KAHLER FIBRATIONS
and
CoMPLEX FINSLER GEOMETRY]

Tadashi Aikou

In this talk, we shall investigate complex Finsler geometry from the view
point of Kahler fibrations. If a convex Finsler metric F' is given on a
holomorphic vector bundle 7z : EE — M, then its projective bundle
mpg) © P(E) — M is a Kahler fibration with the pseudo-Kéhler met-
ric Ilp(p) = v/ —1001log F. We shall investigate the flatness of the metrical
Bott connection DP®) naturally defined by IIpp), and the projective-
flatness of F'.
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Kahler Fibrations

M: connected complex manifold of dim¢ M =n

X: connected complex manifold of dim¢ X =n +r
7wy : X — M: holomorphic submersion

(24, -+, 2™ €L oo €7): local coordinate system on X

(2}, -+, 2™): local coordinate system on M

e Kahler fibrationny : X - M

:def ;

X, = 771(2): connected Kihler manifold with Kahler metric
II, = v/-100G,

The metric on X, is given by

5 8 oG,
<B§’ 55‘]—> = Gz}(z‘»g) - 85265]

(parameterized by z € M smoothly)



¢ Fundamental sequence

@-)Vx—?—)TX@)W;;TM—)@
where
Vx = kerdry (vertical subbundle)

e Connection

hy : 71Ty = Ty such that
Ty =Vy®Hxy

where

Hy = hy (ﬂ}lT M) (horizontal subbundle)

X, = hy (0/02%): horizontal lift

;defi

8 .0
Re = gpa ~ 2 Nage

N!(z,£): canonical connection

édef;

0*G

No=26 Oz29Em




e Bott connection D* associated with the canonical connection hy
DY . Vy >V ® Qk

gdef;

DYY =[X,Y)V, X€Hy, Y €Vy

I7,(2,€): connection coefficients
=

;. ON
15, = o

e Facts

Proposition 1
D% satisfies
dy (Y,Z) =(D*Y,2) +(Y,D*2)

Theorem 1

The following conditions are equivalent

(1) hy is flat  ( i.e., Hy is holomorphic and integrable).
h 0 o : i df.a ¢
(2) 0y =X 50 ®dz* (ie,N.=0) wrt. (z%¢)

(3) DY isflat (i.e., D* o D¥ = 0)



Finsler Vector Bundles

7g : B — M:holomorphic vector bundle of rank(E) = r
{U,sy = (s1,- -+, 8r)}: local holomorphic frame fields of E
(2%, £"): local coordinate on 75 (U) defined by {U, sy}

e Convex Finsler metric FF: FE - R

édef ;

(1) F(z,€) > 0, and F(z,€) = 0iff £ = 0
(2) F is smooth on E* = E\{0}
(3) F(z,A8) = [AI*F (2, €)

(4) F(z,€) is strongly pseudo-convex on each E,, i.e.,
O°F,

ociogi = °

Fi3(2,6) =

—> F,: Kahler manifold with
o 0
<8—§’5’ 5§> = Fij(zaf)

= 7 E — M: Kahler fibration with

Iy =+/—100F



e Non-linear connection

hg : 7T_1TM —Tg

<« d s, 9,
& (82“) T 0z ZN"‘(’?@ = %a
with :
1 m 8 F
No=2F Oz €™

¢ Special Finsler metrics

Definition
(1) (E, F'): flat (or locally Minkowski)

édef ;

Fi=F@)] wort (Uso).

(2) (E, F): Berwald (or modeled on ---)

idef;

hg : linear




¢ Bott connection D

0 s

DE — — t

Xaa§J eraagz
where ‘
; 6Ngl
Fja — (95]'

e Torsion T of D¥

édef ;

T = df* + Zw;- A G (§" : dual frame for Vg)

Definition

(1) R,3 = —X3N, = (integrability tensor for )

(2) Ri; = —ON, /O&

=
T =Y 0N Adz™ = ZRg[,dza A dz’ + ZRﬁY;dzo‘ A G

e Curvature 2F of D¥

—
NF =dhw+wAw=0"w

0

i 8Ra5 i B
joB = oI _ZRamRﬂf




e Facts

Proposition 2

(1) (E, F) is Berwald if and only if Rfﬁ =0
(2) If (B, F') is Berwald, then there exists a connection I'},(z) such that
N, =X I (2)€

(this connection I'},(z) is the Hermitian connection of a Hermitian
metric gp on F cf. [Ail])

Theorem 2(cf. [Ai6])

(E, F) is flat if and only if
E - i

(1) D® is flat, ie.,, R, 5 =0

or

(2) (E, F) is Berwald and its associated Hermitian metric g is flat.



