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Distillable Entanglement

Optimization over all LOCC protocols

Asymptotic limit n- infinity

Input: Alice and Bob share many copies of amixed
entangled state.

Operations: Alice and Bob are allowed to use
L ocal Operations & Classical Communication (LOCC)

Qutput: The goal isto create maximally entangled states
(in the asymptotic limit)
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d-dimensional hashing/breeding

We need generalizations for:
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Generalization of Bell states

, Bell-states’
Phase index Addition modulo d

Bell states
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Generalization of C-NOT Gate
Controlled Shift

Controlled Not :> Controlled Shift

C-Shift [Horodecki D299]
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Fourier transform
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Bilateral M odified C-Shift-operation (MBCYS) acting on Bell-states
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Generalized Twirl
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First step of the protocol:

Alice and Bob maps an arbitrary state pto a,, Bell-diagonal state*



The main idea

Alice and Bob share n copies of the state p.
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Breeding protocol
with
LOCC&entanglement



SOour ce state
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target state

If phase index of target state is zero
> Source state stays unchanged



SOour ce state
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target state
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If phase index of target state is zero
> Source state stays unchanged




breeding

local operations
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Classical communication
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breeding

Unknown source states

Result of measuring the
target state
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breeding

Unknown source states

Result of measuring the
target state
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breeding
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Result of measuring the
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breeding

Unknown source states

Result of measuring the
target state
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breeding

Unknown source states

Result of measuring the
target state
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breeding

Unknown source states

Result of measuring the
target state
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Unknown source states
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Sequence of BCS and
MBCSis
characterized by a
vector
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target state
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guantum problem—=)> classical problem

quantumstate p > dclassical random variable {ij, A, |
distill p ——> identify S |
LOCC & entanglement :><§(Mu> =2.SM I




breeding

List of possible S
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Repeat until Sis known

How many measurements are needed ?
How many S are on thelist ?
How to choose M ?




How many S are on the list ?

033273475667

= B

485848483849
473847594874

485748473958
384758448570
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How to choose M ?

Choose M completely random !
Thisturns out to be optimal in the asymptotic limit.
In each step the number of codewords is reduced by afactor 1/d

breeding rate
E, (0)210g,d - S(p)

rate

log,d —log,Rank ()

Maximally entangled states for finite n
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d isprime (or power of a prime) I

b=alX modd a zol

The eguation has a unique solution for x if and only if dis prime.
This guarantees that Alice and Bob gain log d bits of information in every step.
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Way out:

Let thetarget statelivein prime dimension

n copies Extra entanglement
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Hashing protocol
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hashing

local operations
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Classical communication
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hashing
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Summary: Distillation

For d prime (or power of prime): LOCC protocol

For arbitrary dimension LOCC& entanglement protocol

hashing/breeding rate
E, (:0) 2 log, d —S(p)

For Rank(p)<d we get a positive rate for finite n.
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Further optimization
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Optimality for low rank states

Consider the (d-1) parameter family:

p= Alw)w| U, =y, |
|
barycenter is the only separable state
* and is nearest in RelEnt distance :

E, (p)—mftrp(logp—loga )
log, d = 3(p) = EREZE 2log, d —S(p)

:> The obtained rate is equal to
the Distillable Entanglement !




Distillable Entanglement
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Distillable Entanglement
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Irreversibility of Entanglement
Qo™ <= [o)e ™
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Vidal & Cirac: counter-examples !

For the whole (d-1) parameter family:

* [rreversibility Is generic !
 All reversible states are “pseudo-pure”




pseudo-pure

All pure state entanglement can
be extracted by a simple operation on a single copy.

Example:
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Entanglement cost
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Entanglement of formation
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> Entanglement of formation is equal to the
Entanglement of formation of aisotropic state

1_

1= |¢o )W)

f
-1




Ec~Ep Relative amount of undistillable
Entanglement contained in p
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Conclusion

Generalization of hashing/breeding
protocol

new class of low rank states
irreversiblility is generic



