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Question: What is the simplest gate needed
to add to a classicaly universal gate set in order
to do universal quantum computating?

Def: A basis (set of gates) is universal if it
can approximate an arbitrary unitary (orthog-
onal) operator to an arbitrary precision, using
ancillas.

Toffoli 4+ 7



Thm:[Guttesman-Knill] A {CNOT, H}-circuit
can be efficiently simulated classically.

Question: What if changing H to something
else?

Known:[Barenco et al.] CNOT 4 all one-
qubit gates is universal.

A generic gate: Ry, 0 irrational multiple of m,
generates dense subgroup of SO(2).

Universal: CNOT 4+ any generic gate.

Question: How about adding R, /3, etc.?



Answers

Def: A gate is basis-changing if it does not
preserve the computational basis.

Def: The set of simple gates

S = {g : single-qubit, real, basis-changing}.

Thm 1: For VS, Se€ S and S? € S,
{CNOT, S} is universal.

Thm 2: For any S €S, {T,S} is universal.



Proof of Theorem 1

Idea: prove {CNOT, S} generates a dense sub-
group of SO(4).

Assume: S = Ry, where 0 ¢ %Z.

Construct Uq,Up,---,U; S.T.

(Uy) — SO(H1)

(U1,Uz) — SO(H>)

(U1,Up,---,U;) — SO(Hy) = S0(4)



Thm:[Kitaev] M: Hilbert space of dim > 3;
€) € M, and [€) # O;

H: stabilizer of R|¢);

If V€ O(M) does not preserve R[|£)],

Then H | V-1lHV generates a dense subgroup
of SO(M).



U:=[(S®9) A% [1,2]]°,
Eigenvalues and eigenvectors:

1: €1) = 5(]00) — |01) 4 ]10) + [11))

1 |&2) = =75°(~100) +101)) 4 <527(|10) — [11))
exp(Lic): |€3), |€a), where cos g = cos? 6.

Thm:[Wilodarski] If 6 ¢ Z7Z, and cos§ = cos? 6,
then either 6 or o iIs incommensurate with .



Proof for Theorem 2

Given: Rg € S, Ra, €
Output: Circuit C over {Ry,Tof foli} approx.
Ro. Le. V|E), s.t. ||&]| = 1,

1C 1€)|0F) — (Ral€))|0F)]| < e.

Step 1: Assume we have W, >:

W /210)[0%) = |8,,/2)[0%),

then done: if
Wao 1= a/Q'N'Wa/Q'JZ[l]a

then
Wal€)|0F) = (Ral€))|0F).



To do: approx. %, W, /».
Step 2: Approx. o by {Ry,T}.

Example: Have H and CNOT.

A(e®)[b)(|0) — [1)) = (=1)"b)(|0) —|1)).
Generalize to biased quantum gate:
1) 1= Ry ® Ry|01) =
sinfcosf(|11) — |00)) + cos? #|01) — sin? 6]10).

9)(|00) —[11)) — (=1)°[p)(|00) — [11)).

Decrease error: Use |i))®F,



Step 3: Creat |¢, /o) from |0).

Idea: Creat logical |¢, /o) = cos5|0) +sin 5|1),
then decode |0) — |0)|0%) and |I) — |1)|0F).

Ty = U_p[1] - A(6®)[1,2] - Up.
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Conclusion

Universal quantum computing:

Toffoli 4+ any single-qubit real gate that does
not preserve compuational basis;

CNOT 4 any single qubit real gate that does
not preserve computational basis and is not
Hadamard or its alike.

Comparison of two proofs:

1. via Kitaev-Theorem: efficent approxima-
tion; not intuitive.

2. via Grover’s algorithm: not efficient, but
intuitively simple and uses some tricks!
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