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Graph separation and Markov

� stochastic processes x of interest are Markov with respect to

the graph

A C

B

Markov property: xAjB ? xCjB if B separates A from C.

Note: The notation xAjB ? xCjB means that xA is conditionally

independent of xC given xB.
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What to do for graphs with cycles?

Idea: Cluster nodes within cliques of graph with cycles to form a

clique tree. Run a standard tree algorithm on this clique tree.

Caution: A naive approach will fail.

1

2 3

4

1 2

2 4

2

3 44

1 31

(a) (b)

Need to enforce consistency between the copy of x3 in cluster f1; 3g

and that in f3; 4g.
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Illustration of junction tree
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arg
m
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f
T

g
F
tru
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T
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N
e
w
v
ie
w
p
o
in
t
in
te
rm
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o
f
re
p
a
ra
m
e
te
riz
a
tio
n
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s
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n
ovel
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aracterization
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f
th
e
�
x
ed
p
oin
ts
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g
ives
an
aly
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ex
p
ression
an
d
b
o
u
n
d
s
on
th
e
ap
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rox
im
ation

error
for
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itrary
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h
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o
ta
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�
w
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o
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o
f
gen
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p
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M
R
F
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grap
h
G
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(V
;E
)
su
ch
th
at
ed
ges
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m
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im
al
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u
es
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o
te
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O
u
r
an
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sis
ex
ten
d
s
to
h
igh
er
ord
er
cliq
u
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�
con
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p
rob
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u
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2
X
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=
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u
te
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p
rox
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m
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d
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=
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x
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P
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itial
p
aram
eterization

(b
)
D
esired
p
aram
eterization

p
(x
)
=
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P
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P
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P
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P
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se
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h
w
ith
cy
cles
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p
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u
m
b
er
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an
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in
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trees.
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O
rigin
al
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h
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T
ree
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T
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S
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D
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n
e
an
d
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o
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ed
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s
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an
n
in
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trees.

L
et
T
i
d
en
ote
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sp
an
n
in
g
tree
w
ith
ed
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set
E
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E
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ra
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p
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R
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p
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n
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ls.
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S
e
t-u
p
fo
r
tre
e
re
p
a
ra
m
e
te
riza
tio
n
(T
R
P
)

L
et
T
n
=
f
T
ns
;
T
nst
g
b
e
a
vector
of
p
seu
d
om
argin
a
ls
at
sin
gle
n
o
d
es

a
n
d
ed
ges.

K
e
y
p
a
ra
m
e
te
riz
a
tio
n
:

p
(x
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T
n
)

=

1
Z
(T
n
) Ys

2
V
T
ns
(x
s ) Y(

s
;t)2
E

T
nst (x

s ;
x
t )

( P
x
0s

T
nst (x
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x
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( P
x
0t

T
nst (x
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x
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T
R
P
is
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seq
u
en
ce
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fu
n
ction
al
u
p
d
ates
T
n
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T
n
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1.

T
re
e
d
e
c
o
m
p
o
sitio
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:
G
iven
a
set
of
tree
ed
ges
E
(T
),
b
rea
k
p
(x
;T
n
)

in
to
a
p
ro
d
u
ct
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tw
o
term
s:

T
ree
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R
esid
u
al:

p
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)

=
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2
V
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T
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=
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T
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s
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x
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T
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=
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ote
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at
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p
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d
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=
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=
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C
o
n
stra
in
t
se
ts
a
n
d
c
o
st
fu
n
ctio
n
s

T
h
e
set
of
valid
T
satisfy
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e
loca
l
ed
ge-w
ise
m
argin
alization

co
n
stra
in
ts:

C

, �
T �� Xx

0s

T
s (x
0s )
=
1
; Xx

0s

T
s
t (x
0s ;x

t )
=
T
t (x
t )
for
(s;t)
2
E 	

U
se
co
st
(closely
related
to
B
eth
e
free
en
ergy
)
th
at
ap
p
rox
im
a
tes
th
e

K
L
d
ivergen
ce
b
etw
een
p
(x
;T
)
an
d
p
(x
;U
):

