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NOTATION:

K a field

S=K<x1,...,20 > Or S = KQ.
S=50® 51 S5--- with

So = [I}’-1 K and S; finite dim’l over K

Here S; is the K-span of the monomials of de-
gree ¢ or the paths of length 3.

S generated in degrees 0, 1.
J=51050530P "

SO0 J =< 2z1,...,2p > Or J =< arrows of Q >
I an ideal in S with I C JZ2.

R=S/I and r = J/I.



Note that S has a Grobner basis theory: that
IS,

1. § has a multiplicative K-basis, B:; i.e., |if
b1,bo € B then bi1bo € B or bib> = 0.

2. There is an admissible order on B; i.e.,

(a) > is a well-order.

(b) if b1,b2,b3 € B and b1 > by then bib3 >
bobs if both not 0 and
b3zb1 > bzb, if both not O

(c) ifby,bp,b3 € Band by = bybz then by > bs
and by > b3.



We call (B,>) an ordered multiplicative basis.

1. §=K <z1,...,zn > with B = {monomials}.
Thus
R=K < zxq1,...,xn > /I with
I C<xq,...,2n >2,

2. §= KQ with B = {paths}

Note that if M is an Sg-Sg bimodule then,
the tensor algebra

S=Tg,(M)=S0® M® (M5, M) D
is a path algebra.

Thus K < x1,...,xzn > is a path algebra.



Graded algebras

If I can be generated by homogeneous ele-
ments of S, then R has an induced grading
from S.

In this case, write R=Rg® R{ P R>D ---.

Note that Rgp = [[}'_; K and
r=R;1®Ry®D---.

Graded R-modules have graded projective res-
olutions.

Whether or not R is graded, we will denote
R/r = S/J =[].1 K by Ro.

E(R) = @m>0EXtE (Rg, Rg), a ring via the Yoneda
product.

If M is an R-module,
E(M) = @n>oEXUE (M, Rg).

E(M) is naturally an E(R)-module.



Review of Koszul Algebras

Assume that I is generated by homogeneous
elements.

R = S/I is Koszul if Ry has a linear (graded)
projective resolution:

o> P25 Pt 5 PO s Ry 0

P™ generated in degree n.

Properties

1. I is generated in degree 2.

2. E(R) = Extph(Rg, Rg) is generated in de-
grees O and 1.

3. E(R) is a Koszul algebra.



. ROP is a Koszul algebra.
. T he Koszul complex is exact.

. If R=KQ/I, then
E(R) = KQ®P/ < I3 >.

. Ext*(—, Rg) : Mod(R) — Mod(E(R)) is a
duality on the category of Koszul modules.



I. D-Koszul Algebras

Joint with E. N. Marcos, Brazil, R. Martinez-
Villa, Mexico, and Pu Zhang, China

Assume that I can be generated by homoge-
neous elements.

R = Rog®R1®---is d-Koszul if there is a graded
projective resolution

---—>P2—>P1—>PO—+RO—>O
with degree

n=14' if n odd,
P = {
5d, if n even.

Although restrictive, there are many such al-
gebras. Introduced by Roland Berger.



Proposition 1 If R is d-Koszul with P2 gener-
ated in degree d, I can be generated in degree
d.

Theorem 2 If R = KQ/I and I is generated
in degree d then R is d-Koszul if and only if
E(R) is generated in degrees 0,1 and 2.

Proposition 3 If R is d-Koszul then
E®(R) = ©,>0EXxt?™(Ro, Rg) is a Koszul alge-
bra.



If R is d-Koszul, then

Ext°¥(Ry, Rp) - Ext°¥(Rg, Rp) = 0.

Regrade E(R):

E(R)o = Ext?(Ro, Ro)

E(R)1 = Extl(Rg, Ry) ® Ext2(Rg, Rp)
E(R)> = Ext3(Rg, Ry) ® Ext*(Rg, Ro)
In general,

E(R)n = Ext?" 1(Rq, Rg) ® Ext?"(Rg, Rg)



Theorem 4 If R is d-Koszul then E(R) (re-
graded) is a Koszul algebra.

Proposition 5 If R is d-Koszul then ROP s d-
Koszul.



There is a generalized Koszul complex:

Let V = R; so that KQ = Tr(V) where R =
- K.

We let V¢ denote ®‘1§DV.

G = span of a set of generators of I.
Gcvd

Let S°=R, S'=V.

For n > 2,
S" =

> V* RrG gV (dn/2)—d—i if n even
> Vi®rG @p V(dn-1/2)=d=i+1 if n odd

Note that S c Vdn/2 or gn c yad(n—1)/2+1



Q" = R®RQS“.
There is a natural d®: Q™ — Q"1
d"(Q_ AR W1® - ®vg, ) =

> (M1) @2 ® - ® vyl

or
d"(Q_A®[v1® - @ vg(n_1)/241)) =
> M1 ®-®v3-1)) ®[vg ® -+ ® Vvg(p—1)/2+1)

Proposition 6 (Q°®,d*) is a complex.

