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( Hoows “Bert Q,.A.Ctt MOLCL,CP) L%:’s H‘J )

Queshon Of» leka,l (R{cmc«.ww(am) geomc{w/

invariants 2| ivvanrents

loca) mehnc [ glo\oml +o,ac>logicap

(cera&wrc Louvwls) Ch omo+opy ”’)’P‘ )

1. Riemannian Cose

M"  n-dim’l Liff. mam'fau

g—x: T;M"T;M — IR Riemonnian mehic

d: MxM > IR Mstance

9”‘*’“"“: curves whach loCa”y MmO e ol shance

K= K(e)eR seckonal cuvvatuve 0"2'c M
controls Hhe mfcuctsimal behaviour of
3eodc>~'cs.

Rualifekve behanour:

K= | Ks-|

o <




A 5,‘w)y-—conmc‘u},, Comlalck, Riemonnion mows
wiHe constant sechondd coorvetuve K =1 s sowmehic

Yo the standovd sp\acvc.
Queskion (. Hopt): What happens, if K| 2

TOPONOGOY ) ‘
A simP\y—wv\.mck&, Campltk Ricmannian moavfold wrH

sechionad cuvvature ‘1’—_ <Ksg !l is komeow\owpl@c Yo
Hhe n-srlxew.

The pvoof uses the ichcklvﬂy vadius eshmale and Fhe
ToPomogov +V‘Caw8|c COmPaV{SOV\ theovem fw He conshuchoy

0} the homeomovpkl'sm.

KLUINGENBERG, '63 : A diyftm’t proof ms«img the t‘m‘jcckvﬂy
redius eshimake, Rauch comparison Hheorew ond Movse

theovy for the energy funchional on Hhe spoce of free [oops.
(this proof carvies over to the case of revevsible Finsler

metrcs ;. DARORD 768 ). This proof shows, +hat +he
mawttold s homobpy equcvalent to S




2. Non-reveryble Finslev mehees
Finslev e hac F.TM— lR;O s.t.
o) 'F/,'wﬂ = [&FLX), p>0
by F(X)=0 = X=0
c) SV(X‘Y): 1 9 FvesXetY) , %V ¥ Pm«'ch o%&'nik

L 9ot
s=t=0

1{, F(X) = Vg,()(, Y) 3 Riewmanvcan => %v=:3 %rv oll V.

:Dc?ivulh'on : Fov a cowLPogd: Frnslew mam?ced tHhe
TC,UWK‘\‘M‘.QQQ’
~ ~ -X

L= AMTF):= mm{———z((x)) ; XeTM, X#O}

7\,%! and 7\"! s Fis r‘cvw;&blc CSY\MW\AH\'C) N c.e.
F(x)= Fl=x) $ov ol X.

(non-symmw'c) dstance
’k?’(')' ‘1') = man { L(¢) | ¢ curve d‘o(m’vxg p omdg }

Eshmale
" j)-_ Q?’(P.?) < ﬁ(g,P) < ?—’&’CP,Q;)

Snw\w“w‘b‘w{ dA.A‘O.nCC
Apig) == {Dpg) + g, P
gw&m'w ’ocwuﬁ A AL ‘9’

ga% cwrvalure K(V;0)ER, (VE) Plug D+VEETM
connols the behaviour Of Jacob,; MJA



In conhrast 4o Fhe Riemannion case

Theve avcitmomy" (non-revershle ) Fonslr pehuaes
cﬁ, constonk Po;Cch feaj cuv-valuve

FunNk ' Qﬂ, BRYANT '3 . va‘jeckmxy ‘Feai'
BAO-SHEN '00, SHEN '01 ROBLES : Rendws +ypc,
net Pv-od'cctiw% ‘?eod:



Mc@w V‘C‘su.“s

L=L0(MF) : &Mﬁ)& oﬁ e shovhot closd Seo&m‘c
lvt(i, = I'KJ, (M‘F) 1 im‘fic“ivf‘y roduws

Length eshmoatc: Lek (MF) be a compact ancl
5€w\rly-covmcckol Fonsler wM{olc'. we K revevschs lﬂy A
and n= cLCm(M) =23. If, Hu flonj Cuvrvoluve Sa[«;‘sfcc:s

2

(";:':;) <K s|

then
Lz M'*’I) ) in z -

fh(am?'cs‘. Theve ave space fovms wite K= and
revevsihility A, suck that 2=‘Tf’(l+k)("wp%)
( KATOK SHEN )

