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Basic Notation

Definition: A code
Cn: A" — {0,1}"

is a mapping from the set A" of all sequences of length n
over the alphabet A to the set {0, 1}* of binary sequences.

Given a probabilistic source model and a code C,, we let:

e P(x7) be the probability of the message 7 = x1 ...z,
o L(C,,z]) be the code length for =7,
e Entropy H,(P) = — Zx? P(z})l1g P(x7),

The basic problem of source coding (part of information
theory known also as data compression) is to find codes
with shortest descriptions (lengths) either on average or for
individual sequences when the source (i.e., statistics of the
underlying probability distribution) is unknown.

Information-theoretic quantities are expressed in binary
logarithms written lg := log,.
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Kraft’s Inequality

Prefix code or instantaneous code is such that no codeword
is a prefix of another codeword.

Lemma 1. [Kraft’s Inequality] For any prefix code (over
a binary alphabet), the codeword lengths £y, 02, ..., 0
satisfy the inequality

zm: 27 < 1,
1=1

Conversely, if codeword lengths satisfy this inequality, then
one can build a prefix code.

Proof. An easy exercise on trees. Let £,,,x be the maximum
codeword length. Since the number of descendants at level
¢ ax Of @ codeword located at level ¢; is 2fmax—4; \ve obtain

ern,: 2£max—€z S 2£max.

1=1
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Shannon’s Lower Bound

Lemma 2. [Shannon] For any prefix code, the average
code length E[L(C\, X{")] cannot be smaller than the
entropy of the source H,(P), that is,

E[L(Chn, X)] 2 Hn(P).

Sketch of Proof: Let K = Y,,2 "¢ < 1, and
L(C,,z}):= L(C,). Then

E[L(Cyn, X{)] — Ha(P)=
= Y P@E)L())+ > P(a})log P(z})
P EA™ P EA™
n P ()
= )  P(z})log _L(xn; — log K
P EA™ 2 : /K
> 0

since the first term is a divergence and cannot be negative
(orlogz < xz—1for0 < x < 1)while K <1 by Kraft's
inequality.
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Barron’s Lemma

Observation: For every prefix code, there exists at least
one source sequence 7 such that

L&) > — log, P().

Indeed, if this is not true, then the Kraft inequality cannot
hold.

Lemma 3. [Barron] Let L(X{") be the length of a fixed-
to-variable codeword satisfying the Kraft inequality, where
X" is generated by a stationary ergodic source. For any
sequence a., of positive constants satisfying y , 27" < oo
the following holds

Pr{L(X?) < —log P(X?) —an} < 24
and therefore

L(X{) > —log P(X{) —a, (as).
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Proof of Barron’s Lemma

We argue as follows:

Pr{L(X]) < -log,P(X})— a.}

= > P(zy)

_ ny_
2t P(al) <2 L(TT)man

Z 2—L(m?)—an

2t P(at) <2~ LFT) Tan
< 27y oD
7

< 27

IN

The lemma follows from the Kraft inequality and the
Borel-Cantelli Lemma.
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Definitions of Redundancy

The pointwise redundancy R,(C,, P;z}) and the
average redundancy R, (C,, P) are defined as

R,(Cn, P;x}) = L(Cp,x})+lgP(z])
= E[L(C,, X{)] — H.(P) >0

where E denotes the expectation. The maximal redundancy
is defined as

R*(Cy, P) = max{Ry(Cy, P;2})}(> 0).
1

The pointwise redundancy can be negative, maximal and
average redundancy cannot (see next slide).

