Colleen Robles, University of British Columbia

A SCHUR LEMMA FOR
EINSTEIN RANDERS METRICS

Colleen Robles,
University of British Columbia

Based on joint work with
David Bao,

University of Houston

June 7, 2002



Colleen Robles, University of British Columbia

RICCI CURVATURE AND EINSTEIN METRICS
The relevant quantities are
e the spray curvature, Kij = thhijkyk ;
e the Ricci scalar Ric, given by K', = Ric F? ;

e the Ricci tensor, Ric;; 1= [%Kss}yiyj :

DEFINITION: F' is Einstein if Ric(z,y) is a
function of x alone. Equivalently,
RiCZ’j — RZC(ZU)QU y

where g;; := 2(F?), iy

GOAL: Show Ric is constant for Einstein metrics

of Randers type, n > 2.

NOTATION: Randers metrics are denoted
F = a+ 3, where

o= Jas@wy . G=h)y
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SCHUR FAILS IN 2-DIMENSIONS

Consider a surface of revolution M C R3,

parametrised as

(W, ¢) — (flp)cos(V), flp)sin(d), g(p)) -

Shen perturb by W := €0y, €|f| < 1. The
resulting Randers metric F' = a + (3,

PR (L= ) (4 )
1 —e2f?

—eu f?
6 — 1 — ¢2 f2 ) Y= (u,v) S T(z?,go)M°

is Einstein, with Ricci scalar
_ 9(fi—rfg)
f (72 + )

a non-constant function of .
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THE RIEMANNIAN SCHUR LEMMA
Assume Ric;; = Ric(x)a;;.

All Riemannian surfaces satisfy this

condition. Suppose n > 2.

Trace on (7, j) to obtain

S = Ricii = Ric(x)n = /R\Ew —
The second Bianchi identity:
0=Ry jeu+ By ik + B wayy

Trace on (i,7) and (h,l):

2 - -
= =Sk — %k
n
= 0 = (n—2)9,

Whence Ric), = %SIk = 0 when n > 2.
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A FINSLERIAN OBSTACLE

The second Bianchi identity for a Finsler metric:
Ry sk + By e + By
= P By + Byl p s R+ By s Ry

where

s 1z s

The non-vanishing right hand side leads one to
expect the Schur Lemma to fail for general

Finsler metrics.
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SPECIAL TENSORS

Covariant differentiation by the Levi-Civita

connection of a;; is denoted by a vertical slash:

~

by
liez- j
curl;;

0;

7 i ~h
bi zi — bn?Y ij

bifj + bjli
bilj — bjli »

bh CUI‘lhz‘ .
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THE CHARACTERIZATION OF EINSTEIN RANDERS
METRICS F = o + (3

The Basic Equation

~

lieik = 0‘(C~Lz'k; B B ) b' Qk — Ek ‘9z
The Curvature Equation

/R\igz‘j = (&234—55)}%20(3:)

1 ~
— 70; curl” curlhk

h
— §curl scurly,;

—(n — 1){ (3&29 bib;

The E(23) Equation
curl” in = 2Ric(x) bi +

(n—1) {%02@ + 206; + %Curlhz-@h}
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MATSUMOTO’S IDENTITY FOR EINSTEIN
RANDERS METRICS: PRELIMINARY FORM

Matsumoto’s identity for constant curvature
Randers metrics, o(K + {-0%) = 0, may be
generalised to Einstein metrics:

n{1— bl o (K + f50%) + 2K =0,

Where K = ﬁRlC

Proof: The Ricci Identity for curl,;,
curlz-j|k|h — curlij|h|k = curly; R&-Skh + curl;, stkh :
Trace (i, k) and (h, ),

= curl”Ric;; =0.

curl”’ ils

=0

K1¥;

With the Basic and E(23) equations, curl”
yields the identity.
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A SCHUR LEMMA FOR EINSTEIN RANDERS
SPACES

ASSUME : F = a+ 8, ||b|| < 1, is Einstein with
Ricci scalar Ric = Ric(z). In particular, the

Basic, E(23) and Curvature Equations, and the
preliminary form of Matsumoto’s Identity hold.

CLAIM : The Ricci scalar satisfies Ricj;, = 0 for
n > 2.