G
(T
;U
)
= Xs

2
V
G
s(T

s ;U
s )
+ X(s

;t)2
E
G
s
t(T

s
t ;U
s
t )

w
h
ere

G
s
(T
s
;U
s
)

=

Xx
s

T
s
(x
s
)
lo
g
[T
s
(x
s
)=
U
s
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s
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G
s
t(T
s
t ;U
s
t )

=

Xx
s
;x
t

T
s
t n
lo
g
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s
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( Xx

s

T
s
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T
s
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�
lo
g
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s
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( Xx

s

U
s
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T
R
P
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s
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e
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n
m
e
th
o
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�
con
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th
e
set
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T
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sisten
t
o
n
tree
T
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C
i

,

�
T �� Xx

0s

T
s
(x
0s
)
=
1
; Xx

0s

T
s
t (x
0s
;x
t )
=
T
t (x
t )
fo
r
(s;t)
2
E
(T
i) 	

w
h
ere
E
(T
i)
�
E

�
n
ote
th
at
C
i
�
C
,
an
d
th
at
\
i C
i
=
C

w
h
en
ever
[
i E
(T
i)
=
E
.

�
T
R
P
can
b
e
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ed
a
s
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s
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a
su
ccessive
p
ro
jection

tech
n
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u
e
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p
tin
g
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m
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G
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;T
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b
ject
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e
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strain
t
T
2
\
C
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�
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ro
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"
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to
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e
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t
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C
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)
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w
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T
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P
y
th
a
g
o
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a
n
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la
tio
n

P
ro
p
o
sitio
n
:
A
t
each
iteration
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=
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d
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all
U
2
C
i(n
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G
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;T
n
)
=
G
(U
;T
n
+
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+
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C
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n
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T
nT

n
+
1

U

R
e
m
a
r
k
s
:

(a
)
C
o
st
fu
n
ctio
n
G
p
la
y
s
a
ro
le
a
n
a
lo
g
o
u
s
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th
e
sq
u
a
red
E
u
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ea
n
d
ista
n
ce
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en
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P
y
th
a
g
o
rea
n
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)
S
im
ila
r
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tio
n
h
o
ld
s
fo
r
B
reg
m
a
n
d
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n
ces
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K
L
d
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erg
en
ce
a
n
d
in
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a
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g
eo
m
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1
9
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1
9
8
2
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ra
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d
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0
0

3
0
0

T
2

T
1

T
1
2

( P
x
1
T
1
2 )( P
x
2
T
1
2 )

(a)
O
rigin
al
grap
h

(b
)
T
w
o-n
o
d
e
trees

B
P
can
b
e
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In
v
a
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n
ce
o
f
d
istrib
u
tio
n

W
e
in
itia
lize
at
T
0
su
ch
th
at
p
(x
;T
0)
�
p
(x
; 
).

A
t
ea
ch
iteration
,
w
e
u
se
th
e
d
ecom
p
osition
:

tree
term
s

p
(x
;T
n
)

/

z}|{
p
i(x
;T
n
)

r
i(x
;T
n
)

|{z}
resid
u
al
term
s

T
h
e
o
re
m
:

D
istrib
u
tion
on
grap
h
w
ith
cy
cles
is
in
varian
t
u
n
d
er
th
e
u
p
d
ates

T
n
7!

T
n
+
1.
T
h
at
is,

p
(x
;T
n
)
�
p
(x
;T
0)

for
all
n
=
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A
n
y
lim
it
p
oin
t
T
�
is
also
a
rep
aram
eterization
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th
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sen
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R
e
m
a
rk
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o
n
in
v
a
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n
ce
th
e
o
re
m

1.
In
varian
ce
also
h
old
s
for
B
P
(w
h
en
su
itab
ly
reform
u
lated
in
th
e

rep
aram
eterization
form
).

2.
A
n
y
lo
cal
m
in
im
u
m
of
B
eth
e
free
en
ergy,
regard
less
of
th
e

a
lgorith
m
u
sed
to
ob
tain
it,
is
a
rep
aram
eterization
in
th
is

sen
se.