Projective Finsler Bundles

Projective bundle p(g) : P(E) = E*/C* — M
Natural projection p : E* — P(F)
(E, F): convex Finsler vector bundle

— P(F,) = 7TE_D(1E)(Z)Z Kéhler manifold with

0 0 0% log F
dp | — — ) = —2= = G;
= 7pg) : P(E) — M: Kéhler fibration with
HIP’(E) =V —185 logF
( pseudo-Kahler metric on P(E))

e Connection
hlp(E) : Wﬁ(lE)TM — T]p(E)

def i

B(m) = L dp(Xs) ® dz°



e Projectively flat Finsler metrics
Definition

(E, F): projectively flat

édef ?

& log F .

=

F(z,8) =eBGe)| for  Fo(z) € C°(U)

e Fact

Theorem 3
(E, F) is projectively flat if and only if
(1) The Bott connection DP(E) associated wtih hpg) is flat, ie.,

_ QQO'(Z> 51
T 922978 7

T
Rj.3
or

(2) (B, F') is Berwald and its associated Hermitian metric g is projec-
tively flat.



¢ Some comments

Suppose that ITp gy = v/—100log F is a Kéhler metric on P(E), i.

~¥,5

O00log F = ( 0

0 . :
) : positive-definite

where
i F :R™ - 7 &k
F Z mk ]aﬂg g

(I) If (E, F)) is projectively flat

N
_ 1 82 ( ) me¢7 ek
!’paﬂ (Z é-)z nka s 55] 635
_ 1 mzky 0°0(2)
B F(z,ﬁ) ( mi 5) 022078
_ O%0(z)
020038

= Iy = =15 (~¥,4(2)) dz* A dz° : Kéhler metric on M

= Tp(E) (IP’(E},HP(E)> — (M, 1)) : Kahler submersion



(IT) Conversely, if mp(g) (IP(E), HP(E)) — (M, II)y) is a Kéhler sub-
mersion for some Kahler metric ITyy = v/=1% g,5(2)dz* A dz° on M

Vs = —9ag(2)

Ri5 = A,5(2,€)€ (MHpp) is integrable by Watson’s theorem)
= Asp = —9ap(2)
= R;QB = —9a3(2)0; — = R, R

If (E,F) is Berwald, i.e., RQ; =0

= R;a/@ = —g,5(2)0%: (E, F) is projectively flat

Theorem 4

Suppose that (E, F') is Berwald (in particular F’ is Hermitian) such that
IIpgy = v/—1001og F' is a Kahler metric on P(E). Then, (E,F) is
projectively flat if and only if mp(g) : P(E') — M is a Kéhler submersion
for some Kahler metric on M.
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Appendix

M: smooth manifold

M, = R7: tangent space at x € M
L:TM — R: Finsler metric
s

o (M| - ||,): normed linear space with

lyll, = Lz, y)

e (M., g.): Riemannian manifold with

0 0 &°F 1,
9z (b—yp@) = gz‘j(ib”,y) = B0y (F = §L )

(parameterized by x € M smoothly)



N ; Cartan’s non-linear connection
(= Ehresmann connection)

=

T(TM)=Yry & Hru

Horizontal lift ¢é(t) = (¢(t),y(t)) of a smooth curve ¢(t) in M

:def ;

dy'(t) da’

0+ e NG =0 (v =)

Parallel displacement P, : M. — M) (diffeomorphism)

édef

P(y) =y(1) (y=y(0))

==> P, preserves the norm for all ¢(t), i.e.,

“y”c(()) = ||Pc(y)”c(1)



Landsberg space|

< P.: (M), 9e0)) = (M), 9e1)): isometry for all ¢(t):

9e(0) (Ya Z) = gc(1) (Pc*(y)v PC*<Z))

= (ﬁXHg)V =0

Berwald space| (C Landsberg spaces)

> Pet (Meoys || Mleo) = (Meqays || - [l o)): isometry for all e(t):

1y = 2lle) = [1Pe(y) = Pe(2)ll )

< P.: Mo — M) linear for all c(t)
(———¢ (Lxug)’ =0, ie., Berwals spaces C Landsberg)

— there exists a Riemannian metric g on M such that

Ni(a,y) = L {ji}v* (o [S2])

Locally Minkowski space| (C Berwald spaces)

<= Berwald and the associated Riemannian metric g is flat

<= there eists a coordinate system (x!,--- ,2™) on M such that

Ni(z,y) =0 (<= L= L(y))



