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Pell’s Equation

Given a positive non-sguare integer d, Example:
find integer solutions &, Y of d=5
2_ B .p2 —
22 _ dy2 — 1 9 -5-4 1

Some history on this eguation:

o Lagrange (1768): there exists an infinite number of
solutions for each d

e First algorithm was found around 1000 years ago. The algorithm
computes the continued fraction expansion of /d.

* An early appearance of the equation: the cattle problem of
Archimedes (287-212 B.C.), with d=410286423278424 (15 digits).
Smallest solution in this case has 100,000 digits.
Eventually solved in 1880, but not by writing down 100,000 digits.



Specifics about the Solutions

 The nth solution x., y,, can be expressed in terms
of the fundamental solution =7 + ylx/_

To see that these are solutions, rewrite

— dy; = (zn + yn\/a) (zn — yn\/&)

Let zn + ynVd = (z1 + y1 Vd)".
Then Tn — yn\/f_l — (371 — yl\/g)n

(z1 +y1\/3)n’:z<z)$1y1 —Vdr

Therefore: product = 7 — dyg = (:1:1 dy2 " =1.



Examples of Fundamental Solutions

Input: d X - d * oy = 1
P - 8 * 12 =

192 - 10 * 62 =

102 - 11 * 3P =

7?2 - 12 * 22 =

6492 - 13 * 1802 =

152 - 14 * 4 =

2 - 15 * 12 =

98012 - 29 * 18207 =
17663190492 - 61 * 2261539802 =
1580706719862492 - 109  * 151404244551002 =

e = T T = =N

Finding asolution a + bv/d isnotin NP
because the solutions are too big to write down.



Computing Solutions of Pell’s Equation

» Goal: compute 21 + y1V/d ...but it isexponentialy large

* Instead, there are two compact representations

—Power product representation
(Lenstra) The answer to the cattle problem is

21 Ay /d = 28142175+ Vd)18(21844 Vd)10(21874Vd)20(434142V/d)°
LTve= 327752993120(2162+/d)18(4351+42/d)10

—The closest integer to the regulator R

R =log(z1 + y1Vd).
(Solutions of Pell are integer multiples of R)
» These two representations are polynomial-time equivalent

e The main point of thistalk isto find the regulator R.



Many Known Polynomial-Time Algorithms

» Given the closest integer to R, many things can be computed:

1) Power product representation of the fundamental solution
2) R to any precision
3) The least/most significant digitsof 27 + y1V/d.

» Given an integer, it iIspossible to test if it iswithin one of

amultiple of R.
Assuming the GRH, can test if within one of R.

* A reduction from factoring to approximating R.

 Polynomial-time computable function that is periodic with period R,
and is an HSP instance over thereals. (Description later)



Other Algorithms

* Running time of best classical algorithms

1/3

Factoring e n=logd

Compute R e’“l/ g

» The Buchmann/Williams cryptosystem exploits this gap to
Improve on security of RSA.



Definition of the Problem

Problem: Given afunction on the reals that has period R, find the
closestintegertoR. f(z) = f(z + R)

Approach: set up the following superposition and Fourier sample:

>ala, f(a))

What happens when the period is irrational ?
1) In general, evaluating f at integer points yields nothing.
2) If f isastep function, clusters of pointsis possible

Fres T f
R
There isagenera solution that works this way (Hales 2002).



Definition of the Problem

Problem: Given afunction on the reals that has period R, find the
closestintegertoR. f(z) = f(z + R)

Approach: set up the following superposition and Fourier sample:

>ala, f(a))

3) Inthistalk can compute the distance from the interval start

F T EEE
012 3 01 2

R
f(i) = (step value, labdl)
Adding these extra labels makes the function 1-1.



The Periodic Superposition

Measuring f gives a superposition with irrational period R.

Integers

Dotted lines separated by R
Amplitude is a a neighboring integer of each multiple of R.