3.
S
p
ecial
p
rop
erty
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T
R
P
/B
P
algorith
m
s:
a
ll
iterates
(n
ot
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st

th
e
�
x
ed
p
oin
ts)
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rep
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eterization
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o
f
th
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d
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u
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d
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R
e
m
a
rk
s
o
n
�
x
e
d
p
t.
th
e
o
re
m

1
.

W
e
are
gu
aran
teed
th
at

�
x
ed
p
oin
t
T
�
is
T
�
con
sisten
t

o
n
a
n
y
tree
(or
forest)
em
b
ed
-

d
ed
w
ith
in
th
e
grap
h
.

2.
F
ix
ed
p
oin
t
ch
aracterization
ap
p
lies
to
an
y
lo
cal
m
in
im
u
m
of

B
eth
e
free
en
ergy
(regard
less
o
f
th
e
algorith
m
.)

3.
T
h
e
ex
isten
ce
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su
ch
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T
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sisten
t
rep
aram
eterization
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o
b
v
iou
s
for
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m
ore
in
terestin
g
for
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grap
h
w
ith
cy
cles.

4.
T
h
e
p
seu
d
om
argin
als
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f
T
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T
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th
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b
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t
w
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an
y
d
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a
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G
.
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eom
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p
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n
e
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r
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lts
o
n
erro
r
in
sp
ecia
l
ca
ses:

(a
)
ex
a
ct
ex
p
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2
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p
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im
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p
ressio
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W
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d
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b
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d
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=
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(b
)
C
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d
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u
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E
x
a
ct
m
argin
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fP
s g
on
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h
w
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cy
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are
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to

T
R
P
/B
P
ap
p
rox
im
ation
s
fT
�s g
b
y
a
p
ertu
rb
atio
n
|

n
am
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m
ov
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g
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4
2



E
x
a
ct
e
x
p
re
ssio
n
fo
r
e
rro
r

R
eca
ll
th
e
d
ecom
p
osition
o
f
p
(x
;T
�):

tree-stru
ctu
red

d
istrib
u
tion

p
(x
;T
�)

=

1
Z
(T
�) z}|{
p
i(x
;T
�)

r
i(x
;T
�)

|{z}
resid
u
al
term
s

F
ollow
in
g
ex
act
ex
p
ression
is
startin
g
p
oin
t
for
d
eriv
in
g
b
ou
n
d
s:

P
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�

T
�s;j

=

E
p
i(x
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r
i(x
;T
�)

Z
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Æ(x
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E
x
te
n
sio
n
s
to
m
o
re
a
d
v
a
n
c
e
d
a
p
p
ro
x
im
a
tio
n
s

�
tech
n
iq
u
es
th
at
ex
p
loit
m
ore
stru
ctu
re
th
an
B
P
h
ave
b
een

p
rop
osed
:

(a
)
K
ik
u
ch
i
an
d
related
m
eth
o
d
s
(Y
ed
id
ia
et
a
l.,
2
0
0
0
)

(b
)
ex
p
ectation
-p
rop
agation
u
p
d
ates
(M
in
k
a
,
2
0
0
1
)

�
o
u
r
an
aly
sis
carries
over
to
th
ese
m
ore
ad
van
ced
m
eth
o
d
s:

(a
)
th
e
id
ea
o
f
rep
aram
eterization
is
ap
p
licab
le

(b
)
in
varian
ce
of
th
e
d
istrib
u
tion
u
n
d
er
u
p
d
ates

(c)
ch
aracterization
of
th
e
�
x
ed
p
oin
ts,
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d
erro
r
an
aly
sis
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p
ro
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(a)
O
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al
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(b
)
K
ik
u
ch
i
4-p
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q
u
e
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sterin
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(c)
P
artial
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gu
lation

(d
)
H
y
p
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M
a
x
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a
l
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b
g
ra
p
h
s

Q
u
e
stio
n
:
W
h
at
are
th
e
largest
su
b
grap
h
s
over
w
h
ich
th
e
set
of

p
seu
d
o
m
argin
als
T
�
is
gu
aran
teed
to
b
e
glob
ally
con
sisten
t?

