N = 2 Supersymmetry of Super KP Equations

1. Supercurves M, their duals M , and
untwisted N = 2 super Riemann surfaces M (the
geometry of hidden N = 2 superconformal sym-
metry in 2d).

2. N =1and N = 2 super KP hierarchies.
3. Functions and line bundles on M, M, Ms.

4. In progress.
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1. M, M, and M,

M smooth supercurve or 1|1 complex super-
manifold: Riemann surface M,.q with compatible
transition functions

7 =F(z,60), 6 =3(z0)

in A[z, 0], where A = complex Grassmann algebra
on “constant” generators fi, f2,..., 8,

Set B; = 0 to get Myp,.

2= F(z), 0 =0v¢(z).

Functions on Mg, are functions f(z) on M;eq
and 0g(z) for sections g(z) of line bundle N.

Obtain M, by adding coordinate p:

-

e [0F 0Y] O
2T OgF 0y P 891113

[Dolgikh, Rosly, Schwarz 1990]



SRS since DT = 0,, D~ = 0p+p0, generate
odd subbundle of T'(Ms) and {D*, D~} = 20,.
Untwisted since D* each generate line subbundle.
e D+
0—= 0O — Oy — Ber — 0.

Set u = z — 0p to get dual curve M:

5 DF
, — —
n DF
, — —
p _ \Il(u”o) "_ D\I’ (uap)a
D = 0y + 60,.

. Ihe D A
0= 0 — Oy — Ber — 0.

D* are superconformal derivatives and M,
M are Spec of chiral and antichiral functions on
Mz.

D~ acts as D on O C Os.



A-points (zg,0p) of M are parameters of
irreducible divisors z — zg — 805 on M.

M is an N =1 SRS iff M = M.

~

Mgy is (Myeq, KN —1), generalizing Serre
duality.

Ms is common projectivized cotangent
bundle of M, M.

M5 has trivial Ber bundle.

Sections of Ber are invariantly integrated over
paths with endpoints A-points of M, locally
F(2) — F(1) with @ = DF; integration is odd.

In split case, Ber = N|K.

M,
[ N,
M M



2. Jacobian super KP Hierarchy
JMR 1991, Mulase 1991

Describes linear flow of initial line bundle Lg
through Jacobian of M.

Cover M by disk U around P(z = 0) and
M — P, overlapping in annulus A.
Line bundle L£(t,7) has transition function

exp(t;z~" + 1;027"1)

on A. Flow is Lo — Lo ® L(t,T).

Lax pair description requires Baker function
w: unique section of £ holomorphic except for
271 pole at P. This requires

HO(M,L)=HYM, L) =0,

implying deg L = ¢ — 1 and deg N = 0; M is an
SKP curve, generic if also N # O.



Functions f on M — P correspond to differen-
tial operators Q(z,() by fw = Qw; @ acts on
exp(zz 1 +(O+t;27 " +7:027*T1) in w written in
chart M — P.

If 2~" extends to an otherwise holomorphic
function on M, corresponding operator L = S97S~*
evolves by

oL k/n
Oty L5, I,
oo = —(S0kS ™),
3%- = —(89.0F1571)_5.

S =14 2,D + 2,0 4



N=2 Super KP
Delduc & Gallot 1997

Correspondence between even N = 2 differential
operators

mn
w

=0

and N = 1 operators without constant term

T

=5 {[w® + cuMot + u{V D8},
1=0

|~

where u;(z,(,n) = u{” (u, ¢) +nu; ) (z, ).
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Flows

6i Yk/n ¥
—_— = L

correspond to nonstandard SKP,

L _
ot

equivalent to standard SKP via

k/n
Lyls'> L,

L=e%Le?,

a change of trivialization on M.

Correspondence is simply lifting from M =

C%EC) to My = szc,n); L agrees with L on chiral

functions and annihilates antichiral functions.



3. Functions and Line Bundles on M, M , Mo

Generic SKP curves have free cohomology:

HO(M,0) = A|0 H(M,Ber) = 0|A
HY(M,0) = AI|A9~1 HO(M,Ber) = A9 A9

Split curves always have free cohomology, e.g.

HO(M,,, 0) = H*(Msp, O|N) = AlO.

HO(M, o) is generally a submodule of H°(Msp, ®);
H'(M,e) is generally a quotient.
Cohomologies of M, M, are generally not free:

HO(Ml D) < A|[AS~'  H'(M,Ber) < A51|A
HY(M,O) < A0 HO(M ,Ber) < 0|A9

HO(M,, 05) < AITLA9™!
HY(M,, O3) < A9T1[AI1



Functions on M come from integrating sections
of Ber on M; odd period matrix controls which
are single-valued.

Functions on M, come from lifting the A|0
and A|A9~! functions on M, M, but also from lift-
ing pairs of multivalued functions having
opposite periods.

Some bundles on My come from ® lifts pf
pairs of bundles AY|A9~! and A9|0 from M, M.
(Degrees add.) Nothing new from M — maybe
less! — so NOT all of Jac(M;) is obtained this
way. Extra bundle has transition function in A

exp —kfp/z =1 — kg—p = 27%(z — 6p)"

A

and is not generated by SKP flows from M.
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In general (don’t assume M is SKP) there is

an obstruction to factoring a bundle on M; as ®
lifts of bundles from M, M.

C ——C X c—1

0= AX, —OX x 0F — OF,
FxF +— FF
) 8
HY (O, x O%) = HY(OF4,) — H2(AL).

2,ev

— 0

Im « is bundles that factor; same as Ker .

More concretely, bundle transition functions
I';; on M, always factor locally as Fj;F;; up to
multiplicative constants cij,c;jl. Cocycle condi-

tion

(Fiijkai)(pijﬁjkﬁki) =1 = exXp 27‘(’2'(61)3']'

implies F;;F;xFyi = cijk, cocycle representing
B(T) € HA(AL)-
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4. In progress

Action of odd flows on N = 2 differential
operators.

Action of N = 2 super Virasoro algebra as
additional symmetries.

Choice of trivialization removing constant term
from N = 1 Lax operator L.
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