Thisiswrittenas ».q4 |[aR])
where [aR] elther rounds up or down



Fourier Sampling Theorem (Hales, H.)

 Case 1. Repeated superposition of some arbitrary state o)
o) = 32y o)

T e e

e Case 2: Just |a) 5 l CF

F
a) .

Theorem: g> r? implies this diagram commutes.



Example: Shor’s Period Finding

In Shor’ s period finding algorithm, o) = |0).
0 0
‘H ‘H “ i ' I N Y/
(period g/r)

{ E;

o :

> L]

A superposition reflecting an irrational period is not quite the same...



Why Not Old Period Finding?

 Try to reduce to the integer case by approximating with rational
numbers i ‘ ,‘ , ‘ ‘ 5

J Use afiner grid to decrease the rounding

L ooks more like the integer case.

But, this is the same problem in disguise, just with alarger period!




What if the Period is Irrational?

O ER 2R (period g/R)

To get aworking algorithm with the above setup we must,
1. Teanalyze the distribution D induced

2. find anew way to compute R from samples of D



Analysis of D

a i a D
i i i lod g/R
5 . R (period g/R)
/pol
At c: e
) |[a,R]) Qe = ) q wleFle
Without the rounding, thisis just a geometric series
p—1 wac 1
o P— Z Wt — (straightforward
a—~0 wRC —1 (0] bOund)

Therounding is actually quite bad. To control it, only use samples
smaller than g/poly.



Analysis of D

a i a D
O ER 2R (period g/R)
Amplitude at cis|ae| = | 33; wlifile]
Without rounding: _
o, Rounding perturbs by 1/poly max
a

C




Proof Sketch of Lemma

Lemma: If ¢ < g/poly, measurecif . — Lk%]

Proof (sketch):
Pick worst case perturbation of points Opposite sides

. o cancel out

.
NV

Still have constant

fraction of ptsleft




Using D to FInd R

Recall the continued fraction expansion algorithm.
Input: x. Output: a sequence of fractions.

If a/b Is output, then a/b is the best approximation to X
with denominator at most b.

If the period is an integer r, samples are of theformc¢ = [k%]
k

Best roximation of £ = Lk%] IS &
P q q r

S0, the continued fraction expansion of g revealsr.

When the period isirrational, there is no reason for this
solution to work.



Using D to FInd R

* Given samples of theform ¢ = Lk%] ke Z.

 New method compute the ratio of the numerators of two
samples c and d.

c= k%] d=[1%]

% IS the best approximation of 6%with denominator at most |.
The continued fraction expansion of - produces% .

kq kg
Compute & = ——= ~



Summary: The Algorithm

e Quantum subroutine

— Fourier sample twice producing sampl e% c and d.

L e

> | I |

i iod g/R
5 o SR (period g/R)

« Compute the continued fraction expansion of C% to find %

k k
e Compute *4 — 4 -~
SRR T R



So where does this periodic function come from?

What about the cryptosystem?



The Bigger Picture

e Techniquesfor solving Pell’ s equation fitsinto the larger
picture of computational algebraic number theory.

 Much research has been done in thisfield.

* The basics were known to Gauss, e.g. how to compute in the
class group, defined using fractional ideals.

e |nthe 70’ s Shanks discovered a distance function on these
Ideals that led to much better algorithms.

* Thethree problems associated to these are solved in this work.



Polynomial-time quantum algorithms for:

1. Computing the regulator R.
This solves Pell’ s equation.

2. Computing the distance of an ideal.
This provides a test for whether an ideal is principal.

3. Computing the class group of areal quadratic number field.
Class group trivial iff the set of idealsisaPID.

4. Breaking the Buchmann/Williams cryptosystem based on
hardness of (2).

These (1-3) are special cases of the main computational problems
In algebraic number theory listed in Cohen’ s book.