(a)
O
rigin
al
grap
h

(b
)
S
p
an
n
in
g
trees
(B
eth
e)

(c)
W
id
th
2
h
y
p
ertree
(K
ik
u
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i)
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p
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n
s
fo
r
ite
ra
tiv
e
d
e
co
d
in
g
?

�
m
ost
w
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B
P
d
eco
d
in
g
(e.g
.,
L
u
b
y
et
a
l.,
2
0
0
1
;
R
ich
a
rd
so
n
et
a
l.,

2
0
0
1
)
h
as
tw
o
key
featu
res:

(a
)
en
ta
ils
av
era
g
in
g
ov
er
a
n
en
sem
b
le
o
f
co
d
es

(b
)
a
sy
m
p
to
tic
in
co
d
e
len
g
th

�
o
u
r
w
ork
ap
p
lies
to
B
P
d
eco
d
in
g
for
a
�
xed
,
�
n
ite-len
gth
co
d
e:

(a
)
reca
ll
th
a
t
b
itw
ise
o
p
tim
a
l
(M
L
)
d
eco
d
in
g
o
f
a
b
in
a
ry
co
d
e
is

b
a
sed
o
n
th
e
sig
n
o
f
th
e
lo
g
lik
elih
o
o
d
ra
tio
lo
g
p
(
x
s
=
1
;
T

�

)

p
(
x
s
=
0
;
T

�

)

(b
)
B
P
d
eco
d
in
g
is
b
a
sed
o
n
th
e
sig
n
o
f
m
o
d
i�
ed
lik
elih
o
o
d
ra
tio

lo
g
p
(x
s
=
1
;
�
T
(T
�))

p
(x
s
=
0
;
�
T
(T
�))

H
ere
p
(x
;�
T
(T
�))
d
en
o
tes
a
tree-stru
ctu
red
d
istrib
u
tio
n
.
In

fa
ct,
th
is
lo
g
lik
elih
o
o
d
is
eq
u
a
l
fo
r
a
n
y
tree
em
b
ed
d
ed
w
ith
in
G
.
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P
o
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le
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se
a
rch
d
ire
ctio
n
s

�
a
re
th
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in
term
ed
iate
size
co
d
es/grap
h
s
for
w
h
ich
B
P
log

lik
elih
o
o
d
ratio
is
gu
aran
teed
(w
.h
.p
)
to
h
av
e
th
e
sam
e
sign
as

th
e
op
tim
al
L
L
R
?

�
en
h
an
cin
g
B
P
ap
p
rox
im
ation
s
(p
ost
h
o
c)
b
y
in
clu
d
in
g

h
igh
er-ord
er
term
s
|

i.e.,
p
artially
accou
n
tin
g
for
p
resen
ce
of

cy
cles

�
u
ses
in
reliab
ility
-b
ased
d
eco
d
in
g
(e.g
.,
F
o
sso
rier,
2
0
0
1
)

N
o
te
:
If
a
tree-b
ased
u
p
d
ates
are
u
sed
,
th
en
b
ou
n
d
s
on
th
e
error

ca
n
still
b
e
ob
tain
ed
p
rio
r
to
B
P
con
vergen
ce.
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o
u
n
d
s
o
n
th
e
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g
p
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rtitio
n
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n
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n
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u
e
stio
n
:
W
h
at
is
w
ron
g
w
ith
th
e
B
eth
e/K
ik
u
ch
i
free
en
ergies?

