A Double Whammy Talk (@)

DARPA

Part 1. A Quantum Hidden Subgroup Algorithm
on the Circle:

Speaker: Sam Lomonaco

Joint work with Lou Kauffman

Part 2. Quantum Entanglement and Topology
Speaker: Lou Kauffman

Joint work with Sam Lomonaco




&This work supported by Defense Advance
Research Projects Agency (DARPA) & Air
Force Research Laboratory, Air Force
Materiel Command, USAF Agreement Number

F30602-01-2-0522.

 This work also supported by National
Institute for Standards and Technology
(NIST).



A Quantum Hidden

Subgroup Algorithm on
the Circle

Samuel J. Lomonaco, Jr.

Dept. of Comp. Sci. & Electrical Engineering
University of Maryland Baltimore County
Baltimore, MD 21250
Email: Lomonaco@UMBC.EDU 0

WebPage: http://www.csee.umbc.edu/~lomonaco @




Outline

* Preamble

*Fourier analysis on the circle

* A lifting of Shor’s quantom factoring algorithm
* The dual algorithm on the circle

* The corresponding discrete algorithm

Conclusion



Preamble



Hidden Algebraic Structure

.. Ambient
Definition. A map/ Group
Target
:A—S — Set
is said to have hidden algebraic Hidden
structure if there exist Subgroup

@ A subgroup K 0 of A, and

® An injection :A/K(p — S
such that the diagram

©
Hidden A — S
Natural

Surjection [N\, is commutative.
14 L )
A /Kq, — ] Set of Right

Cosets

If K 0 is an invariant subgroup of A, then
H = A/K  ——=— |Hidden Quotient Group|
% ©

isagroup, and V: A — A/K(P is an

epimorphism. : : :
Hidden Eplmorphlsm]




Shor’s Quantum factoring algorithm
reduces the task of factoring an integer N
to the task of finding the period P of the

function
7,

n

L ZmodN
B a" mod NV

Finding the period p is equivalent to finding the

subgroup PZ,

7, ,i.e., the kernel of @ .
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The Quantum Hidden Subgroup Paper
Shows how to create a

Meta Algorithm

Input Output

0 Meta
A5 Algorithm Alg(p
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In this paper we created a

Continuous Variable Shor Algorithm

Recall that Shor’s algorithm reduces to the
task of finding the period P of a function

¢:7 —» Zmod N

So a CV Shor algorithm should be a HSG
algorithm that finds the period P of a
function of the form

p:R - C
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Fourier Analysis
on the

Circle



The Circle as a Group

The circle group can be viewed as
A multiplicative group, i.e., as the unit circle

in the complex plane C
{emx %

27Tix‘ 27y

e e

R|

eZﬂi(x+y)

where R denotes the additive group of reals.



The Circle as a Group

The circle group can also be viewed as
 An additive group, l.e., as

R/Z =reals mod1

x+ ymod]l

where 7, denotes the additive group of
integers.



The Character Group

The character group ;] of an abelian group A4
is defined as

A= Hom (A,Circle)
={ x:A4 - Circle: ¥ a morphism)}
with group operation (in multiplicative notation),

X(“l +a2) :X(al)')((al)

or (in additive notation) as

X(al +a2) :/Y(al) +X(a1)



The Character Groups of Z and R/Z

*The character group of 77 is

7 {X cnet™  x R}= R/Z

 The character group of R/ Z is

R/Z {)(n:xHeZ”i”x:Id: Z}
{x,:x—>nxmodl:l] Z§ Z

7 = RIZ




Fourier Analysis on the Circle IR/Z

The Fourier transformof f :R/Z - C is
defined as the map

/_f\:Z — (C
given by

f ()= paxe™™ f (x)
The inverse Fourier transform is defined as

f(x)=Y ™ f(n)

nl 17,



A Lifting of Shor’s

Quantum Factoring
Algorithm



Needed

Mathematical Machinery

«Dirac Delta function J(x) onR /7

For P a non-zero integer, we will also
need on R /Z the generalized function

()= p 20 =)



Rigged Hilbert Space

. Hy,, denotes the rigged Hilbert space on
R /7, with orthonormal basis

{x):x0OR/Z} ,ie, x|y =0(x-y)

- The elements of H, ,, are formal integrals of
the form

(j)dxf(x)x>



Finally, let H, denote the space of formal
sums

<iann>:an CUl Z;

\ 1——00 y

with orthonormal basis

{‘n>n Z}




Periodic Functions on 7,

Let ¢ :Z, - C bpe periodic function with
hidden minimum period P .

