
aµ =
∂

∂xµ
. (1)

ηµν = aµaν. (2)

z2 = ηµνz
µzν (3)

ds2 = ηµνdxµdxν (4)

ds2 > 0 timelike

ds2 = 0 null (5)

ds2 < 0 spacelike

yα =
dxα

ds
(6)

ηαβy
αyβ = 1 (7)

ds2 = c2dτ 2 (8)

vα =
dxα

dτ
, ηαβv

αvβ = c2 (9)

(ω/c;~k), ~k · ~k = ω2/c2 (10)

bµ(τ) = Lν
µ(τ)aν (11)

(
∂

∂xµ
,

∂

∂yα

)
(12)
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(dxµ, dyα) (13)

dS2 = ηµνdxµdxν + ηαβdyαdyβ (14)

ηµν = ηαβe
α
µeβ

ν (15)

dxµ = yµds (16)

ȳµ = Y µ∗
ν yν (17)

Y µ∗
ν Y ν

λ = δµ
λ (18)

∂

∂yα
= Y γ

α

∂

∂yγ
(19)

hαβ = ηγδY
γ
α Y δ

β (20)

F 2 = ηµνy
µyν (21)

F 2 = gµν ȳ
µȳν (22)

gµν = hαβe
α
µeβ

ν (23)

gµν = ηγδb
γ
µb

δ
ν (24)

bα
µ = Y α

β eβ
µ (25)

Y µ
ν = Y µ

ν (xµ, yα) (26)
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gµν = Y σ
µ Y ρ

ν ησρ (27)

F̃ 2 = gµνy
µyν (28)

fµν =
1

2

∂2F̃ 2

∂yµ∂yν
(29)

∂Y µ
ν

∂yα
yµ = 0 (30)

F̃ 2 = fµνy
µyν (31)

E =
∂L

∂yµ
yµ − L (32)

L = F̃ 2 (33)

∂Y µ
ν

∂yα
yα = 0 (34)

gµ = aσY
σ
µ (35)

gµν = gµgν = aσaρY
σ
µ Y ρ

ν = ησρY
σ
µ Y ρ

ν (36)

ωσ = Y σ
µ dxµ (37)

dP̃ = aσY
σ
µ dxµ (38)

dP̃ = aσω
σ (39)
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dP̃ = gµdxµ (40)

d(dP̃ ) = aσdωσ = aσdY σ
µ ∧ dxµ (41)

d(dP̃ ) = aσdY σ
µ Y µ∗

ρ ∧ ωρ (42)

ωσ
ρ = dY σ

µ Y µ∗
ρ (43)

d(dP̃ ) = aσω
σ
ρ ∧ ωρ (44)

d(dgµ) = 0 (45)

ωσ
ρ =

∂Y σ
µ

∂xκ
Y µ∗

ρ dxκ +
∂Y σ

µ

∂yλ
Y µ∗

ρ dyλ

= Lσ
ρκdxκ + Bσ

ρλdyλ (46)

fµν = ηαβY
α
µ Y β

ν (47)

dfµν = ηαβ(dY α
µ Y β

ν + Y α
µ dY β

ν )

= fσρY
σ∗
α Y ρ∗

β (dY α
µ Y β

ν + Y α
µ dY β

ν )

+ fσρY
σ∗
α dY α

µ δρ
ν + fσρY

ρ∗
β dY β

ν δσ
µ (48)

= fσνω
σ
µ + fµρω

ρ
ν

= fσνL
σ
µκdxκ + fσνB

σ
νλdyλ

+ fµρL
ρ
νκdxκ + fµρB

ρ
νλdyλ (49)

dfµν =
∂fµν

∂xκ
dxκ +

∂fµν

∂yλ
dyλ (50)
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∂fµν

∂xκ
= fσνL

σ
µκ + fµρL

ρ
νκ = Lνµκ + Lµνκ

∂fµν

∂yλ
= fσνB

σ
µλ + fµρB

ρ
νλ = Bνµλ + Bµνλ (51)

δ

δxµ
=

∂

∂xµ
−N ν

µ

∂

∂yν
(52)

(
δ

δxµ
,

∂

∂yµ

)
(53)

(dxµ, δyµ = dyµ + Nµ
ν dxν) (54)

dfµν =
δfµν

δxκ
dxκ +

∂fµν

∂yλ
δyλ (55)

dfµν =
∂fµν

∂xκ
dxκ +

∂fµν

∂yλ
dyλ (56)