�
u
su
ally
n
ot
con
vex
(m
u
ltip
le
lo
cal
m
in
im
a;
con
verg
en
ce
issu
es)

�
d
o
n
ot
give
b
o
u
n
d
s
on
th
e
log
p
artition
fu
n
ctio
n

B
o
u
n
d
in
g
th
e
p
artition
fu
n
ction
is
im
p
ortan
t
fo
r
variou
s
p
rob
lem
s:

�
o
b
tain
in
g
b
ou
n
d
s
on
m
argin
als
an
d
likelih
o
o
d
ratio
s

�
large
d
ev
iation
s
an
aly
sis
(error
ex
p
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en
ts)

�
b
ou
n
d
s
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d
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B
o
u
n
d
s
b
a
se
d
o
n
co
n
v
e
x
co
m
b
in
a
tio
n
s
o
f
tre
e
s

�
a
n
ew
class
of
u
p
p
er
b
ou
n
d
s
on
th
e
log
p
artition
fu
n
ctio
n
b
ased

o
n
con
vex
com
b
in
ation
s
of
(h
y
p
er)trees

�
lead
s
to
\con
vex
i�
ed
"
B
eth
e/K
ik
u
ch
i
free
en
ergies

N
o
ta
tio
n
:

�
let
T

d
en
ote
th
e
set
o
f
sp
an
n
in
g
trees
of
G

(ty
p
ica
lly,
a
la
rg
e
set;
e.g
.,
fo
r
th
e
co
m
p
lete
g
ra
p
h
K
N

,
jT
j
=
N
N
�
2
)

�
let
~�
=
f
�
(T
)
j
T
2
T

g
b
e
a
p
rob
ab
ility
d
istrib
u
tion
over
all

sp
an
n
in
g
trees
o
f
th
e
grap
h
.

�
for
each
ed
ge
e
2
E
,
let
�
e
=
P
r
~�
f
e
2
T
g
b
e
th
e
ed
ge

a
p
pea
ra
n
ce
p
ro
ba
bility.

�
let
T
(G
)
b
e
th
e
valid
set
of
�
e
=
f
�
e
j
e
2
E
g;
th
is
is
th
e

spa
n
n
in
g
tree
po
lyto
pe
(E
d
m
o
n
d
s,
1
9
7
1
).
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C
o
n
v
e
x
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e
d
B
e
th
e
fre
e
e
n
e
rg
y

C
o
n
sid
er
th
e
d
istrib
u
tion
:

p
(x
)

=

1
Z
( 
) Ys

2
V
 
s (x
s )

Y(
s
;t)2
E
 
s
t (x
s ;
x
t )

Z
( 
)

=

Xx
2
X
N hYs
2
V
 
s (x
s )

Y(
s
;t)2
E
 
s
t (x
s ;
x
t ) i

L
et
�
e
2
T
(G
)
b
e
arb
itrary.
B
ou
n
d
s
on
log
Z
( 
)
are
b
ased
on
th
e

fo
llow
in
g
fu
n
ction
:

F
(T
;
�
e

;
 
)
,

� Xs
2
V
H
s (T
s )
+

X(
s
;t)2
E
�
s
t I
s
t (T
s
t )

� Xs
2
V

E
T
s

[lo
g
 
s ]
�

X(
s
;t)2
E

E
T
s
t [lo
g
 
s
t ]

H
s (T
s )

,

en
trop
y
of
n
o
d
e
m
argin
al
T
s (x
s )

I
s
t (T
s
t )

,

m
u
tu
al
in
form
ation
u
n
d
er
join
t
T
s
t (x
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t )
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T
h
e
o
re
m
:
F
or
all
�
e
2
T
(G
):

(a
)
T
h
e
q
u
an
tity
F
(T
;�
e ; 
)
is
con
vex
as
a
fu
n
ctio
n
of
T
.

(b
)
T
h
e
log
p
artition
fu
n
ction
is
b
ou
n
d
ed
a
b
ove
as

log
Z
( 
)

�

�
m
in

T

2
C

F
(T
;�
e ; 
)

w
h
ere

C

,

�
T �� Xx

0s

T
s
(x
0s
)
=
1
; Xx

0s

T
s
t (x
0s
;x
t )
=
T
t (x
t )
fo
r
(s;t)
2
E 	

N
o
t
e
:

1
.
N
o
te
th
a
t
w
h
en
�
e

=
1
,
th
e
fu
n
ctio
n
F
(T
;1
;
 
)
is
eq
u
iva
len
t
to
th
e

B
eth
e
free
en
erg
y.