The redundancy-rate problem for a class & of source
models consists in determining the rate of growth of the
following minimax quantities

R,(S) = minsupE[L(C,,z}) + 1g P(z})]
Cn PeS
R'(S) = minsup max[L(Ch, zy) + 1g P(x})]

Cn pes =j

as n — OQ.
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Minimax Regret Functions

We should also point out that there are other measures of
optimality for coding, gambling and prediction. We refer
here to minimax regret functions defined as follows

r, = Immin su P(z{)[L; + lgsup P(z)],
Cnecpegzn: (z1)] g PP (z1)]
1
r. = min max[L; + lgsup P(z])] (= R,)
CneC :1:? P

Also, we sometimes the maximin regret is of interest

r, = sup min P(x{)[L; + lgsup P(x7)].
PeSCnECZn: (z1)] g : (z1)]
1

We call 7, the average minimax regret, r; the maximal
minimax regret, and r_ the average maximin regret.

One can look at the regret function as objective function
for the following game theoretical problem: choose L to
achieve for every x7 a value as good as the best for all
players with hindsight, that is, — logsup P(x7) (i.e., the
minimum code length over the whole set S of probability
distributions).
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Redundancy for Known Sources

We start with the simplest problem, that is, we assume that
the source is known (i.e., & = {P} and the probability
measure is given). Surprisingly enough, there still remains
some open problems in this setting.

Mostly, information theory was concerned with finding an
optimal code that minimizes the average redundancy, that
is, a code solving the following problem

Ra(P) = min Eyp[L(Cn, a) + log, P(a})]

We recall that the well known Huffman code is the solution
to this problem.

But there are other optimization criteria that are of interest.
For example, what code minimizes the maximal redundancy?
More precisely, we seek a prefix code C',, such that

R’ (P) = ].’].’éi.‘(l max|[L(Ch, zy) + 1g P(z7)].
n 3)'1

We shall discuss it in the sequel.
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Average Redundancy for Shannon Code

In order to give a glimpse into our approach used to derive
the redundancy of Huffman code, we first illustrate it on
a simpler code. Let us start with the Shannon code that
assigns the length

L(CY, z}) = [—1g P(z})]

to the source sequence =7 generated by a binary memoryless
source such that

P(z}) = p"(1 — p)" "

where p is known probability of generating O and k is the
number of Os. The Shannon code redundancy is

'S ()P @ =p)" " (- loga(p" (1 = p)" ™)1
+ log,(p"(1—p)" )

= 1= ()RR ) ek 4 )

where (z) = © — |x] is the fractional part of =, and

1—0p 1
a=logy, | —— ), B=logy,(—|.
p 1—p
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Figure 1: Shannon code redundancy versus block size n

for: (a) irrational a = log,(1 — p)/p with p = 1/7; (b)
rational o = log,(1 — p)/p with p = 1/9.
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Sketch of Proof

The problem of evaluating the average redundancy of
Shannon and Huffman codes can be reduced to an asymptotic
estimate of the following sum (as n — o)

S (M)oh (1 = o) F (G + 1)
k=0

for fixed p and some Riemann integrable function f :
[0, 1] — R (uniformly over y € R).

It turns out that asymptotics of the above sum depends
on the behavior of the sequence (zj + y) C [0,1). For
example, for x;, = ak, two cases must be considered:

e (« irrational;

® « rational
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Uniformly Distributed Sequences Mod 1

Definition 1. [B-u.d. mod 1] A sequence z,, € R is said
to be Bernoulli uniformly distributed modulo 1 (in short:
B-ud mod1)iffor0 <p<1

n

tim S (7)1 = )" xaGan) = A

k=0

holds for every interval I C R, where xi(x,) is the
characteristic function of I (i.e., it equals to 1 if x, € I
and O otherwise) and \(I) is the Lebesgue measure of 1.

Theorem 1. Let 0 < p < 1 be a fixed real number and
suppose that the sequence x,, is B-uniformly distributed
modulo 1. Then for every Riemann integrable function
f :[0,1] = R we have

lim 3 ()P =) Flan +y) = / )y a,

where the convergence is uniform for all shifts y € R.

Proof. Standard; cf. Drmota and Tichy (1997) or Kuipers
and Niederreiter (1974) (cf. also Szpankowski (2000)).
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Weyl’s Criterion

Theorem 2. [Weyl’s Criterion] A sequence x,, is B-u.d.
mod 1 if and only if

. - n k n—k 2mimzx
1 ( ) 1— e2mimeE —
fim ) (j)r =)

holds for all non-zero m € Z — {0}.