SPHERE THEOREM A a\'mP\y—cowmcko[) com,:aot
Finsler mawifo\d of dmenkon N23 wHe
reuwsib(\i+y A, whox flo.a cuvvature :sah‘.sfx'es

(l-—;—\[—,'\)z <K<

1S homobpy ee;wlvoiw‘f to Hae n-SP\ac\rc

=1 revwnble Finaler metuic (DARORD ‘68)
(Kem (31) d,{%ukau\olc stcvc theoyem fvv

almost Rievmanvian Finsler mehacs



LM,SHQ eshvade 5ko+c|,-n__c>{- the ft_)vvo‘f

¢ o ©)— M s ageodles«'c, :F(C"')=| , ek

= sup {170 Hlc(0),clt)=t§ <eo

then clt)e C“t(f))' e g lb)is w cub Pomt and,
the cut Jocws CVJ:(P) 15 the umon 0)( cut points oﬁ

BCO&CSCCS 6+0urtt'w3 from p= C,(,D)
(since KS.))

If < then C,H;l) is not con‘juguk'-l'o P=C'(05 a’o?t?

4[;'1[0,{:,], henee theve s a second ment mod geodes«,

oLl — M| 0)=p,clt)=ct).

Ca

Q’ g=clt) =5l8)

p=c(0)=c,(0) c,
Nou) WSSt €<’!T,'(l+;{-_'). We &cf*’nc two :'nvcw{a,n{S:

\‘n&' = un {&(P)?) , g€ (M‘Z(P), pe M_g l_ﬂdt(:“tvvi'y voedius

P~

di= min i d'(P"})si'(’NP'?)“}(?'P))I geCuHP), PC—HS

Heuce

/N
o, oad
ey

pod2 g (+L)ing
For A=) fnj_=§,

Qs'ﬂ:(l*-;c) implies : There ave peM, g€lut(p), &(P,g)d\ﬁ



geovu,cﬁzica“)/i Let peM, (i,e(u{:(r), '&(F,L})()\C

Then there exist two wuvumad gqeodesic 2-gons

€3%C, , Cx%C, Lotth vertices prg and length 'Qd(f"-cf)
G

Ce

P %

<

The Minﬂ-(on of (zl\= min {d(’:.q) l quui(P)} tmplies
I{. p*, q* So.k:sfy: d = (i(p*,?*) ) (;*e GJ:(P) then one Of
the geodusic d-gons is smooth ot g*, i.c. it fovms a

Seodeséc \voF from P* (but the Pmof does not show that

ok forms @ closed Seodta{c)

Cs 3
) i C\
. » \/\

Hence : There ave P*, fefwf(,lp*) and o 3eo&c>{c looP T
wHa Y‘,‘i"!’*» y'(t,)=1* , Jcﬁ??’(p’,?*) ancl
Liy)=dd = L



dSince TC, M =0 we can OL\oosc (s 3 L\omo{‘o,o)»
Is€ QPM =19 LD,U = M} 3’(0)=6’U)=P, IEF'Picccw.Smomqq}
between 7= 7% and the Foivd: Cuvve ¥y=P.

We cen choose o homo‘-opy of moimed enevgy
= mayx E(dy).
v selo ] f
We clecem VL<12:'{“+JX§" This follows ‘fw:'m the
{o\lowinj 2 observalions:

* The Sedesic loor:s n S?PM ave the crikced Po{vu‘s of

the enevyy fuvxc‘-iovm‘ :

E:QM—R; ElE)=% ] Flowdt
0o

* From Rauch comparison one concludes | that o
Seo&m looP ¢ with L) ;T(’,(l-rji} has o
Movse - index indg(ﬁ') Z2n-l22 wwnce

| 2,
Kz()- )
(since o 3veai civcle on Ckéfltwc of covstant cuvvatuce
(l"‘ ﬁ\z hees length '_:L_L = '“'U+—;‘-'—) )
1S "
P;&m n Q'H:

criticad values (one ccm"Push" T below +he

E
TM{; cnhead valwe of 3coc;lw'c lvoFs




dince Q('!T’(l'f-'x) We can h‘fl: the L\omo’ropy a"s UL

the uPomwh‘aI map

WP, * :D.‘t,’== {XeT;,M | F<ey— M
which has maximed v‘omk , Since K<l. Hence theve
1S o hOW"°+°P)’

T 01— Dy Fi(0)= art‘;(l) =0

ity ) ~
¥s = Hpp© Us -
Bt sivice 'J"(.t) = a‘o(,l:)= wp, (¢ a"'lO)) $or ol
-bg'l?.’/:l:(x'w)) this is a contradichon .

