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What is good about tight
closure theory in equal charac-
teristic? Under mild assump-

tions on the ring it

(1) Proves that direct sum-
mands of regular rings are

Cohen-Macaulay
(2) Gives other local homolog-

ical conjectures, e.g.. it

(3) Proves that regular rings
split from module-finite exten-

S10NS

(4) Gives a generalized



Briancon-Skoda theorein
There are many other ap-

plications, including

(5) Gives comparison theo-

rems for ordinary and sym-

bolic powers of ideals in regu-

lar rings
But the definition is given

in char. p, and the char. 0

definition depends on reducing

to finitely generated algebras
over the rationals and then to

char. p.



We shall discuss several at-
ternpts to generalize tight clo-
sure to mixed char.: none has
succeeded completely. Betfore
discussing these closures, we
want to mention some very
important properties of tight
closure. For simplicity, and
because this case suffices for
most of the applications, we
focus throughout on what to
do for ideals in a complete lo-

cal domain.



(H ICI*= (")

2) I CJ=I"CJ"

(3) 1, ..., z, part of a s.0.p.
= (z1,...,2k) @ Tpr1 C
(1, ...,xk)" (colon captur-
ing)

(4) If R is regular, every ideal
is tightly closed

(5) S module-finite over R
mmplies ISN R C I*



We might also hope for:

(3°) 1, ..., x, part of a s.0.p.
= ([El, ,Tk>* D Tt ©
('2317 ﬂxlc)*

(6) Given I € Rand R — S,
[*S C (I15)" (persistence)

A finite R-free complex
0 -G, =& - — Gy = 0
1s sald to satisty the stan-
dard conditions on rank and
height if, with o, the matrix of
R =G, - G,_1 = Rbi-1,

and r; the determinantal rank



of a;, we have for 1 < 1 < n
that b, = r;, + r,_1 and
height I, (o;) > 1 (400 18

allowed, 1.e., the ideal may be
R). With “depth” replacing

“height” this gives an acyclic-
1ty criterion. For tight closure,

we have:

(7) If G4 satisfues the stan-
dard conditons on rank and
height then for all + > 1, the

cycles are in the tight closure

of the boundaries in G,



This i1s called the phantom
acyclicity criterion and may
be thought ot as a generaliza-
tion of colon capturing. None
of the attempts to construct
a theory with these proper-
ties 1n mixed characteristic
has been successful. In some
cases, properties tail. In oth-
ers, the theory might work,
but 1t is not known how to

prove this.

We’ll discuss:



(1) Solid closure

(2) Big C-M algebra closures

(3) Parasolid closure (H. Bren-
ner)

(4) Parameter tight closure

(5) Diamond closure (J. Velez
and H)

(6) (Full extended) plus and
full rank one closure (R. Heit-

mann)



Let (R, m, K) be a compiete

local domain of Krull dim d.
Then an R-algebra (or mod-
ule) S admits a nonzero R-
linear map to R it and only if
Hffl(:S) #+ (0. Such an algebra
1s called solid. A big C-M al-
gebra S over R (one such that
mS # S and every s.o.p. for
R is a regular sequence on S)
1s always solid. In char. p > 0
it turns out that © € I* 1ft

r € IS where S is a solid



R-algebra. Also, z € [* 1t

r € IS where S is a big C-M
algebra! Any condition in be-
tween “solid” and “big C-M”
also characterizes tight closure
in char. p > 0. Making these
characterizations into defini-
tions gives closure operations
in all characteristics. Thus,
one has solid closure and big
C-M closure. 1 conjecture that
there is a good extension of

tight closure to mixed char.
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iff big C-M algebras exist in

mixed char. I also conjecture
that the big C-M algebra no-
tion will give a good notion if

any good notion exists. How-

ever, 1t does not seem valuable
right now, because in mixed
char. we do not know that big

C-M algebras exist.

The solid closure, which 1is

bigger, has turned out to be

usetul, but there are difficul-

ties. In studying solid closure

11



there i1s a “semi-universal alge-
bra” S one may try to use
to force an element u 1nto

(U1, ...,uy)S: the generic

forcing algebra. Let X =
X1, ..., X, bevariables and
S = RIX]/(u— 2 Xiw).

