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Flag Curvature K(z,y,V)
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Riccl scalar

Ric := ZK(CU:,y, EO&) — RZ'L
87
Ricci tensor Ric;;

(3F2Ric) ; ;= (597 Bp'kq?) i,
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Bonnet-Myers Theorem

Hypotheses:

e dim M =n

e ' forward geodesically complete

e Ric > (n—1)A > O

Cconclusions:

e Geods. of length > L)\ have conj. pts.

o diam(M) < %
e M IS compact

e 7(M,z) is finite
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Einstein metrics

Ric = A(x)

()

Ric;; = () 9ij
- Yy
o Ric = Ricy; %+ F

o RZCZJ = Ric 9dij + O( [ch]y,yy)

Bao 7



Randers metrics FF=a +

* o= Ayj()y'y’

e ,8 L= Ez(m)yz

F and g, positive definite

0

o] < 1
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Start with |u| = 1:

w2 —2veW + |W|2=1

Express |v| as P+ Q:

[W|cosf + \/|W|2c0328-|-{1—|W|2}

Use the fact F(v) = 1:

Homogeneity F(y) = F(Av) = A F(v):

Jwe W2+ y2 {1 - w2}
1— |W|2
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T he Shen Perturbation

New Riem. metric a:
(yoz){1— W2+ (yeW)(ze W)

{(1- WPy

Drift 1-form b:
_y ® W
1 — |[W|2

Strong Convexity:

o] = W] < 1
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Key *Tensors*

lie = [,'BCL

~F

curl = —db
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Randers metric has Ric = (n—1)K(x)

0

3 a constant ¢
such that the following PDEs hold:

Basic Equation

Lra=o(a-b®b) - (b@0+01D)

E(23) Equation

8 - _
——V-curl = (6°+16K) b+ 406 + 4 igcurl

n—1

Curvature Equation for Ric;;

+ {(n-1) (K—£50°) —-1-||cur|||2}az-j
+ (n—1) (K+16a )b b; — & curl®; curly;
— (n=1)3{0:0; + 0;; + 0]
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Example in dim 4

e Shen perturb the standard Rie-
Mmannian metric on the product
S2 x §2

e Use W := (8y,0), where 9y is tan-
gent to the latitudes on the first
factor S2

e The resulting Randers metric has
Ric =.1, but is *not* of constant
flag curvature.
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a:=sqrt((—2uy3xv—2uyvx3+2u2yzz4+2u2y2t4+4v2x212+2v2xzz4+2v2x2t4
+2w2x212+2w2y2t2+w2z‘2x4+w21‘2_)/4+2s2x2y2+2szxzzz+2s2y2zz+szzzx4
+s222y4+2uzzz+2uztz+uzz4+u2t4+2v222+2v2tz-i—vzz4+v2t‘"+2w2x2
+2w2y2+w23c4+w2y4+4212y2t2—4vayu—225tw+2x2vz-i-uz+v2+2y2u2
+2252+t2w2+2vzz?'t2+w2+sz+4112y2.22~1-2wz):zyz«}-4v2:c222+2uz:/:Zt2
+4uzyzzz1‘2+4vZchzztz—vayuzz—8xvyut2—-4xvyuz4——83cvyuzz¢f2
—-4):vyut"'+2x2y2vzzzt2+252x2-{~2szyz+sz,\:4+s2y4+2w2t2x2y2+2szzzxzy2
+2uzyzxzzzt2~l~2Jc2}/2v222+2Jc2y2v2t2+Jc2y2v224+x2yzv2t4+2uzy‘"zzt2

+2v2x4zz12—4zsthz—4zstwy2—22.sth4—4zslwxzyz—ilzstwy4

4
+2u2y4zz+2u2y4t2+u2y4z4+u2y4t4+2v2x422+2v2x4t2+v2x4z4+v2x4t
3 2
+2u2y2‘x222+2uz_v2x2t2+u2y2x224+u2y2x2t4+u2y2x2+x2y2v2—4uy Xvz
3
—4uy3xvt2—2uysxvz4—4uy3xvzzt2—2uy3xvt4—4uyvx3zz—4uyvx '

3.4
-2uyvx z —4uyvx3zzt2-2uyvx3t4+u2y4+v2x4)/(

(1 +z2+r2)2(1 +x2+y2)3))(1 +x +37)

B=-vx+uy
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3d Riemannian

e Conformal Weyl vanishes

Rk = Ric;k 951 — Ricy gk

gk Ricjp — gy Ricgy,
1

— 55 (9 951 — 911 9k)

e Plug iIn

R’LCZJ — )\gz-j = 2K 9ij

o Get

Rjiki = K (9ik 951 — 9i1 95k)
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