STRATEGY: Apply the Riemannian second
Bianchi identity to the Einstein Curvature

Equation.
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2nd BIANCHI AND EINSTEIN CURVATURE EQS

0 = /R\IEZZ“{ — 2ﬁ\i€ik|i
— (26 — lie’; by) Ric + (n+ ||b]|> — 2) Ricy;
~9 Ric|5 b, — Curlijh.curljk
—% n curl” curly; |, + curl” curl;y,;
+(n—1) {% o2 (20), — lie'; by,) +
%Hﬂqﬂk + 50" (Or)s — i) +
%(9i|k|z' - eku i eililk)}
We need to understand:
(T1) —3 ncurlijcurlz-j|;_c + Curlijcurliku ;
(T2) 0", ,
(T3) 6" (Ok)s — b)) » and

(T4) (0%, +0," i — 0 p) -
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A FORMULA FOR CURLyj

At this point it is helpful to derive the following

identity:

Label this expression as (DC).

The displayed equality follows from the Ricci

identity for b and the definition of lie;;:

~ ~

biljk = bilk|j
bifkl; + bl
~brjily + b
~biyj1i — byl

~ ~

bjlkli = bjlilk

Eséisjk
liei;ﬂj
_Bséksij
—liekﬂi

NS ~

Summing the five equalities above and applying
the first Bianchi identity produces highlighted

equation above.



Colleen Robles, University of British Columbia

(T1): THE FIRST APPLICATION OF (DC)

With the previous formula for curl;
1"

j|x and the

skew-symmetry of curl” we may show

1

curl” curl;y; = eurl”curl; ;i -

Hence we may rewrite (T1) as

_1 ij g i .
5 ncurl”curl;;, + curl™curlyy;
1

2

—s(n—1) Curlijcurlij|/1C :

12
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(T2): A FORMULA FOR 6",

i
Notice that
i — 1

— Leurly,curl™

bh|7;curlhZ = %(hehi + curly; )cur 5

A calculation with the E(23) Equation reveals
'91|z = (5hcur1hi)|z-

— bh|z-curlh’ - bhcurlhzﬁ

— %curlhi curl™ + %(n —1)6;0"

—{2Ric + L(n—1)0?}|b|2.
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A SECOND APPLICATION OF (DC)

With the Basic Equation and (DC) compute

9k|z — 9,&“{ = (5jcur1jk)|z- — (5jcurlji)|k
— (%N)jlz.curljk + EjCU.I'ljk;H)

~

— (bj|kcurlji + 5j(3111“1jz'|k)

%(liej .+ curl’ Jeurl

— L/, + curl/ )curly;

B { — 20°(Risjk — Risji)
+ (liej; i, — liejg);)
— (liejg; — Hekﬂj)}

(BE)

—ocurly;

This formula for the skew-symmetric part of 6y,
will be used to compute (T3) and (T4).

14
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(T3): THE FIRST APPLICATION OF
9k|z — 92|k = —0CURLpg;

The term (T3) is given by :

9’(9k|z — 92|k) = a@i Curlz-k

15
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(T4): THE SECOND APPLICATION OF
Or)i — 0ijx, = —0CURLg;

The Ricci Identity for 6 implies
It follows that

= 9i|z-|,€ + 0'Ricy, + qurlik“ :

Now we see the last term (T4) may be rewritten
as

1 @ i _
5(9|k|z + 0 9|z'|k> =

1 i iR~ 1 i
5 0" + O Riciy + socurl'y;.
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FINALE

e Substitute the derived formulas for the terms
T1, T2, T3 and T4 into the second Bianchi

expression.

e After applying the Basic, E(23) and
Curvature Equations, and Matsumoto’s
Identity; and utilizing the expression for

Or)i — 0ix we have

= (n—2)(1 - [b]]*) Ricys

Hence Ric;, = 0, and Ric(x) is constant.

Q.E.D.

17
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COMMENTS

e Matsumoto’s identity for (y-global) Einstein

Randers metrics is updated to
o(K + %602) =0,

when n > 2. The identity now agrees with

the constant curvature version.

e The Einstein characterisation is essential.
The Finsler second Bianchi identity is not
amenable to a Schur type argument. The
characterisation allows us to by-pass the
Randers Ricci tensor Ric;; and work with the
Riemannian /R\EU and second Bianchi

identity.

e Open Question: Does the Schur Lemma hold

for arbitrary Finsler metrics?