C
a
t
c
h
:
T
h
e
v
ecto
r
1
2
T
(G
)
o
n
ly
w
h
en
G
is
a
ctu
a
lly
a
tree.

2
.
A
s
w
ith
B
eth
e
free
en
erg
y
a
n
d
B
P
;
th
e
o
p
tim
izin
g
a
rg
u
m
en
ts bT
ca
n
b
e

ta
k
en
a
s
a
p
p
rox
im
a
tio
n
s
to
th
e
m
a
rg
in
a
ls.

A
d
v
a
n
t
a
g
e
s
:
U
n
iq
u
e
g
lo
b
a
l
m
in
.
ca
n
b
e
fo
u
n
d
b
y
co
n
v
ex
p
ro
g
ra
m
m
in
g
.
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R
o
u
g
h
sk
e
tch
o
f
p
ro
o
f

�
b
a
sed
on
id
eas
from
con
vex
an
aly
sis
an
d
in
form
ation
geom
etry

�
th
e
log
p
artition
fu
n
ction
is
con
vex
;
its
L
egen
d
re
d
u
al
is
th
e

n
egative
en
trop
y
fu
n
ction

�
th
e
en
trop
y
of
a
p
airw
ise
M
R
F
d
ep
en
d
s
o
n
ly
on
th
e
sin
gle-n
o
d
e

a
n
d
p
airw
ise
m
argin
als
P
=
f
P
s ;P
s
t
g

�
g
iven
a
tree
T
em
b
ed
d
ed
w
ith
in
G
,
w
e
h
ave:

H
(P
)
�

H
(�
T
(P
))
= Xs

2
V
H
s (P
s )
�

X(s
;t)2
E
(T
) I

s
t (P
s
t )

�
ta
ke
con
vex
com
b
in
ation
s:

H
(P
)
�

E
~� �H
(�
T
(P
)) �
= Xs

2
V
H
s (P
s )
�

X(s
;t)2
E
(T
) �

s
t
I
s
t (P
s
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F
u
rth
e
r
re
m
a
rk
s
o
n
u
p
p
e
r
b
o
u
n
d
s

1.
S
tation
ary
con
d
ition
s
for
variation
al
p
rob
lem
(op
tim
al bT
)
are

very
sim
ila
r
to
tree-b
ased
con
sisten
cy
con
d
ition
s
of
T
R
P
/B
P
.

2.
C
on
sid
er
op
tim
izin
g
F
(T
;�
e ; 
)
over
b
oth
T
2
C

a
n
d

�
e
2
T
(G
).
I.e.,
�
n
d
th
e
b
est
d
istrib
u
tion
over
sp
an
n
in
g
trees.

F
a
c
ts:
E
x
ists
a
u
n
iq
u
e
glob
al
m
in
im
u
m
;
ca
n
b
e
fo
u
n
d

eÆ
cien
tly
(in
volv
es
solv
in
g
m
ax
im
u
m
w
eigh
t
sp
an
n
in
g
tree

p
rob
lem
s).

3.
E
x
ten
sion
s
to
m
ore
ad
van
ced
ap
p
rox
im
atio
n
s
(e.g.,
K
ik
u
ch
i)
b
y

con
sid
erin
g
d
istrib
u
tion
s
over
h
y
p
ertrees
of
th
e
grap
h
.
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S
u
m
m
a
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�
rep
aram
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p
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ective
lead
s
to
th
eo
retical
in
sigh
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a
h
ierarch
y
of
ap
p
rox
im
ation
s
(from
B
P
u
p
w
ard
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in
varian
ce
of
d
istrib
u
tion

(b
)
con
sisten
cy
-b
ased
ch
aracterization
of
�
x
ed
p
oin
ts

(c)
ex
act
ex
p
ression
an
d
com
p
u
tab
le
b
o
u
n
d
s
on
th
e
error

�
n
ew
class
of
u
p
p
er
b
ou
n
d
s
o
n
th
e
log
p
artition
fu
n
ction
b
ased

o
n
con
vex
com
b
in
ation
s
of
(h
y
p
er)trees
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