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J
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a
n
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im

K
o
rea
A
d
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n
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In
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o
f
S
cien
ce
a
n
d
T
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n
o
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C
h
a
n
g
-W
a
n
K
im

U
n
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o
f
M
a
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d
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o
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P
a
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0
.
F
in
sle
r
sp
a
c
e
s
=

D
i�
e
r
e
n
tia
b
le
le
n
g
th
sp
a
c
e
s

L
et
M

b
e
a
d
i�
eren
tiab
le
m
an
ifold
an
d

:
[a
;b]!
M

is
a
cu
rve.

T
h
e
len
gth
of

is

Z
b

a

jj_(t))jjd
t:

F
in
sler
geom
etry
is
actu
ally
th
e
geom
etry
of
a
sim
p
le
in
tegral
an
d

is
a
s
old
as
th
e
calcu
lu
s
of
variation
s.

H
ilb
ert:
P
aris
ad
d
ress
of
1900
d
evoted
P
rob
lem
2
3
to
th
e

va
ria
tion
al
calcu
lu
s
of
an
in
varian
t
in
tegral
an
d
its
geom
etrical
.

C
h
a
n
g
-W
a
n
K
im
,
J
u
n
e
3
th
,
2
0
0
2
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R
e
la
tio
n
sh
ip
s
b
e
tw
e
e
n
to
p
o
lo
g
y
a
n
d
c
u
r
v
a
tu
r
e

�
G
au
ss-B
on
n
et-C
h
ern
T
h
eorem
;
B
ao-C
h
ern
'96,
S
h
en
'98

�
C
artan
-H
ad
am
ard
T
h
eorem
,
B
on
n
et-M
y
ers
T
h
eorem
,
S
y
n
ge's

T
h
eorem
,
;
A
u
slan
d
er
'555

�
T
h
e
F
irst
C
om
p
arison
T
h
eorem
o
f
R
au
ch
;
B
ao-C
h
ern
'93

�
B
ish
op
-G
rom
ov
V
olu
m
e
C
om
p
arison
T
h
eorem
;
S
h
en
'97

�
S
p
h
ere
T
h
eorem
;
D
azord
'68,
K
ern
'71,
R
ad
em
ach
er
'02

C
h
a
n
g
-W
a
n
K
im
,
J
u
n
e
3
th
,
2
0
0
2
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A
n
A
lex
an
d
rov
sp
ace
is
a
len
gth
sp
ace
w
ith
(section
al)
cu
rvatu
re

b
o
u
n
d
ed
b
elow
or
ab
ove
in
th
e
d
istan
ce
com
p
arison
sen
se.

K
�
0;
th
e
con
cav
ity
of
d
istan
ce
fu
n
ction
s;
C
h
eeger-G
rom
oll

T
h
eo
rem
,
Y
am
agu
ch
i
F
ib
ration
T
h
eorem
,
P
erelm
an
an
d

C
h
eeger-C
old
in
gS
tab
ility
T
h
eorem
s

K
�
0;
th
e
con
vex
ity
of
d
istan
ce
fu
n
ction
s;
M
ostow
-K
lein
er

R
ig
id
ity
T
h
eorem
,
B
esson
-C
ou
rtois-G
allot
T
h
eorem
.

R
e
m
a
r
k
A
lex
an
d
rov
an
d
F
in
sler
geom
etry

(1
)
F
isn
ler
sp
aces
w
h
ose
cu
rvatu
re
is
b
ou
n
d
ed
b
elow
or
ab
ov
e
in

th
e
d
istan
ce
com
p
arison
(A
lex
an
d
rov
)
sen
se
are
au
tom
atically

R
iem
an
n
ian
.

(2
)
If
in
a
M
in
kow
sk
i
sp
ace(n
orm
ed
sp
ace)
an
a
n
gle
in
th
e
sen
se
of

A
lex
an
d
rov
ex
ists
for
an
y
geo
d
esic
ray
s,
th
en
th
e
sp
ace
is
E
u
clid
ian
.