Proof. The proof again is standard. Basically, it is based on
the fact that by Weierstrass's approximation theorem every
Riemann integrable function f of period 1 can be uniformly
approximated by a trigonometric polynomial (i.e., a finite
combination of functions of the type e*™*™*).
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Shannon Code: The Irrational Case

Let us return to the Shannon code redundancy. As
mentioned before we must consider two cases: « irrational
and « rational. We first consider « irrational.

To apply our previous results, we must show that (ak) is
B-u.d. mod 1. By Weyl's criterion

n

. n k n—k 2mim(ka) . ( 2mimao )n
tim 32 () phar te =i (petT 4
k=0
= 0

provided « is irrational. Hence, by the previous theorem,
with f(t) =t and y = Bn, we immediately obtain

n 1
. mn E n—k 1
lim E () k + ——/tdt_——.
nl 2 ) pq (v Bn) i 5

This proves that for « irrational

Rszl

n =73 + o(1).
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Shannon Code: The Rational Case

Let now « be rational. The following simple result is easy
to prove.

Lemma 4. Let 0 < p < 1 be a fixed real number
and suppose that a = <1 is a rational number with
gcd(IN,M) = 1. Then, for every bounded function
f :[0,1] = R we have

> (M)ph1-p)" F F((katn)) = %ﬁj Fa+ ”j@”)w(ﬁ

k=0

uniformly for all y € R and some p < 1.

Now, having the above two results we easily establish that

++o(1) « irrational

RS =

n

5= ((MnB) —3) +0(p")  a =1
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Average Redundancy of the Huffman Code

Now we can return to the Huffman code. It can be proved
that the average redundancy of the Huffman code is

k=0

where p < 1 and R? is the average redundancy of the
Shannon code.

Theorem 3. [Szpankowski, 2000] Consider the Huffman
block code of length n over a binary memoryless source
Binomial(n,p) and set

1—0p 1
a =logy, | — |, B =logy | —— ).
D 1—p

Then forp<%asn—> 00

) 3 L4 0o(1) =~ 0.057304
RY =

n

2= ((BMn) = 3) — a2 M+ 000

where N, M are integers such that gcd(IN, M) = 1 and
p < 1.
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Figure 2: The average redundancy of Huffman codes versus
block size n for: (a) irrational a = log,(1 — p)/p with
p = 1/m; (b) rational a = log,(1 — p)/p with p = 1/9.
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Generalized Shannon Code

We now turn our attention to the maximal redundancy, that
is, we seek a prefix code C,, such that

R’ (P) = rréin max[L(Ch, z}) + 1g P(z7)].
n .’Bl

Let us define a generalized Shannon code CSS as

ny lgl/P(z})] if 2z €L
L(CSS’“'”‘{ lg1/P(a])] if o] € A"\ L

where £ C A", and the Kraft inequality holds. it is easy to
see that a generalized Shannon code is the optimal code for
the above problem.
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Main Results

Theorem 4. [Drmota and Szpankowski, 2001] Let pq, p2, - .

be the probabilities P(xY), =i € A" such that

0 < (—lgp1) <(—lgp2) < - < (=lgpan) <1,
and let jo be the maximal j such that

IAI"

j—1
—1 —1
> p2t B 4~ sz BPil <1,
i=1
where (x) = x — | x| is the fractional part of x. Then

R,(P) =1— (=lgpj),

that is, the Generalized Shannon code with L =
{1, ..., jo} is optimal for the maximal redundancy problem.
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Maximal Redundancy of the Generalized
Shannon Code

Consider the Generalized Shannon code constructed for a
source sequence x| generated by a memoryless binary source
such that

P(z}) =p"(1—p)" "
where p is known probability of generating Os and k is the
number of Os.