/1—1

If there is any solid algebra T

such that u € (w1, ..., um)T
then S works, so that u &

(fi, oo fu)R) it HE(S) # 0
for this choice of S. Starting

here, H. Brenner, has shown

12



that tight closure agrces with
plus closure (soon to be de-
scribed) for homogeneous
m-primary ideals in homo-
geneous coordinate rings of
elliptic curves in positive char.
p > 0. His method brings the

theory ot vector bundles over

elliptic curves to bear.

However, in equal charac-
teristic 0, solid closure i1s defi-
nitely too big: a result of Paul
Roberts shows that in

13



R = Ql|x,y, z||, where =, y, z
are formal indeterminates,

r2y*2* is in the solid closure

of (z°,vy?, 2°)R. Thus, ideals

in regular rings are not solidly

closed in equal char. 0. So far
as I know, it remains an open
question whether ideals of reg-
ular rings are solidly closed in

mixed char., but the example

of Roberts tends to make one
pessimistic. Of course, it IS

natural to try to “correct”

14



by giving a notion like solid

closure in which solid alge-

bras have been replaced by
algebras satistying a stronger

condition.

H. Brenner has made an
effort in this direction as fol-
lows. If R 1s a local domain

of dimension d, the paraclass

assoclated with the s.o.p.

Ti, ....xq for R is the class
of 1/($1 - 'fEd) S HTd‘n(S) =
Serea) T4 Sy, where y, =

15



T Ti—1Tijs1 " Tp. O 18
cailed a parasolid algebra it
each paraclass that i1s non-
zero in H® (R) (they all are
nonzero in equal char.: in
mixed char., this is equivalent
to the direct summand conjec-
ture) is non-zero in H¢ (S). S
is called unwversally parasolid
over R (which need not even
be local) if for every map from
R to a local ring R', R’ ®r S

1s parasolid over R’.

16



The parasolid closure of I is
the smallest ideal .J O [ such

that if v € J.S in some uni-

versally parasolid algebra S
over R, then u € J. For this

closure it is true that ideals of

regular rings are closed. How-
ever, it 1s not known that a
module-finite extension of a
complete local regular ring

is parasolid over it in mixed
char.; which 1s problematic.

Of course, a parasolid algebra

17



over a complete local domain

is solid, and so the parasolid
closure 1s contained in the
solid closure. Paul Roberts’
example 1s not problematic in
this theory, but other dificul-

ties remailn.

I have proposed a different
modification of solid closure,
called parameter tight closure
which, again, is smaller than
solid closure, but agrees with

it in char. p > 0. One needs

18



to define a parameter-preserv-
ing algebra S over a com-
plete local domain R. The
parameter tight closure ot an
1deal [ 1s then the smallest
ideal .J O [ such that if S

1s parameter-preserving and
u € JS thenu € J. S is

parameter-preserving it every

5.0.p. In R 1s parameter-like
in S: this notion is defined by
vanishing properties of local

cohomology modules of some

19



auxiliary algebras, as follows.
Let To(S) = 7o be the quo-
tient of S by the ideal of all
elements of R whose annihi-
lator in R has positive height,
and define T;(S) = 7T; recur-
sively by the rule that 7;,1
is the quotient of T, /x; 11 7T;
by the ideal consisting of all
u such that dim Ru < d —

. + 1. Finally, 1, ..., xq 1S
parameter-ltke iIn S means

that T4 # 0 and for all 7,

20



0 <1¢<d-—1, the height ot
the annihilator of HE~*~Y(T;)
in R 1s at least » + 2.

This 1s technical, but the
condition implies that S 1s
solid, holds for module-finite
extension domains, and also
holds for big Cohen-Macaulay
algebras. It gives a notion
that agrees with tight closure
in char. p > 0. For this notion
it 1s true that if .S is module-
finite over R, then I.5 N R is

21



contained in the parame-

ter tight closure of I. How-
ever, we no longer know that
1deals of regular rings are
closed! On the third hand,

1t 1s at least true that the al-
gebra Paul Roberts used to
prove that ideals of regular
rings are solidly closed 1s not
parameter-preserving. It re-
mains open whether ideals of
regular rings are closed under

parameter tight closure.