S
erio
u
s
p
rob
lem
arises
h
ere.

C
h
a
n
g
-W
a
n
K
im
,
J
u
n
e
3
th
,
2
0
0
2
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1
.
M
o
tiv
a
tio
n
a
n
d
H
isto
r
ic
a
l
R
e
m
a
r
k
s

B
o
u
n
d
a
ry
R
igid
ity
P
ro
blem
s:
L
et
(M
;@
M
;g
0 )
an
d
(M
;@
M
;g
)
b
e

co
m
p
act
R
iem
an
n
ian
m
an
ifold
s
w
ith
b
ou
n
d
ary.
T
h
e
m
etric
g
o
n

in
d
u
ces
a
d
istan
ce
fu
n
ction
d
from
@
M

�
@
M

to
R
:
F
or
w
h
at

(M
;@
M
;g
0 )
is
it
tru
e
th
at
an
y
(M
;@
M
;g
)
w
ith
d
0
=
d
m
u
st
h
ave

g
0
isom
etric
to
g
?

[M
ich
el
'81,
G
rom
ov
'83,
B
C
G
'96]
A
n
y
com
p
act
su
b
d
om
ain
w
ith

sm
o
o
th
b
ou
n
d
ary
of
R
n

;
h
y
p
erb
o
lic
sp
ace
H
n
,
o
r
th
e
op
en

h
em
isp
h
ere
o
f
S
n
are
b
ou
n
d
ary
rigid
.

[A
rcostan
zo
'94]*
T
h
e
b
ou
n
d
ary
rigid
ity
p
rob
lem
h
a
s
a
n
egative

a
n
sw
er
in
th
e
F
in
sler
case;
[Y
im
-K
'00]

[H
ow
ard
'96]
com
p
act
su
b
d
om
ain
o
n
L
oren
tzian
su
rfaces.

C
h
a
n
g
-W
a
n
K
im
,
J
u
n
e
3
th
,
2
0
0
2
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(F
in
sler
V
ersio
n
)
H
o
p
f
C
o
n
jectu
re:

[B
u
rago,
Ivan
ov
'94]
A
n
y
R
iem
an
n
ian
m
etric
w
ith
ou
t
con
ju
gate

p
o
in
ts
on
toru
s
is

at.

[B
u
sem
an
n
'55]
T
h
ere
are
m
etrization
s
of
th
e
toru
s
w
ith
ou
t

co
n
ju
gate
p
oin
ts
for
w
h
ich
th
e
u
n
iv
ersal
coverin
g
sp
ace
is
n
ot

M
in
k
ow
sk
ian
.
F
or
ex
am
p
le,

d
((x
1 ;y
1 );(x
2 ;y
2 ))
= p
(x
1 �
x
2 )
2
+
(y
1 �
y
2 )
2

+j7y
1
+
sin
(2�
y
1 )�
7y
2 �
sin
(2
�
y
2 )j;

i.e.,

F
d ((x
;y
);(u
;v
))
= p
u
2
+
v
2
+
j7v
+
2
�
v
cos(2�
y
)j:

C
h
a
n
g
-W
a
n
K
im
,
J
u
n
e
3
th
,
2
0
0
2
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[D
a
zord
'71]
If
a
tw
o-d
im
en
sion
al
toru
s
is
a
L
an
d
sb
erg
an
d
h
as
n
o

co
n
ju
gate
p
oin
ts,
th
en
th
e
sp
ace
is
isom
etric
to
a

at
F
in
sler
toru
s.

(sk
etch
of
p
ro
of)
G
au
ss-B
on
n
et
T
h
eorem

Z
S
M

R
ic
v��
0
=
4�
2�
(M
);

w
h
ere
�
0
is
th
e
v
olu
m
e
o
f
th
e
in
d
icatrix
.