Theorem 5. [Drmota and Szpankowski, 2001] Suppose
that o = Ig 1% is irrational. Then, as n — oo,

log log 2

R;(Pp) - - log 2

+ 0(1) = 0.5287... 4 o(1).

1— . .
Iflg Tp = % is rational and non-zero then, as n — oo,

[ M Ig(M (2™ — 1)) = (Mnlg1/(1 —p))] + (Mn]g
M

R;(Pp) - -

Finally, if g -2 = O then p = } and R;,(Py3) = 0.
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Minimax Redundancy for a Class of Sources

We now assume that a source sequence x7 is generated by a
source from a set of sources S (i.e., a class of distributions
P € S). Every source may have a different distribution
P (within the class) and we must design the best code
(ming,,, shortest length) for the worst source (suppcgs),
i.e., ming,, suppcg[L(cn, x7) + lg P(xin].

We consider the following classes of sources:

e Memoryless sources M, over an me-ary (finite)
alphabet, that is,

k k
P(zy) =p" o,

with k1 4+ - -+ + k,,, = n, where p; are unknown!
e Markov sources M. over a finite alphabet of order r.

e Renewal Sources where an 1 is introduced after a run
of Os distributed according to some distribution.

e Mixing Sources where the probability distribution is
mixing (i.e., (1 — ¢¥(g9))P(A)P(B) < P(AB) <
(1 4+ (g))P(A)P(B) where A € F°__ and B €
F).

9
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Maximal Minimax Redundancy

Shtarkov in 1978 proved that the minimax redundancy

lg Z?;égP(w’f) < R,(S) <lg ZgégP(w’f) +1.
] 7

We can prove a precise result for the maximal minimax
redundancy, as shown below.

Lemma b. Let S be a system of probability distributions
P on A™ and set

suppes P(z7)
Zy’ffeAn suppes P(y7

Q" () =

Then

RX(S) = R®°(Q") + Ig Z sup P(z7) |,

P EAN Pes
where RE5(Q*) = 1 — (—lgqj,) is the maximal

redundancy of a Generalized Shannon code built for the
(known) distribution Q.
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Sketch of Proof

By definition we have

R (§) = min supmax(L(C,, 33?) + Ig P(w?))
n CneC PcS QZ'T’

— min max (L(Cn, zy) + suplg P(fL’ﬁ)
CneC a:717' PesS

+ lg > sup P(y})]

yiiean PES

Thus, the precise maximal redundancy is established.

EPFL-Lausanne 24



Decomposition

The maximal minimax redundancy R (S) can be
decomposed into

R:(S) = D,(S) + R*(Q?)

where
D,(S) = lg Z sup P(z7) | = lgd.(S),
x?EA”PES
R°(Qy) = 1-(-lgq).

Moreover, D,;1(S) > D,(S) is a nondecreasing
function of n that depends only on the “richness” of
S, while RE°(Q*) = O(1) is potentially fluctuating but
bounded part that depends on the optimal code.
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Class of Memoryless Sources

We first consider a class of memoryless sources over a
finite m-ary alphabet, and derive precise asymptotics using
a combination of combinatorial and analytic tools (e.g.,
generating functions and singularity analysis)

We first deal only with the term d,,(M) of the maximal
minimax redundancy R (M). It easy to see that

dn(Mo) = (klnkm) (%)kl (kf)km

ki+-+km=n

since
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Generating Function for d,,(M,)

We write

n! P
dn(Mo) = T2 2 kil k!

ki+-+km=n

Let us introduce a tree-generating function

ookk

1
Blz) =2 357 = 1 —T(z)

k=0

where T'(z) satisfies T(z) = zeT® (= —W(—2),
Lambert’s W -function) and also

enumerates all rooted labeled trees. Let now

o0

Dp(z) =) Z—Tdn(/\/lo).

n=0

Then
Dn(z) = (B(z) — 1) 'B(z2).
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Asymptotics

The function B(z) has an algebraic singularity at z = e™!