Principal Ideals, Distances of ldeals

Input: d  Define aset of idealsinside thering Z[v/d]
I =aZ + b/dZ C Z[Vd = {a+bVd: a,b integer}
The ideals have real-valued distances 6 in [O,R):

I =oZ[Vd] (1)

~ In(a) mod R

Notation: [, istheideal to the l€eft of x.

Distances modulo R add approximately:

6(1; - I;) = 6(1;4;) 4

Epoly  IP = I, ac€Z



Computation with Ideals

Input: d  Define aset Sof idealsinside thering Z[v/d]

Facts about the computing with the idealsin S;

1) Exponential number of ideals | | |

2) Represented by a pair of integers ‘0 ‘2 ‘4 ‘ 5

3) Has areal-valued “distance” T T T

4) Multiplication of idealsis group-like:
- distances add approximately o - Io = I4 Or Is.
- abelian, but not associative!
5) Given areal number X, can compute ideal closest to x in poly time

l, 1, IT\IS I, |‘2 IT\IS

T
012345 [R R

R




A Periodic Function f on the Reals

Givend.
1) Injective on [O,R): Iy 1, I, g
| ‘64548 ||
T
[0,R) - Idedsx[0,R) » R
. f(¥)=(1,9)
2) Periodic on the reals:
I0 |2 I4|5 IO 2 |4|5 IO |2
|| N paee || .
L I
o1 2 - R R
X+R

T (x+R)=(l,0)

Theorem: f is polynomial-time computable



Discrete-Log Using ldeals

6) Computing R < computing the distance of an ideal.

| | | ] (Specified asa
‘o ‘2 T ‘ 5 pair of integers.)
L
O 1 2 3 4 5 R
Key Exchange [Buchmann, Williams ' 89]:
A B
Choosea € Z I Choose b € Z
a

>

Compute J® ~ [,

I

<

Compute I/ = I,

Key: I&b



Finding the Distance of an lIdeal (Sketch)

Discrete Log
Quadratic number field:

Z[Vd]
Given I, find x. r € R

f(a,b) = I&;:E—[-éfN
“H” = {(a | ~Naz)))

Finitefield:
Zip, g€NErator g
Given ¢’ findr.
f(a,b) = g*r="
H = {(a,ar)}

MINE|

(moa )

Computing f (a,b):
Dig— IT = [4s

a must be an integer
2laz - Iyyn = Lozt p/N



Decomposing Abelian Groups

Quantum Algorithms; Mosca/Cheung, Watrous
Given a set of generators g1, - - - , gn, find abasis, etc.

Arbitrary group element: g = g{1---g&", e1,...,en € Z
Algorithm:
1) Solve ahidden subgroup problem:

Z !612”'?6R>—> Z lelr"?eﬂ?(ﬁQ)

61,...,6*}’@[ 6}_}...,671

resulting in amatrix B for the set of group relations.

2) Classically compute the Smith normal form of B, which gives
the basis for the group.

Main |ssue If no unlque representatlve for agroup element
g—gl ger g =gyt g

g = ¢ inthegroup, but g, ¢’ aredifferent strings.
Need |¢Q> — |¢gf> «



Class Group of a Real Quadratic Number Field

Given d: T Fractiona ideals of Z[v/d]

— lI“> + [I“l>—|— Iﬁ>
IIU!!>

= I} + |I") 92)

= |Ig) + [I2)+|971)
[ 14) + |I5)

C Q(Vd)

I"

I m I mi

7 isan abelian
group under
multiplication

Cl=7Z/P

o

Reduced
— principal ideals




Decomposing Finite Abelian Groups

« Here: show how to create a superposition representing an
element in Cl.

Algorithm: given anideal |, compute|I) — |I) ~ |1} + |I")

1) Superposition over | N

distances from | | |
> 17)
2) Compute the ideal that
Isdistance| from |

3) Compute the distance of |; from |




Open Problem

 Find the unit group of a number field
— Pell isaspecial case of this, since it isonly one dimension

— In general, must find a basis for an n-dimensional lattice L
over thereals




