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A fundamental question in the information theory

Quantifying the randomness of a probabilistic source

source

ABCDBCDBCABCDBC....

source

AAAAAABAAAAACA....

J Compression (coding)
01001001...

J Decompression (decoding)

AAAAAABAAAAACA....

How many bits (per letter) are required to describe the sequence?



A fundamental question in quantum information theory
How many qubits (per system) are required to reproduce the state?
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l Compression (coding)

Source
Quantum / Classica |
Pure/ Mixed ‘ ‘ ‘ gubits
Scenario Decompression (decoding)

Exact / Almost exact
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How the optimal rates differ depending on scenarios?

How well can we manipulate various types of information?



sourcefpi;ig

ABCDBCDBCABCDBC....
L etters are distinguishable from each other.
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L etter states are indistinguishable.
(not completely distinguishable)




Distinguishability of the states of a physical system
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The two states are indistinguishabl e,
Thereis no way to learn the identity of the state

from asingle sample for sure, in principle.

The following task is forbidden.
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The outcome depends ons.
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Pure source and classical source source f Ps; 2‘59

Pure: Each letter state is pure. —

S
Ciphetates
010100...
Classical: Letter states can be copied.
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Pure & Classicalk — distinguishable
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Restriction arising from indistinguishability
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Pure & indistinguishable (pure & guantum) ¥ 7
010100..4~  Independent
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010100...
The outcome depends on s.

Classical & indistinguishable (classical & mixed)
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Different scenarios of compression

Hard

Variable-length
Faithful

Fixed-length
Asymptotically Faithful

Fixed-length
Asymptotically Faithful

Blind

Blind

Visible

1
Rg)pt)

AF
Ropt



Variable-length and faithful scenario Characterization of asource
fpi; 29

probability" \I etterlstate

| || — 0000 ——— | | with success probability (fidelity) 1.

coding L qubi tSdecodl ng
(length can be varied)

(Op)t : Minimum of expected length ML |

n-i.i.d. sequence

— 000000000

block coding L n qubits

gp)t Minimum of expected length per letter, L pl=n

By definition, RS O Réx O ¢ee Rey O ¢

optimal compression rate gpt) ¥ lim R(()rllg)t



Fixed-length and asymptotically faithful scenario

Characterization of a source
fpi; 29 <
probabil ity/v ™ |

letter state
n-i.i.d. sequence
— 000000000
block coding L n qubits
(fixed |ength) with success probability
(fiddity) 1° e

Requirement: “ Asymptotically faithful” nlirﬁ] en=20
(vanishing errorsin large block length limit)

Compression rate ¥ nl_i M Ln=N (How many qubits are used per letter?)

AF

Minimum of thisrate: optimal compression rate Ropt



Blind and visible scenarios

Characterization of a source
fpii 29 <
probability ™, [

|etter state
blind scenario
Ré‘pﬁperletter
0z, —— oceeeeeee — (i | i, iz]li,
visible scenario
_ _ _ _ | st per letter
I | I I T - - - :
12fshalb — eeeeeee — (i i;|isfis
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Thisis equivalent to directly preparing the state of the qubits.
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Different scenarios of compression

Hard

Variable-length
Faithful

Fixed-length
Asymptotically Faithful

Fixed-length
Asymptotically Faithful

Blind

Blind

Visible
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Ropt



Variable-length, faithful coding rR&)

more powerful more strict Opt
V.S

Fixed-length, asymptotically faithful coding Ropt

Repeating n-block variable-length coding for m times

-

| n | n | n | |

1 2 3 m

Expected length per letter is Rg?))t

Law of large numbers (n)
When m becomes large, length per letter is almost always close to Ropt

i :
Fixed-length, asymptotically faithful coding with rate Rgp)t

R(()p)t L Ropt

1
(()pt) U Ropt



Distinquishablecase  (Variable-length, faithful coding)

sourcefpj;ig e Kraftinequality

o : _ || = il

11 C(>1) length | glogz@p. % T 2int 2uR="p=1
Shorter code words ! ! |
for more frequent letters | nstantaneous code

° logp; O Iy < ° logp; + 1

1
Ropt < H(fpig) + 1
Applying thisto the n-i.i.d. case,
Ln < nH(fpig)+ 1

&)t) 0 H(fpig)

Shannon entropy



Different scenarios of compression

Hard

Distinguishablecase T Pj: 10

Variable-length
Faithful

Fixed-length
Asymptotically Faithful

Fixed-length
Asymptotically Faithful

Blind

Blind

Visible

N o

AF
Ropt
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Shannon entropy



The operations that do not disturb 49

Quantum cryptography
B
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' i Eavesdrop |
Compresson
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__________________________________________________

Teleportation
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Problem

Giveninitial statesfz9 | @ >
find the condition for the
allowed operations. @E — R

Tre[U(Z ° RUY = 2 8i

A principle that states what one can do, and what one cannot
do, without disturbing the given marginal density operators.