(it becomes a multi-valued function) and one finds

The singularity analysis yields (cf. Clarke & Barron, 1990,
Szpankowski, 1998)

. om—1 n VT L(Z)ym V2
B = bg(i)‘*bg<re$>'+3FG§—%>'v%

3+ m(m—2)2m+1) I'*(Z)m? 1
* ( 36 _9r2(%—%)>°5+”

To derive asymptotics of R* (M) we need RS7(Q*) that
we just proved to be (cf. Drmota & Szpankowski, 2001)

n%lnm

—
Inm

fﬁ%@ﬂz—l + o(1),

In general, the term o(1) can not be improved. Thus

m — 1 n ln%lnm VT
R M) = 1 — ) ——=" 1 1).
WMo) =5 los <2> nm 08 (F(%>>+O( )
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Markov Sources

Let M be a class of Markov sources of order 1 over an
m-ary alphabet. Let P = {p;;};’_; be the transition
probability. To simplify we assume that the initial state of

the Markov process is fixed. Then
P(wl) — plil " Phm

where k;; is the number of pair symbols 75, that is, 2
followed by j in z7. Observe that k;; are not completely
independent. (Some results see Rissanen 1996, and Atteson
1999.)

We only consider circular strings (i.e., after the n symbol
we re-visit the first symbol of z'). Then k;; satisfy

ki' = n,
> ki

1<i,j<m
m m
Z kij = Z kji, V ¢ (conservation flow property)
j=1 j=1

We denote these constraints as /C,,.
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A Combinatorial Problem

Research Problem. Let K, = {k;;};;_, be a given
matrix satisfying the above constraint IC,,. How many
strings x; can be generated over A having k;; pairs (2, j)
such that j follows ¢ in 7?7 We denote this number as
Ngk,,-

(For example, for a memoryless source we have

NKp, = (klnkm)

strings x{ with k; symbols © € A where k1 4+ - - - + k,,, =

Example: Let A = {0,1} and

1 2
o=y 3]

N —
D

Figure 3: The directed multigraph for a binary alphabet
A = {0, 1} with the matrix K3 as above. Nk, is equal
the number of string a:I with matrix K5 and it is also equal
to the number of Eulerian cycles in such graph.
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Preliminary Results

It is not difficult to see that the non-fluctuating part
d, (M) of the maximal minimax redundancy for Markov
sources over m-ary alphabet is

kll b1 km,m frm,m
dp(My) = Z Nx,, <k_> <k—> ,
kijE’Cn 1 m

where IC,, is was defined previously and

j=1

Using combinatorial calculus and the saddle moment method
we expect to prove the following asymptotic result:

o\ (mP—m)/2

where A,, is a constant that we can express explicitly as a
multidimensional integral, that is,

\/ 2= Yij
Am:/K(l)Fm(yij)lj Hj\/j_ijd

where (1) = {yi; : >, = 1}

[yij]
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Renewal Sources

Csiszar and Shields studied redundancy of the renewal
process defined as follows:

e let Ty,T5... be a sequence of i.i.d. positive-valued
random variables with distribution Q(j5) = Pr{T; = 5}
over nonnegative integers 5 > 0.

e The process T(), T() + Tl, T() + T1 + TQ, ... Is called
the renewal process which is stationary if T is chosen
properly.

e With a renewal process we associate a binary renewal

sequence in which the positions of the 1's are at the
renewal epochs T(), TO + Tl, T() + T1 + TQ, ce

e \We start with zg = 1.

Observe that the renewal process is not a Markovian
process, and as a matter of fact may not be a mixing
process.

We shall analyze the maximal minimax redundancy
R, (Ro) over the renewal process Ry. Csiszar and Shields

proved that R, (Ro) = O(y/n). We will provide a more
precise estimate.
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Some Preliminary Estimates

For a sequence

zp = 10%110%21-..10°"1Q---Q

N’
k*
where 0 < a; < nfort=1,...,n,let k,, be the number
of ¢ such that a; = m, where m = 0,1,...,n—1. Then

P(al) = Q(0)QM (1) - -- Q"1 (n—1)Pr{T} > k'}.