If
th
e
sp
ace
is
com
p
act
an
d
n
o
con
ju
gate
p
oin
ts
th
en
th
e
ab
ov
e

in
teg
ral�
0
an
d
eq
u
ality
h
old
s
i�
th
e

ag
cu
rvatu
re
van
ish
es.

[B
u
rago's
p
rob
lem
'01]
If
a
F
in
sler
toru
s
h
as
n
o
con
ju
gate
p
oin
ts,
is

it
a
lf-eq
u
ivalen
t
to
a

at
on
e?

a
lf-eq
u
ivalen
t:
th
ere
ex
ist
F
:
S
�M

!
S
�N
an
d
f
:
S
�M

!
R
su
ch

th
a
t
F
�!

N

=
!
M

+
df
:

C
h
a
n
g
-W
a
n
K
im
,
J
u
n
e
3
th
,
2
0
0
2
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B
u
ra
go
-Iva
n
o
v's
th
ree
p
ro
blem
s:

(1
)
M
in
im
ality
of

ats
in
B
an
ach
sp
aces:
D
o
es
a
b
all
in
a
n

n
-d
im
en
sion
al
aÆ
n
e
su
b
sp
ace
of
a
B
an
ach
sp
a
ce
m
in
im
ize

v
olu
m
e
am
on
g
all
n
-d
im
en
sion
al
su
rfaces
w
ith
sam
e
b
ou
n
d
ary
?

(2
)
F
in
sler
�
llin
g
volu
m
e
p
rob
lem
:
D
o
es
its

at
F
in
sler
m
etric
h
ave

th
e
least
volu
m
e
am
on
g
all
F
in
sler
m
etric
w
h
ose
d
istan
ces

b
etw
een
b
o
u
n
d
ary
p
o
in
ts
m
a
jorize
th
ose
of
th
e
B
an
ach

d
istan
ce
fu
n
ction
?

(3
)
F
in
sler
volu
m
e
grow
th
p
rob
lem
:
D
o
es
th
e
volu
m
e
of
b
alls
in

th
e
u
n
iversal
cover
of
a
F
in
sler
toru
s
asy
m
p
totically
grow
s
at

lest
a
s
fast
as
th
at
in
a
B
an
ach
sp
ace?

[B
u
rago-Ivan
ov
'01]
F
or
every
n
;
th
e
th
ree
p
rob
lem
s
are

eq
u
ivalen
t.

[Ivan
ov
'01]
(1)
is
tru
e
in
n
=
2:

C
h
a
n
g
-W
a
n
K
im
,
J
u
n
e
3
th
,
2
0
0
2
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2
.
P
r
e
lim
in
a
r
ie
s

L
et
M

b
e
a
n
n
-d
im
en
sion
al
sm
o
oth
m
an
ifold
a
n
d
T
M

d
en
ote
its

ta
n
g
en
t
b
u
n
d
le.
A
F
in
sler
stru
ctu
re
o
n
a
m
an
ifold
M

is
a
m
a
p

F
:
T
M

!
[0;1
)
w
h
ich
h
as
th
e
follow
in
g
p
rop
erties:

(i)
F
is
sm
o
o
th
on gT
M

:=
T
M

nf0g;

(ii)
F
(ty
)
=
jtjF
(y
);t2
R
;
y2
T
x
M
;

(iii)
12
F
2
is
stron
gly
con
vex
,
i.e.,
g
ij (x
;y
)
:=
12

@
2
F
2

@
y
i@
y
j (x
;y
)
is

p
ositive
d
e�
n
ite
for
all
(x
;y
)2 gT
M
.
H
ere

F
(x
;y
)
:=
F
(y
i
@

@
x
i jx )
an
d
y
=
(y
i).

C
h
a
n
g
-W
a
n
K
im
,
J
u
n
e
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th
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(i)
F
2
is
C
2
on
all
T
M

if
an
d
on
ly
if
F
is
th
e
n
orm
of
a

R
iem
an
n
ian
m
etric.