:Proof of the s?l\wc thwrcm( skdcln)
c:S'—M closed Seo&c%c , Llc)z ™ (H-'x)
=> Morse indux inle(c.\ 2 n-|

Then the Movun'vxc?uo&ﬂ-ics show that e f—m
looP SPOLCE 'S (n~l)-—covmec&d and Llcmcn "H«c

mowuZGol& is (n-1)-connecked.




Exampic : o

(KATOK 33, 2ILLER (82)
stevdord R'Sf)bevc (52; g)
Killing field  V(xy,2)= (~y, x,0) = é-/ RLt) (x,y,2)

ol Iy
Cost -sint 0
R(t)= (Sin’l: Cost 0) Rotalion avound norl—f\,/oole
o o | )
Y A anjle t
g‘ l'}o: T*Sz—‘) R > Ho((‘j) = ’3’(3;3)

iy hawdiowian ff’ow ¢
*.2
31 T $—IR, 5((7)= g(‘/)
wi hoaomdfouian %faw' §t= R(é)*.
mf%lnc @ ?,uo.o[vah'c Homnlfoudan Zfe = z’ l*:

Hely) = H(y) + egly) | eclo)

weHa chcndvc-v‘vau.sforMaL{on Le : The%— TSZ

and corr(s,:o?nd«énj ‘:F;'n.s/w meha'c
F,oi= Hel

&

The Hows 3*’, 0 commute, since RIE) are somchics )
hence the hamcfonian fv’ow of He

Qljt = ?to gt




|

1f se R-@® then theve ane on,\y two Seow.zh«lcall/
deshnct closed 3eodxm‘cs Cj._Lt) =(cost, tsint,0)
¢
A Hawwltouian fwach'ovx OF Rocndrws ’ryf)c covm’wvxops
to & Fivsler e cf. Ran dews +y/>c
( HRIMIUC 5 SHIMADA '%) , Ln 3:0&0\4’(‘, )oc'low*
coovdinabes  (r,0)€ R x [0,20) of Hu shandlawel meluc:
P
He(r',e)')”’;z) = l/ Pf‘-i-_h__ + EPZ

T

Sinr
@ - o2l . 2 ° 2
F(r0 8 &)= V (1-sinr) &2 + sin'(r) g, — €S r g,
£ B )‘}p%z ‘ "_ £asx'nz¢‘ ) )

It {o“ows 'Fv-owz (SHEN '01) that :T-e hews constant
XXuﬁ cuvvature | .

Since L(,Ci) = v , A= L.E-E— the shovisf
lte ‘

closed %cod.w.‘c hos «wagL& L(c,r)

m

w(1+4).
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One can deive esiimales fmr Hee numboew
Vgr (3€0M6Mwﬂy dwobuack) dosd 3eo<ﬂw€w.

Defohion . For o closedd %w&w«'c c JWR
the querage ndw X = S M):M #C‘?‘ﬁ"fk'“‘lo"‘ﬂ@

M M mee m

CM/\d “M. wuan a.vwaﬁ_c \‘V\.dﬂ)(. —o-(c = Xe
LCc)

Theorme (R.'9%). 3¢ M hus ¥ ralional howiobopy
Ype of o sphat oV o Pv\?éld\)vt Spoe (owev C,H)
We W Hod M Fowslwr mdae (Hﬂ'—) e
0»&43 AL Wity clowd grodue (c 3Gy Gy )
Thewn %,:IQ?/J e R O&mzw |
) )
2_. w Z
¢ closedd grodhric
=0 )

AS 8 COVLS&%U\MUX,'.

Covvo'lmvl: a) Fov erery Finglr e o S%M"‘&
T<KE ) Hene ot b Toaok 2L guonasliceodlly
dotcdt clowd guodanen ( ik cwe vesowomd)

b) Fov evuy 'F?:M mlwe on Sov CP”

e K yé(_)zs K<

Huwe ant ok Lewdt Hwo g,wmlumﬂeg cohicch e[ mect
qrodncs.




