Weyl integration formula)



Thus the integral on Gr(p,C") has the form
(for 8 =1):

e Tr(I+2'2)7 et 7zt 72)=Bla—D) g, ( 7
/Gr(p,@)e et(212) uw(Z)

— xzpzi 20
e o 1B

ﬁ ziﬁ(CI"P+1)—1(1 . zi)ﬁ(n—q—p—}-l)—ldzz,.
1




Statistical independence of Gaussian
populations

(Xla --pr) et (Y17 ---7Yq)7 (p S Q)

are p+ g normal random variables, centered at
zero, whose covariance matrice is given by

s — ( Z_lrl 2 12 )
Z12 Z22
Non-singular linear transformations on the X's
and Y's lead to the canonical form (Hotelling)

I P O
> canonical = P I O , P = diag(pb "'7pp)7
O 0 [

ou p1 2> p22 ... 2 pp,

canonical correlation coefficients
roots of det(Z155 5551, — p°S11) = O.

The n > p4q independent samples of (X3, ..., Xp)
and (Yq,...,Yy):
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form a matrix

< z ) = (p + q) X n matrix.

The maximum likelihood estimators r; of p;
satisfy the equation
det(S12555 S1p — r°511) = 0,

where
g — zz! xy' \ _ [ sample covariance

“\yz! oyy! ] matrix
The 2z := 12 = c0s20; (3m > 01 > ... > 6p > 0)
have the density (James and Constantine)

Cp,q,
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for B = 3.
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Its “Laplace transform” is given by
c exzziziA 2)|2P
/[o,llp 22!
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