(ii)
H
om
ogen
eou
s
of
d
egree
on
e
in
y
an
d
sy
m
m
etric
con
d
ition
:
T
h
e

H
ilb
ert
form
!
=
F
y
i d
x
i
is
essen
tially
H
ilb
ert's
in
varian
t

in
tegral
in
th
e
calcu
lu
s
o
f
variation
s;
th
e
len
gth
of
cu
rve
is R
ba
w
:

(iii)
R
egu
larity
H
y
p
o
th
esis:

[C
h
ern
'48]
T
h
e
H
ilb
ert
form
!
is
a
glob
al
on
e
form
on
S
M

a
n
d
d
e�
n
e
a
con
tact
stru
ctu
re
!
^
d
!
6=
0
o
n
S
M
:

[M
ercu
ri
'77]
T
h
e
critical
p
oin
t
th
eory
for
th
e
closed
geo
d
esics

p
rob
lem
;
K
lin
gen
b
erg

T
rian
gle
In
eq
u
ality

C
h
a
n
g
-W
a
n
K
im
,
J
u
n
e
3
th
,
2
0
0
2
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M
in
k
o
w
sk
i
sp
a
c
e

F
is
called
R
iem
an
n
ian
if
g
ij (x
)
=
g
ij (x
;y
)
are
in
d
ep
en
d
en
t
of
y
:

F
is
called
lo
cally
M
in
kow
sk
ian
if
g
ij (y
)
=
g
ij (x
;y
)
are
in
d
ep
en
d
en
t

o
f
x
:

T
F
A
E

(1
)
L
o
cally
M
in
kow
sk
ian
sp
ace

(2
)
R
=
P
=
0;
u
n
d
er
C
h
ern
con
n
ection

(3
)
[Z
ad
eh
'88]
R
=
0
a
n
d
su
p
x
2
B
(r
) jAj
=
su
p
x
2
B
(r
) jr
vert Aj

=
o(r)
as
r!
1

C
h
a
n
g
-W
a
n
K
im
,
J
u
n
e
3
th
,
2
0
0
2
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S
p
a
c
e
s
o
f
c
o
n
sta
n
t
c
u
r
v
a
tu
r
e

A
ll
o
f
sim
p
ly
con
n
ected
com
p
lete
R
iem
an
n
ian
m
a
n
ifold
s
w
ith

co
n
stan
t
section
al
cu
rvatu
re
K

are
isom
etric
to
E
u
cld
ean
K
=
0,

sp
h
ere
K
>
0,
or
h
y
p
erb
olic
sp
aces
K
<
0;
C
arta
n
,
H
op
f.

Z
a
d
e
h
T
h
e
o
r
e
m

'8
8

L
et
(M
;F
)
b
e
a
com
p
act
F
in
sler
m
an
ifold
w
ith
con
stan
t

ag

cu
rvatu
re
R
.

(1
)
If
R
<
0
;
th
en
F
is
R
iem
an
n
ian
.

(2
)
If
R
=
0
;
th
en
F
is
lo
cally
M
in
k
ow
sk
ian
.

T
h
e
n
on
-R
iem
an
n
ian
R
=
1
ex
am
p
les
con
stru
cted
b
y
B
rya
n
t
'97

a
n
d
B
ao-S
h
en
'01,
Y
im
-K
'01,
F
ou
lon
'02
.