It can be proved that

rnp1 — 1 < dn(Ro) <D

m=0

where

'm = Zrn,kz
k=0
Z( k ) ko\ *0 / ki \ M1 k., 1\ "Fn—1
ko -k, 1 k k k

P(n,k)

T'n,k

where P (n, k) denotes the partition of n into k terms, i.e.,

n = ko+ 2k + -+ nky_1,
Ek = ko+---+knp1.
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Main Results

Theorem 6. [Flajolet and Szpankowski 1998] Consider the
class of renewal processes as defined above. The quantity
r, attains the following asymptotics

2 5 1
\/cn—glgn—l—glglogn—l—O(l)

T'n

B log 2

where ¢ = %2 — 1 = 0.645. Moreover,

2

R;(RO) - log 2

Ven + O(logn).

It can also be observed that the quantity r,, has an intrinsic
meaning by its own. Let W, denote the set of all n"
sequences of length n over the alphabet {0,...,n — 1}.
For a sequence w, take k; to be the number of letters j in
w. Then each sequence w carries a “maximum likelihood
probability”

Tyr(w) = <%> oo (kv;l)k”—l.

This is the probability that w gets assigned in the Bernoulli
model that makes it most likely. The quantity r, is also

r, = ZwGWn 7TML(’U)).
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Asymptotics: Overview

As in the Markov case, we observe that the difficulty
in extracting asymptotics of d, lies in a complicated
combinatorial structure of the summation index P(n, k).
Again, combinatorics works hand-in-hand with analytic tools
to solve this problem of information theory.

To give a glimpse into the analysis required for this
problem, let us mention that we:

e first, we transform 7, into another quantity s, that
we know how to handle and (using a probabilistic
technique) we know how to read back results for r,
from s,;

e use combinatorial calculus to find the generating
function of s,,, which turns out to be an infinite product
of tree-functions B(z) defined above;

e transform this product into a harmonic sum that can
be analyzed asymptotically by the Mellin transform;

e obtain an asymptotic expansion of the generating
function around z = 1 which is the starting point for
extracting the asymptotics of the coefficients;

e finally, estimate R (Ro) by the saddle point method.
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Asymptotics: Some Details

A difficulty of finding asymptotics of r,, stems from the factor
k!/kk present in the definition of r,, ;. We circumvent this
problem by analyzing a related pair of sequences, namely s,,
and s,, 1 that are defined as

n
k kkn—l

_ —k E*O  kn—t
Sn,k = € ZP(n,k) ko! k1"

The translation from s,, to r,, is most conveniently expressed
in probabilistic terms. Introduce the random variable K,
whose probability distribution is s, /sy, that is,

Sn,k

T, - Pr{K, =k} = —,

Sn

where to,, denotes the distribution. Then Stirling’s formula
yields

n
T'n Tn,k Sn,k

n = E[(K,)!K, e "]
Sn k=0 Sn,k Sn

— E[V2rK,] + OEIK;2)).

Thus, the problem of finding r, redluces to asymptotic
evaluations of s, E[v/K,] and E[K,, ?].
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Fundamental Lemmas

Lemma 6. Let p,, = E[K,] and 02 = Var(K,,), where
K, has the distribution w,, defined above. The following
holds

7
Sp ~  €exp <2\/cn — glogn +d + 0(1))
1
Hn = Z\/glogﬁ + O(\/ﬁ)

C

o2 = O(nlogn) = o(i?),

n

where c = /6 — 1, d = —logQ—%logc—%logﬂ.

Lemma 7. For large n

ElVEK. = w/*(1+0(1))

1

E[K,?%] = o(1).
where p,, = E[K,,].
Thus

snE[vV27 K,](1 4+ o(1))
= sp\V/2mpn(l 4+ o(1)).