Theorem 7 Let R = KQ/I with I generated
in degree d. Then R is d-Koszul if and only if
(Q°®,d®) is a projective resolution of Ry.



Let G be a subspace of V¢ and let
I=<G>in KQ=Tg(V).

Then G+ c gdv*

Consider A = Tr(V*)/ < G+ >. This is a
graded algebra.

Theorem 8 (R.Berger) Keeping the above no-
tation, if R= KQ/ < G > is a d-Koszul algebra
then Ext™(Rg, Rg) is isomorphic to Adnjo if n
Is even and

Ad(n_l)/2+1 if n is odd.

We show that the “induced” algebra structure
from A is, in fact, the algebra structure of
Ext*(Rg, Rp).

There is a classification of monomial d-Koszul
algebras.



II. )-Koszul Algebras

Let I C J? be generated by elements of degree
d. Then R:Ro@Rl@“-.

ASSUME that there is an admissble order such
that I has a Grobner basis consisting of ele-
ments of degree d.

Consider a minimal graded projective resolu-
tion:

-——>P2—>P1—>PO—>RO—>O

Suppose there is a function

0 : N — N such that P" is generated in degree
6(n). We say R is d-preKoszul. If E(R) is
finitely generated, we say R is §-Koszul.

R is Koszul iff 6(n) = n.



R is d-Koszul iff

Are there any other s possible? What are
they? Is E(R) special for these §s?

We have 6(0) =0,6(1) =1, and 6(2) =d.

Suppose 0 < ¢ < d and d = r mod(c) with
O<r<c Noteife=1, r=1.

Let 6C,d(n) be defined by

1. 5c,d(0> = O75c,d(1) = 1, and
5c,d(2) = d.



2. For n > 3,
n=l(d+¢) - 253r, if n odd,

5c,d(n) =1
2d+252(c—r), if n even.

Note: if d = 2 (so ¢ =1 and r = 1) then
d1,2(n) = n. So we have Koszul is the same as
d1,2-(pre)Koszul.

Ifd>2and ¢e=1 and hence r = 1, then

n=ld, if n odd,

014=1{
sd, if n even.

We have d-Koszul is the same as §; g-(pre)Koszul.



Let R be a d-Koszul algebra.

A module M is d-Koszul if there is a projective
resolution

o P2 Pt PO 0

such that if n is even, P™ is generated in degree
dn/2 and if n is odd, P" is generated in degree
din—1)/241.

Theorem 9 If R is d-Koszul and M is a d-
Koszul module then

1. Extev*™(M, Rp) is a Koszul module over the
Koszul algebra Ext®™(Rg, Rp).

2. Ext*(M, Ry), after regrading, is a Koszul
module over (the regraded) Koszul algebra
E(R).



Theorem 10 1. Let R = KQ/I such that I
has a Grobner basis consisting of homoge-
neous elements of degree d for some admis-
Sible order. If R is 6-preKoszul then there
exist ¢,d, 0 < c¢ <d such that § = é.4.

2. For each c¢,d, 0 < c< d, there is a
oc,g-PreKoszul algebra RKQ/I such that I
has a Grobner basis consisting of homoge-
neous elements of degree d for some ad-
missible order.



Theorem 11 Let0<c<d andr=d mod(c),
O<r<ec. Then

1. If d = 2 and R is a 51,2—-preKoszu/ alge-
bra then E(R) is generated in degrees 0, 1.
Hence R is §1 »>-Koszul.

2. Ifd>1andc=1and R is a §; 4-preKoszul
algebra then E(R) is generated in degrees
0,1,2. Hence R is §1 »-Koszul.

3.If d > 1,c>1, and r =0 (i.e., c| d) and
R = KQ/I a é.q4-preKoszul algebra and
I with a degree d homogeneous Grébner
basis then E(R) is generated in degrees
0,1,2,3. Hence R is 61 >-Koszul.

4. Ifd>1c>1, andr# 0 and R is a 6.4~
preKoszul monomial algebra then E(R) is
not finitely generated. Hence R is not é. 4-
Koszul.



Questions: Can there other §s if I does not
have Grobner basis of homogeneous elements
of one degree? Can there be §-Koszul algebras
for new §s?



III. Quasi-Koszul Algebras and their Reso-
lutions

joint with Yuriy Drozd, Kiev

We now look at NONgraded algebras.

We keep the same notational conventions; i.e.,
S=K<zx1,...,0n>0r S=KQ

I is an ideal in S with I C J2
R=S/I.