Principle
q(i;1)£/2(i;1
o2 5(1:2)
Zi =

q(i;3)£
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H="HY° H
M | N o |
» = q(u,l)z\gl) Z\f()
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Koashi & Imoto,
Phys. Rev. Lett. 81, 4264 (1998)
Phys.Rev. A 66, 022318 (2002)
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Examples H =" HY e HE) 7= gD o 5()
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Examples H=" HD o gD g = gDl o 5()
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M | I o |
b= e

ok

We know the contents of the box K.

Color: |

_ v 4(l) (1)
We can see colors, but cannot change colors.

We cannot open the box J.



Reduced ensemble

Original source T Pj; 240

e

Reduced source T 9j ; 88Q

______________________

-

___________________

We know the contents of the box K.
We can see colors.



Original source T Pj; 240 Reduced source  0j ; 88
| 1

Z“I = q(i;|)z\(i;|) o wll) freely
| J 2y <—> = v (Dl
% | q(' )z\g )

c I s
ompressibility of f pj; 2jgis equal to that of fpj; &89



Variable-length and faithful scenario Koashi and Imoto,
Phys. Rev. Lett. 89, 097904 (2002).

source E=f p. ) 2 0 Reduced source fpi; @g

. compress decompr E ?
' \QQQ //' '

__________________________________________________

L qubits
What do we mean by saying, “only L qubits are used thistime.” ?

“OK, therest of N-L qubits can be used in any other independent task.”

Information of L comes out of the compression machine.



Faithful compression machines |oreserve]c 3?9

Thi; &9 (i) L
& = q(' A N (I

— | _compress ecompr%s Ly %K
' \OQO/

v a(l) o I

Averag_edMstIajt(T)z\(l) 0= | i(]) OI(E)

- J
I

This machine can see colors, but

i cannot change colors.

This machine cannot open the box J.

The expected length WL 1 depends only on the statistics of colors, p(l)



A new source with distinguishable letters

fp(lj)ijlijig 151 o gmp®) <A bassot HY
p(1;1) = p(1;2) = ¢6¢= p(l;dim HY))
p(1; 1) + p(1; 2) + ¢6¢+ p(l; dim H ) = pO)

Pick up the color | with probability p(') f J ]

Choose ] randomly. 3 i

This source should be faithfully compressed with the
same rate as the original source E = fpj; 2,9

The rate should never be smaller than H (f p(l; ] )Qg)
RSL(E) O H(Fp(:j)9) = | c(E) + Dn(E)

Ic(E) ¥ H(fplg)
Dnc(E) ¥ Xl p()logzdlmH()



A particular compression scheme

M

7 =" pthaghe 2 2=" 020 2,
I

Measurement of | Postmeasurement state
The outcome follows probability p 25'”) ° &

Classical instanteneous code for fp';1g / discard

0000000000000 0O

° logp + 1 logdimH {? + 1

average O H(f pNg) + X| pMlog, dimH{’ + 2
= Ic(E) + Dne(BE) + 2



Variable-length and faithful scenario LM Do O
) A o K

source E=1p;; 49 ? 2=" pzf"e 2
2= M p(')Z‘S')° 2\(|);

| (E)*+ DNe(E) O RGH(E) O 1 ¢(E)+ Dnc(E)+2

Applying thisto the n-i.i.d. case,
| c(E)+ Dnc(E) U Ropt(E) U 1c(B)+ Dne(B)+2=n

RG(E) = 1c(E) + Dn(E)

lc(E) ¥ H(f p(l)g) Entropy of the color.
Dnc(E) ¥ 7 p(') logy dim H ; ()

Averaged size of the boxes



Fixed-length and asymptotically faithful scenario Koashi and Imoto,

Phys. Rev. Lett. 87, 017902 (2001).
A= q(i;l)z\gi;l)o 2\&) & fe = (.l)z\(ll)
|

Compressibility of f pj; 2igis equal to that of f pj; &0

Averaged state
By Schumacher compression, so= " p(|) ?(I)
fP;i; 270 can be compressed into J
s@ = H(pVg +" psEY)
=lc+ InC (qubits per |etter)

opt(E) O 1c(E) + Inc(B)



Asymptotically faithful compression machines |oreserve]c 939

f

by P :
& :IMI qg;l)?gl’l) compress decompr%s?
Averaged state \ oo //:

Dy s
&e |p 2‘\] \> OO

_ | AEORY)
- 0="%° Op
_| This machinelcannot open the box J.