Obpective:

Find P







« Step 3. Apply F 1

- stdxx>ZD:Ze_2”inx¢(”)>DHR/zD He
i x 3 5 o glnpan)

mUZ ng 0

P-1

@dx x>£,Zme_2mnlpxj Z e—Zm'nox ¢ (n0)>

ng 0

4‘>dx x)0, (x):z;; e g(n, )

1

( 1 -— =2 7Tinyx
\one ' ¢(n0)>j




e Step 4. Measure

with respect to the observable

A:quyLQQ”yxy

to produce a random eigenvalue m /() and
then proceed to find the corresponding 5/ P
using the continued fraction recursion.

(We assume () > 2 P*)




The Actual (Un-Lifted) Shor Algorithm

Make the following approximations by selecting a
sufficiently large integer () :

Z=7,={k0Z:€ Ik P}

¢ is only approximately periodic !



Run the algorithm in

H. H

and measure the observable

rir\
O=>» ——){—
%006




The Dual Algorithm on the

Circle



Rigged Hilbert Space

. Hy,, denotes the rigged Hilbert space on
R /7, with orthonormal basis

{x):x0OR/Z} ,ie, x|y =0(x-y)

- The elements of H, ,, are formal integrals of
the form

(j)dxf(x)x>



Finally, let H, denote the space of formal
sums

<iann>:an CUl Z;

\ 1——00 y

with orthonormal basis

{‘n>n Z}




Periodic Admissible Functions on R/ 7.

Letf :R/Z - C pe an admissible periodic
function of minimum rational period @ L1 Q/ Z

Proposition: If 0 = a, /dz with gcd(al,az) =1,
then 1/a2 is also a period of f :

Remark: Hence, the minimum rational period is the
reciprocal of an integer modulo 1.




e Step 0. Initialize

Step 1. Apply F'[]1

g =ddee™ " x0 =Pdx x 0

«Step 2. Apply U¢ :x>u>Hx>u+¢(x)>

W, = pdx x) P(x)



= ’;ZCJ‘)dx e ™ n) d(x))
’%:Znﬂj‘)dx e ™ @ (x))OHO Hg




m

Letting x = x ——, we have
a
m+1
a-1 a
@dx e—ZlTinx ¢(x)> — I dx e—271nx
m=0 m

1
a-l a —ZITin(xm +)
— a
= Idxm e
m=0
1
a—1 _27Tinm a
o e Idx e
m=0 0




2 mnm

But Ze a =gq

T
|

nlZ

nlZ

17

Any/

> n
> la

n =0moda

n =0moda

( j‘ dx o 27l

=5

Zn><j>dx o 27nx

1/a

j dx e—Z Jlinx

2 ta) Q(la),

‘a ifn=0moda

0 otherwise

#(x);

#(x),

(=)



«Step 4. Measure

with respect to the observable

A=) ninn

nl1Z

to produce a random eigenvalue ‘a



The
corresponding
discrete

algorithm



We now create a corresponding discrete
algorithm

The approximations are:

Z=7,={k0Z:€ Ik P}

¢ is only approximately periodic !



Run the algorithm in

H. H

and measure the observable

o, :jz;:kk><k



Conclusion

* Shor’s quantum factoring algorithm can be lifted to an
algorithm on the integers /.

*This lifting gives some insight into the inner workings
of the hidden subgroup algorithms.

 We have constructed an algorithm naturally dual to
Shor’s algorithm.

» Shor’s quantum factoring algorithm can also be lifted
to the reals [R, and to the compact circle R /.7,

* Lifted continuous algorithms can be used to create
new discrete algorithms.

* Implementation ?
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