Two Examples:
I R=K<z,y,z2z>/(z?—-23)

E(R) = ExtRh(K, K) is not a Koszul algebra.

O— R —> R3(wﬁ>’z)R—+K—+O

I R=K <z,y> /(zy — 23)

E(R) is a Koszul algebra

0R S 5 /7 RBEUWI B Lk Lo



Def: A K-algebra R is a quasi-Koszul
algebra with respect to an ideal r if

1. R/ris [[, K.
2. E(R) = Exth(R/r,R/r) is a Koszul algebra.

Grr(R) = R/r®r/r°®r?/r3@--- assoc. graded
with respect to the r-adic filtration

Def Let M be an R-module. We say a pro-
jective resolution, (P*,d®), of M is quasi-linear
if

1. each P"™ is finitely generated
2. d"(P™) Crpn!

3. the complex (Gr(P*®),d®) is a projective
resolution of the Grr(R)-module Gry(M).



Gre(M) = M/rtM &tM/t°M © 1°M/t3M & - - -
d"(z 4+ r*Pn) = d"(z) + rF+1pn-1

((rk—lpn N I.kpn—l N rkpn—l/rk-l—lpn—l
induces
rk—lpn/rkpn N I.kpn—l/rk+lpn—l))

Theorem 12 Suppose that there is a quasi-
linear resolution of R/r. Then

1. E(R) isisomorphic to E(Grr(R)). In partic-
ular, R is a quasi-Koszul algebra and EZ(R)
is isomorphic to Gry:(R).

2. If an R-module M has a quasi-linear reso-
lution, E(M) = Exth(M,R/r) is a Koszul
E(R)-module and E?(M) is isomorphic to
Grr(R).



If x € S\{O}, x:a:k+---+xk_|_r, where z; € 5,
and T # 0.

Set u(x) =z, t(z) = = — z.

Let F = {f;};,cz be a set of generators of I
(R=S/I)

H =< {u(f;)} >;cz- H is a homogeneous ideal
in S.

f=S/H=Tg®dlMNP--- —grading induced from
the grading in S.

There is a natural surjection ¢ : ' — Grp(R).
Not an iso in general:

EXR=K <z,y,z>/<F >, F={zy+23y?%}
H =< zy,y2 > and ¢ is not an iso.

> admissible order: deg-lex with deg(z) = 3,
deg(y) = deg(z) = 1.

F not a Grobner basis of I.



CONDITION (%):

For each f e F, Tip(f) = Tip(u(f))

Let Q@ = {u(f)}rer

Example above satisfies condition (x).

Theorem 13 Keeping the notations above, as-
sume that > is an admissible order on B, the
multiplicative basis of S. Assume that F satis-
fies condition (x). Suppose that F is a Grobner
basis for I with respect to >. Then

1. ©Q is a Grobner basis for H with respect to
>.

2. ¢ :S/H — Gr:(R) is an isomorphism.



Putting it all together:

S = SobS14- -+, S has an ordered multiplicative
basis B, > that respects the grading.

J =518 5 --- and S generated in degrees
o, 1.

I is an ideal generated by F C J2

Assume F satisfies condition (x); i.e., f € F
implies Tip(f) = Tip(u(f)).

H ideal generated by Q = {u(f)}scr-
r=5S/H.



Theorem 14 Keeping the above notation and
assumptions, if F is a Grobner basis for I with
respect to > and Q consist of quadratic el-
ements, then R/r has quasi-linear projective
resolution. In this case,

1. R is a quasi-Koszul algebra.
2. S/H ~ Grr(R) is a Koszul algebra.

3. Extp(R/r,R/r) ~ Ext*Grr(R)(R/r,R/r) is a
Koszul algebra.

4. E?(R) ~ Grr(R).



Two Examples:
. R=K <z,y,z> /(22— 23)

E(R) = ExtL(K, K) is not a Koszul algebra.

O— R —> R3(wﬁ>’z)R—>K—>O

F = {z? — 23} is NOT a Grdbner basis for
< x2 — 23 > for any order.



II: R=K < x,y > /(zy — 23)

E(R) is a Koszul algebra

0-RrR " 5 /7 RBE%RD p L g

Take > to be deg-lex with deg(z) = 3, deg(y) =
deg(z) = 1.

F = {xy—2z3} IS a Grobner basis for < zy—2z3 >
and Q = {zy} is a quadratic Grobner basis for
Grr(R).



QUESTIONS:

1. If F satisfies () but is not a Grdbner basis
for I, can ¢ : S/H — Gry(R) be an isomor-
phism?

2. Can there be quasi-Koszul algebras (i.e.,
E(R) Koszul) but R/r does not have a quasi-
linear projective resolution?