This machine can see colors, but
@ __y cannot change colors.

as long asthe average
e > input stateis 8
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A new source with distinguishable letters

e=" p(l)z(JI) new source

diagonal e jisjig
agonalize il
2\9) = j Ci(l)jl;j ;) average state is &8

Pick up the color | with probability p(') JC J ]
_ |
Choose ] with probability Ci( ) J i

The states jl;] 1 should appear at the output asymptotically faithfully.

The machine can transfer H (f p(l)q(l)g) bits per letter of classical information.
The rate should never be smaller than H (f p(l) q(l)g)
E=1pi;Zg N
Ros(E) O H(fp)g ) = S(&8 = I c(E)+ Inc(E)

Ic(E) ¥ H(fplg)
Inc(E) ¥ ps(23”)



Gap between the two scenarios M Do ()
HA -_— H J H K

I
— . P = M (i o ()
source E=fpi;Zg 5 PR I
P = M p(|)?gl)o ?&I);
I

opt(E) = |C(E) + INC(E) Fixed-length, asymptotically faithful

opt JE) = I o(E) + DN(E)  Variablelength, faithfu

lc(E) ¥ H(f p(l)g) Entropy of the color.

| NC(E) ¥’ p(l) S(z\(l)) Averaged entropy of the box contents
Dnc(E) ¥ p(') logpdim H ()

Averaged size of the boxes

1), ° |
(()pt) Ré\pﬁ = p(')[logz dim HJ) S(Z‘( ))]
RS = RA%: |faII 2 commute.

This gap has the genuinely quantum origin.



Information defect

___________________________________________________

@ . compress Ropt W @ blind scenario

CompfeSS | est W @ visible scenario

__________________________________________________

Ie;ED ¥ S@)° - - piS(2)
Crey¥ Roni® legd Ic+ Inc® ILH N
=" mS@) | pUS(E) = piS@)

Averaged entropy of reduced letters.

Cpoy =0 if fogY areal pure.

¢ oy can benonzero even when f 889 commute.
(classical data)



Nonzero information defect: Example
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blind scenario Ré‘pﬁ = S(& =2

visible scenario logeld H(fpig) = 1



Nature of information and compressibility

_ classical
Information guantum
([Zi:2;]= 0
pure 1 1
E)pt) = RépF = legR g)pt) L RépF = leg
(S(&%) = 0)
. 1 1
mixed Rip’ = RAF 0 1eaRy 0 RAE D1 og
1
R(()pt) I:\)opt les
variable-length fixed length
faithful asymptotically faithful
blind visible

Koashi and Imoto, Phys. Rev. Lett. 89, 097904 (2002).



Distinguishablity and compression rates

L indistinguishable indistinguishable
distinguishable by noises by nonorthogonality

0 D(QDD
%

=
Very small errors are acceptable! |

I’ll give you theldentlty of each letter !

% %%




Restriction arising from indistinguishability

Pure & indistinguishable

S

—

i

010100...

The outcome depends on s.

Classical & indistinguishable
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Restriction arising from indistinguishability

Pure & indistinguishable

S

—

i

010100...

The outcome depends on s.

compression
decompressio

—
A

l

L

The outcome independent of s.

Faithful compression machines
cannot vary the length according
to the input.

Variable length coding doesn’t work.



Restriction arising from indistinguishability

Classical & indistinguishable

S

—

/C?MV

— g || —
L correlation
S 4,/"/
S » | COMpression :
decompressipn

Q |—

”//i’ndependent

Blind compression machines preserve not
only the original signals but also the
possible correlation to a broadcast system.




Conclusion

The compressibility of the source with indistinguishable
|etters depends on scenarios of compression.

There are at least two different kinds of indistinguishability, one
with quantum origin (nonorthogonality) and another with classical
origin (mixing). This difference shows up in the compressibility.