Write g = p¢. Let 19 = (y9 :
y € I)R: it is generated by

g th powers of generators of [.
The original definition of tight
closure in a domain ot char.

p > 01is that v € I* if for
some ¢ # 0, cuP” € I'P"] for
all e > 0. Instead, one may
write v € I* if for some ¢ # 0,
cl/1y € TRY4 for all ¢ > 0.
However, weaker conditions
suffice. Let R™ denote the

integral closure of the domain

23



R in an algebraic closure of its
fraction field. It is unique up
to non-canonical isomorphism.
Write I for IRT N R, the
plus closure of I. Then [ C
[T C I* and it is possible
that I™ = [* always: Karen
Smith proved this for ideals
generated by part of a s.0.p.
H & H proved that u € I ift
there are elements ¢; # 0 of
RT of arbitrarily small order
(with respect to

24



some Q-valued valuation pos-
itive on the maximal ideal of
R) such that ¢,u € IR™ for all
7. This is quite a bit weaker
than what is asserted in the
definition of tight closure,

where the ¢, have the form

ct/4 for fixed c.

Both the original definition
and this apparently weaker
condition suggest various ways
to extend the notion to mixed

char. One idea, diamond



closure, explored by J. Velez
and H, is the following. In a
complete local domain R of

mixed char. p define u € ¢
if for some ¢ not in any min-
imal prime of p, cu™ € I{™

for all n > 0. Here, it I =

(fi, ..., fa)R and n qr

where g is a power of p and p

does not divide r, we denote
by I{™ the ideal of R gener-
ated by all elements of the

ai ad)

form q1 (f{" - -- 72 where

26



g = q1q2 18 a tactorization
of ¢ into powers of p and the
a; are nonnegative integers
whose sum 1s gyr. It 1s not
obvious, but it is true, that
this 1s independent of the
choice of generators for [.
This gives a notion that coini-
cides with tight closure 1n
cood cases in char. p > 0.
It yields colon-capturing re-

sults not obtainable by other

means, and it is significantly

27



smaller than integral closure.
However, it 1s not true that
1deals of regular local rings are
closed, and 1t i1s clear that this
1s not the “ideal” generaliza-
tion of tight closure to mixed

char.

More promising is the char-
acterization that says that
uw € [I* if there are non-zero
elements of arbitrarily small
order in R™ that multiply u
into IR™. Very significant



work in this area has been
done by Ray Heitmann. Note
that plus closure without “en-
hancement” won’t work to
capture colon ideals in mixed
characteristic, because in di-
mension 4 or more R is not
a big C-M algebra in mixed
char. So far as I know, 1t 1s an

open question whether R™ is

a big Cohen-Macaulay alge-
bra in mixed char. in dim. 3.

However, Heitmann has

29



proved the following remark-
able result: if R i1s a com-

plete local domain in mixed
char. and x, y, z 1s a system

of parameters, then for every
N > O, pl/N(<:E7 y> ‘R Z) C

(z,y)R™. This is initially
quite surprising, because p
itself is playing a role similar
to that played by ¢ # 0 in the

original definition of tight clo-

sure: in char. p, multiplying

by roots of p = 0 cannot be

30



helpful! Heitmann has also
suggested variant notions in

which the multiplier ¢!/¥ of

small order is only required

to multiply w into (I, p")R™
(full extended plus closure),
and a similar notion (full rank
one closure) where for every
rank one (Q-valuation v on
R™, for all € > 0 and for all
n > 0, there exists d € RT —
{0} with v(d) < € such that
du e (I,pM)RT.
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Heitmann’s result in dimen-
sion three yields the direct
summand conjecture, and I
have been able to use 1t to
prove the existence of big C-M
algebras in dim. 3 in a weakly
functorial form. In general,

if one can construct an alge-
bra that is “almost C-M” in

a certaln sense, one can ac-
tually construct one that is
C-M. E.g., suppose that R is a

complete local domain,

32



and that B is an extension do-
main that is a local R-algebra,
not necessarily Noetherian,
with a Q-valuation that 1s
positive on the maximal ideal
of R. Suppose that for every
S.0.p. T1, ...,xg0of R, it u &
B and zy1u € (21, ..., Tk)B,
then there are non-zero ele-
ments c; of arbitarily small
order in B such that cju €
(x1, ...,zr)B. (In this sense,

the z; are “almost” a regular

33



sequence in B.) Then R has a
big C-M algebra.

Heitmann’s theorem implies
that if R is a complete local
domain of mixed char. and
of dim. 3, then one may take
B = RT, with the elements
c,; of arbitrarily small order
being roots of p.
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