3
3
|
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Generating Functions

1. Define the function 3(z) as

One has (e.g., by Lagrange inversion again or otherwise)

1
blz) = 1 —T(ze 1)
2. Define
Su(w) = 3 suars  S(u) = 3 Sulw)s”
k=0 n=0

Since s, i involves convolutions of sequences of the form
kk/k!, we have

k,o—l-"'—l-kn_l kko kjk’n—l

_ 1kg+2ky+- [ W
S(zu) = > = () k! ey

Pn,k: ©
i=1

We need to compute s,, = [2"]S(z,1) where [2"]F(z)
denotes the coefficient at 2" of F'(z).
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Mellin Asymptotics

3. Let L(z) = log S(z,1) and z = e, so that
Lie ) =3 log Ble ™).
k=1

Mellin transform techniques provide an expansion of L(e™")
around ¢ = 0 (or equivalently z = 1) since the sum falls
under the harmonic sum paradigm.

4. The Mellin transform L*(s) = M(L(e ");s) of
L(e™") is computed by the harmonic sum property (M3).
For R(s) € (1, 0c0), the transform evaluates to

L7(s) = C(s)A(s)

where ((s) = > -;n ° is the Riemann zeta function,
and -

A(s) = /0 log B(e ")t*tdt.

This leads to

. A(1) 1 log 7r>
L = — — .
(5) <s — 1) . * ( 482 4s ) .,
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What’'s Next?

5. An application of the converse mapping property (M4)
allows us to come back to the original function,

p(e ) = 2 4 Diogt — Tlogm + OV,

which translates in

L(z) = f(—l)—l——log(l z)——log 7r——A(1)—|—O(\/1 — z).

6. In summary, we just proved that, as z — 17,

S(z,1) = ") = a(1—2)% exp (é) (14 o(1)),

where a = exp(—7log ™ — ic).

To extract asymptotic we need to apply the saddle point
method.
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Average vs Maximal Minimax Redundancy

From known results we observed that R,(S) ~ R} (S).
Therefore, we conjecture the following.

Conjecture. Under certain additional conditions

R, = R, + o(logd,(S) ~ Ig Z sup P(z7)
zlre AT pes
1

We are able to prove that (Drmota & Szpankowski, 2002)

_ B o (supp P(al)
Ro(S) < logy dy Igrelgz;mwl)lg( e ) +ow.
1
: e (22 PG
R, (S) >1 d, — P 1 O(1).
(§) 2 logy d — sup 3 Pl (M2 ) + 0
1

For example, it is known that for memoryless and Markov
processes (in general, d-parameterized distributions)

Z;P(w?) e <Supp P(:L‘?)) _ g +o(1).

P(z7)
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Conclusions

e Many open problems in analytic information theory:
1. Generalize Huffman redundancy to Markov sources.
2. What code minimizes the r-th redundancy R

defined for 1 < r < oo as

1/r
R = | 3 P(a]) [L(Cy, 27) + log P(z])]"
zy

3. Compute redundancy rate(s) for mixing sources.
4. Prove or disprove that for renewal source R,,(Rg) ~

R*(Ro) ~ @\/(%2 _ 1) n.

e Probabilistic, analytic and combinatorial methods must
work hand in hand to produce precise results of analytic
information theory.

e While information theory proved to be quintessential to
communications, in our opinion a non-trivial application
of information theory to biology and information security
still awaits us. The same applies to discrete mathematics.

The methods discussed are explained in my recent book:
Average Case Analysis of Algorithms on Sequences, Wiley,
New York, 2001.
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Appendix A: Analytic Information Theory

The redundancy rate problem is typical of a situation where
second-order asymptotics play a crucial role since the
leading term of L(C,) is known to be nH, where H is
the entropy rate. This problem is an ideal candidate for
analytic information theory that applies analytic tools to
information theory.

As argued by Andrew Odlyzko: “Analytic methods are
extremely powerful and when they apply, they often yield
estimates of unparalleled precision.”