N
eg
a
tively
cu
rved
m
an
ifold
s;
F
ou
lon
'97,
B
olan
d
-N
ew
b
erger
'0
1,

In
ka
n
g
K
im
'01,
C
olb
ois-V
erov
ic
'02

C
h
a
n
g
-W
a
n
K
im
,
J
u
n
e
3
th
,
2
0
0
2
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M
e
a
n
T
a
n
g
e
n
t
C
u
r
v
a
tu
r
e

L
et
F
x
d
en
ote
th
e
restriction
of
F
on
to
T
x M
.
W
h
en
F
is

R
iem
an
n
ian
,
(T
x M
;F
x )
are
all
isom
etric
to
th
e
E
u
clid
ean
sp
a
ces

R
n

.
F
or
a
gen
eral
F
in
sler
m
etric
F
,
h
ow
ever,
(T
x
M
;F
x )
m
ay
n
ot

b
e
isom
etric
to
each
oth
er.

L
etf
e
i g
ni=

1
b
e
a
lo
ca
l
b
asis
for
T
M
:
P
u
t

B
x
(1
)
:=
fy
=
(y
i)
:
F
(y
ie

i )�
1g.
L
et
B
n
(1)
d
en
otes
th
e
sta
n
d
ard

u
n
it
b
all
in
R
n
.

D
e�
n
e
th
e
m
ea
n
d
isto
rtio
n
�
: gT
M

!
(0;1
)
b
y

�
(v
)
:=
vo
l0 (B
n
(1))

vol0 (B
x
(1))

1

q
d
et(g
vij )
:=

�
(x
)

q
d
et(g
vij )
:

T
h
e
m
ea
n
ta
n
gen
t
cu
rva
tu
re
H
: gT
M

!
R

is
d
e�
n
ed
b
y

H
(v
)
:=

dd
t �
ln
�
(
_v (t)) �jt=
0 :

C
h
a
n
g
-W
a
n
K
im
,
J
u
n
e
3
th
,
2
0
0
2
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G
e
o
m
e
tr
ic
M
e
a
n
in
g
o
f
M
e
a
n
T
a
n
g
e
n
t
C
u
r
v
a
tu
r
e

(i)
T
h
e
m
ean
tan
gen
t
cu
rvatu
re
H
(v
)
m
easu
res
th
e
a
vera
ge
ch
a
n
ge

o
f
(T
x
M
;F
x
)
in
th
e
d
irection
v2
T
x
M
.

(ii)
H
=
0
for
F
in
sler
m
an
ifold
s
m
o
d
eled
on
a
sin
gle
M
in
kow
sk
i

sp
ace.
In
p
articu
lar,
H
=
0
for
B
erw
ald
sp
aces.
L
o
cally

M
in
k
ow
sk
i
sp
aces
an
d
R
iem
an
n
sp
aces
are
all
B
erw
ald
sp
aces
.

(iii)
F
or
a
lo
cal
sm
o
oth
d
istan
ce
fu
n
ction
�
;
�
�
=
�
�
+
H
(r
�
);

w
h
ere
�
�
an
d
�
�
d
en
ote
th
e
L
ap
lacian
of
�
w
ith
resp
ect
to
F

a
n
d
g
r
�;
resp
ectiv
ely.)
B
ish
op
-G
rom
ov
volu
m
e
com
p
arison

w
ith
a
n
ex
tra
con
d
ition
.

V
�
;�
(r)
:=
vo
l0 (S
n
�
1) Z
r

0

e
�
ts

�
(t)
n
�
1d
t;

w
h
ere
s
�
(t)
d
en
otes
th
e
u
n
iq
u
e
solu
tion
to
y
0
0

+
�
y
=
0
w
ith

y
(0
)
=
0;y
0(0)
=
1.

C
h
a
n
g
-W
a
n
K
im
,
J
u
n
e
3
th
,
2
0
0
2
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B
ish
o
p
-G
r
o
m
o
v
V
o
lu
m
e
C
o
m
p
a
r
iso
n
T
h
e
o
r
e
m

[S
h
en
'9
7]

L
et
(M
;F
)
b
e
a
com
p
lete
F
in
sler
m
an
ifold
.

1
.
If
R
ic
M

�
(n�
1)�
;jH
j�
�
;
th
en
for
all
x2
M

an
d
for
an
y

0
<
r
<
R
w
e
h
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