Fµνκ =
1

2

(
δfµν

δxκ
+

δfκµ

δxν
− δfκν

δxµ

)
(57)

Cµνλ =
1

2

(
∂fµν

∂yλ
+

∂fλµ

∂yν
− ∂fλν

∂yν

)
=

1

2

∂fµν

∂yλ
(58)

Cµνλ =
1

2
(Bµνλ + Bνµλ) (59)

γµνκ =
1

2

(
∂fµν

∂xκ
+

∂fκµ

∂xν
− ∂fκν

∂xµ

)
(60)

γµνκ =
1

2
(Lµνκ + Lνµκ + Lκµν + Lµκν − Lκνµ − Lνκµ)

(61)
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dvλ

dτ
+ γλµνv

µvν = 0 (62)

vµ =
dxµ

dτ
(63)

ηµνv
µvν = c2 (64)

d

dτ


∂F̃ 2

∂vµ


− ∂F̃ 2

∂xµ
(65)

Y µ
ν = δµ

ν −B−2
[
1− (1 + kB2)

1
2

]
BµBν (66)

Y ν∗
λ = δν

λ −B−2
[
1− (1 + kB2)−

1
2

]
BνBλ (67)

Bµ = Aµ +
∂Λ

∂xν
ηµν (68)

Aµ = −mc

e
vµ +

∂φ

∂xµ
(69)

gµν = ησρY
σ
µ Y ρ

ν = ηµν + kBµBν (70)

F̃ 2
K = α2 + β2, α = (ηµνv

µvν)
1
2 , β = k

1
2Bµv

µ (71)

Lλµν = B−2
[
1− (1 + kB2)

1
2

] [
Bλ

∂Bµ

∂xν
− ∂Bλ

∂xν
Bµ

]
(72)

+kBλ
∂Bµ

∂xν
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γλµν =
1

2
k

[
Bλ

(
∂Bµ

∂xµ
+

∂Bν

∂xµ

)]

+
1

2
k

[
Bµ

(
∂Bλ

∂xν
− ∂Bν

∂xλ

)
+ Bν

(
∂Bλ

∂xµ
− ∂Bµ

∂xλ

)]
(73)

Bλv
λ =

e

mck
(74)

dvλ

dτ
+

e

mc

(
∂Bλ

∂xµ
− ∂Bµ

∂xλ

)
vµ = 0 (75)

Fµλ =
∂Bλ

∂xµ
− ∂Bµ

∂xλ
(76)

k = 4κc−4 (77)

Y µ
ν = Θ

1
2δµ

ν +
[
1−Θ

1
2

] vνv
µ

α2 +
k

1
2Bνv

µ

α
(78)

Y ν∗
λ = Θ− 1

2δν
λ + Θ− 3

2

[
Θ

1
2 − 1

] vλv
ν

α3 −Θ− 3
2
k

1
2Bλv

ν

α
(79)

Θ = 1 +
β

α
(80)

gµν = Θ

(
ηµν − vµvν

α2

)
+

(
vµ

α
+ k

1
2Bµ

) (
vν

α
+ k

1
2Bν

)

(81)

F̃ 2
R = (α + β)2 (82)

Θ

(
dvλ

dτ
+ k

1
2αFµλv

µ
)

= 0 (83)
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k
1
2 =

e

mc2 (84)

Y µ
ν = Θ

1
2δµ

ν −Θ
1
2
vνv

µ

α2 (85)

+ Θ− 1
2


1 +


3− α2kB2

β2




1
2




k
1
2Bνv

µ

α
− k

(
β

α

)− 3
2

Bνv
µ

gµν =
β

α
ηµν − β

α3vµvν +
k

1
2

α
(vµBν + Bµvν) (86)

F̃ 2
W = 2αβ (87)

dvλ

dτ
+

α2k
1
2

β
Fµλv

µ = 0 (88)

β =
k

1
2mc3

e
(89)

F̃ 2
R = F̃ 2

K + F̃ 2
W (90)

Randers Kaluza-Klein Weyl

1. Electromagnetic gauge No Yes Yes
relation implied

2. k can be No Yes Yes
gravitational

3. e/m not in No Yes No
metric
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