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Point configurations

Which objects are the “same”?

Strategy: Use (S5 x AOj)-invariants, i.e.,
functions f: (R?)® — R with

F(PL, .. Ps) = f (9(Pr(1))s-- - »0(Prs)))
for all p € AO5, ™ € Sk.



Setting

G: linear algebraic group over K = K.
X: affine G-variety.
K[X]: ring of regular functions.

K[X]9 = {f € K[X] | f(g()) = f(=)
Ve € X, g € G}: invariant ring.

Problems:

e Is K[X]C finitely generated? (Hilbert's
14th Problem)

e Find generators.
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G: linear algebraic group over K = K.
X: affine G-variety.
K[X]: ring of regular functions.

K[X]9 = {f € K[X] | f(g()) = f(=)
Ve € X, g € G}: invariant ring.

Problems:

e Is K[X]C finitely generated? (Hilbert's
14th Problem)

e Find generators.

e Separating properties of invariants?

Proposition. Assume G reductive. Then
x,y € X can be separated by invariants iff

G.xNG.y=070.

|G| < oo = all orbits can be separated.
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Graph invariants

X =V = {K-weighted graphs with n nodes},
v rgG)

The symmetric group G = S,, acts on V by
permuting the nodes.
Suppose K[V]¢ = K[f1,...,fr]. Then

g,g € Visomorphic <  fi(g) = f;(¢") Vi.

Embeddable into V:

e unweighted graphs;

e oriented graphs (with modified Sp-action);
e discretely weighted graphs;

e graph of distances between n points.
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X =V = {K-weighted graphs with n nodes},
v rgG)

The symmetric group G = S,, acts on V by
permuting the nodes.
Suppose K[V]¢ = K[f1,...,fr]. Then

g,g € Visomorphic <  fi(g) = f;(¢") Vi.

Embeddable into V:

e unweighted graphs;

e oriented graphs (with modified Sp-action);
e discretely weighted graphs;

e graph of distances between n points.

PROBLEM: Calculation only feasible for
n < 5.



Distribution of distances

Idea: Use the distribution of distances.

Precisely: For Pp,...,P, € R™ set d;; ‘=
|P; — P;||? and form
Fp, ..p,(X):= ]I (X - di,j)-
1<i<y<n

The coefficients of Fp,  p (X) are invari-
ant under G := S, x AO,;,. Do they sepa-
rate G-orbits?
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Reconstructible n-point configurations

Definition. We call an n-point configura-
tion (P1,...,P) € (R™)" reconstructible if
for all (Q1,...,Qn) € (R™)™ with

Fp, . p,(X)=Fg, . 0,(X)
there exist ¢ € AO,(R) and w € S, s.t.

QZ:g(Pﬂ'(’I,)) for 1= 1,... , 1.

Theorem (77, M. Boutin, Ke): There ex-
ists a Zariski-open, dense subset S C (R™)"
such that all n-point configurations from S
are reconstructible.



Reconstructible n-point configurations

Definition. We call an n-point configura-
tion (P1,...,P) € (R™)" reconstructible if
for all (Q1,...,Qn) € (R™)™ with

Fp, . p,(X)=Fg, . 0,(X)
there exist ¢ € AO,(R) and w € S, s.t.

QZ:g(Pﬂ'(’I,)) for 1= 1,... , 1.

Theorem (77, M. Boutin, Ke): There ex-
ists a Zariski-open, dense subset S C (R™)"
such that all n-point configurations from S
are reconstructible.

Reconstruction from areas: The distri-
bution of areas a; ;. Of triangles spanned
by F;, Pj, Pk(1§i<j<k§n)i5
(Sn X SL%)—invariant, and again it separates
a dense open subset of all orbits.



Derksen’s algorithm (1999)

G: linearly reductive group, given as G =
V() Ig C K[t1,... ,tm].

X = V' linear representation, given by A =
(a’i,j)i Qq, 4 € K[t17 - 7tm]

1. Form the ideal

Ip = (Ig) ( Za”x]‘z—l

C K|z, y,t]

2. Compute generators f1,..., fr of
I:=IgNK|z,y]
(“Derksen ideal).

3. The R(f;(z,0)) generate K[V]C.
(R: K[V] — K[V]C is the Reynolds op-
erator.)



Separating invariants

Definition. A subset S C K[X]% is called
separating if for x,y € X we have

3 fe K[X]9: f(z) # fly) =
3 feS: flz)# f(y).



Separating invariants

Definition. A subset S C K[X]% is called
separating if for x,y € X we have

3 fe K[X]9: f(z) # fly) =
3 feS: flz)# f(y).

Problem: Find separating invariants.
Find description of

D= {(z,y) € X x X | f(z) = f(y) Vf € K[X]}.

Assume G reductive, X = V linear repre-
sentation.

Compute I := Derksen ideal. Form
Jo 1= (h(z,2),h(y,2)|h € I) C K[z, y,2]
and
J = JoN K|z, y].
Then
D =V(J).



Algorithm:

1. Compute the Derksen ideal I C K|z, y].

2. Form Jy := <h(£,z),h(£’§)‘hej> -
Klz,y,z].

3. Compute J := JoN K|z, y].

4. Produce homogeneous invariants f1,..., fs
until

7S\ (@ ~ AW, fo@) ~ ).




Algorithm:

1. Compute the Derksen ideal I C K|z, y].

2. Form Jy := (h(Lz),h(%g)‘heI) -
Klz,y,z].

3. Compute J := JoN K|z, y].

4. Produce homogeneous invariants f1,..., fs
until

7S\ (@ ~ AW, fo@) ~ ).

5. Set A:= K|[f1,...,fs] and compute the
normalization

B'=A
(de Jong's algorithm).
6. Compute the inseparable closure of B:

K[V]Gz {f € Kl[z]| f? € B, q a p-power}.
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