In 1997 Shannon Lecture, Jacob Ziv presented compelling
arguments for “backing off” to a certain degree from the
(first-order) asymptotic analysis of information systems in
order to predict the behavior of real systems where we
always face finite (and often small) lengths (of sequences,
files, codes, etc.) One way of overcoming these difficulties
is to increase the accuracy of asymptotic analysis and
replace first-order analyses by more complete asymptotic
expansions, thereby extending their range of applicability to
smaller values while providing more accurate analyses (like
constructive error bounds, large deviations, local or central
limit laws).
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Appendix B: Mellin Properties

(M1) DIRECT AND INVERSE MELLIN TRANSFORMS. Let
c belong to the fundamental strip defined below.

fi(s) := M(f(x);8) = /OOO f(z)z* Tdx

then .
1 c+100

flx) = -— fi(s)z "ds.
271 c—100
(M2) FUNDAMENTAL STRIP. The Mellin transform of
f(x) exists in the fundamental strip R(s) € (—a, —f),
where

flz) =0(")  (z—0), f(z) =0@")  (z = o).
(M3) HARMONIC SUM PROPERTY. By linearity and the
scale rule M(f(ax);s) = a *M(f(x);s),

f(z) = Arg(ure)

k>0

then

Fi(s) =g"(5) D Anmy”

k>0

EPFL-Lausanne 44



(M4) MAPPING PROPERTIES (Asymptotic expansion of
f(x) and singularities of f*(s)).

fl)y= > cepa(logz)® + O(z™)
(&,k)eA

then (1)1
f*(S)X Z Cg’k(3+§)k4;1'

(§,k)eA

(i) Direct Mapping. Assume that f(z) admitsas x — 07
the asymptotic expansion of the above for some — M < —«
and k > 0. Then for R(s) € (—M, —p3), the transform

f*(s) satisfies the singular expansion of above.

(ii) Converse Mapping. Assume that f*(s) = O(|s|™")
with » > 1, as |s| — oo and that f"(s) admits the
singular expansion above for R(s) € (—M, —«). Then
f () satisfies the asymptotic expansion of above at z = 0.
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Appendix C: Saddle Point Method

Input: A function g(z) analytic in |[z2]| < R (0 < R <
~+00) with nonnegative Taylor coefficients and “fast growth”
as z - R™. Let h(z) :=logg(z) — (n 4+ 1) log z.

Output: The asymptotic formula for g, := [2"]g(2)
derived from the Cauchy coefficient integral

:_ h(z)d
/ (z ) +1 2@%/76 ?

where -~y is a loop around z = 0.

(S1). SADDLE POINT CONTOUR. Require that g'(z)/g(z) —

+o00 as z — R™. Let » = r(n) be the unique positive
root of the saddle point equation

rg'(r)
g(r)

R'(r)=0 or =n+1,

so that » — R as n — oo. The integral above is evaluated
on v = {z | |z| = r}.
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(S2). BASIC SPLIT. Require that k"' (r)3n"(r)~1/% —
0. Define ¢ = ¢(n) called the “range” of the saddle point
by

© = h/”(r)_l/ﬁh//(’l“)_l/4 ,

so that ¢ — 0, A'(r)¢* — oo, and
' (r)p* — 0. Split v = vy U
T where o = {z€ | arg(z) <0}, m =

{z €| larg(z)] 2 ¢}

(S3) ELIMINATION OF TAILS. Require that |g(re®®)| <

|g(re"?)| on v1. Then, the tail integral satisfies the trivial
bound,
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(S4) LOCAL APPROXIMATION. Require that h(re”) —
h(r) — 3r?0°h"(r) = O(|h"'(r)¢®|) on vo.  Then,
the central integral is asymptotic to a complete Gaussian
integral, and

L/ ") dz = g(r)r " (1 + O(lh/”(r)903|)) :

247 \/2mh'(r)

(S5) COLLECTION. Requirements (S1), (52), (S3), (54),
imply the estimate:

g(r)r™"

V2mh'(r)

2"g(2) = < (14 0(K"(1)¢")) ~

\/ 2mh'(r)
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