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Preamble





Shor’s Quantum factoring algorithm 
reduces the task of factoring an integer  N
to the task of finding the period   P of the 
function

Finding the period       is equivalent to finding the 
subgroup                 , i.e., the kernel of     ....

mod
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n a N
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• Lomonaco & Kauffman, Quantum Hidden 
Subgroup Algorithms: A Mathematical 
Perspective, AMS, CONM/305, (2002).
http://xxx.lanl.gov/abs/quant-ph/0201095

• Lomonaco & Kauffman, A Continuous Variable 
Shor Algorithm, http://xxx.lanl.gov/abs/quant-
ph/0210141

• Lomonaco & Kauffman, A Quantum Hidden 
Subgroup Algorithm on the Circle, (in 
preparation).



The Quantum Hidden Subgroup Paper 
Shows how to create a

Meta Algorithm
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In this paper we created a

Continuous Variable Shor Algorithm

Recall that Shor’s algorithm reduces to the 
task of finding the period       of a function 

So a CV Shor algorithm should be a HSG 
algorithm that finds the period      of a 
function of the form

P
: mod Nϕϕϕϕ →→→→Z Z

P

:ϕϕϕϕ →→→→" #" #" #" #
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preparation).



Fourier Analysis 
on the 

Circle



The Circle as a Group

The circle group can be viewed as
• A multiplicative group, i.e., as the unit circle 

in the complex plane ####

{{{{ }}}}2 :ixe xππππ ∈∈∈∈ """"

(((( ))))22 2 i x yix iye e e πππππ ππ ππ ππ π ++++====iiii
where       denotes the additive group of reals.""""



The Circle as a Group

The circle group can also be viewed as
• An additive group, i.e., as

where       denotes the additive group of 
integers.
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The Character Group
A&&&&AThe character group of an abelian group  

is defined as 
&&&& (((( )))),A Hom A Circle====
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The Character Groups of   and            %%%%
•The character group of        is 

• The character group of            is 
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Fourier Analysis on the Circle /" %" %" %" %

The Fourier transform of                                is 
defined as the map 

given by 

The inverse Fourier transform is defined as

: /f →→→→" % #" % #" % #" % #
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A Lifting of Shor’s
Quantum Factoring   

Algorithm



Needed

Mathematical Machinery

•Dirac Delta function              on 

•For      a non-zero integer, we will also 
need on          the generalized function
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Rigged Hilbert Space

• denotes the rigged Hilbert space on            
with orthonormal basis

, i.e.,

• The elements of are formal integrals of 
the form 

/" %HHHH

/" %HHHH
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Finally, let denote the space of formal 
sums 

with orthonormal basis

%HHHH
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n

a n a n
∞∞∞∞

=−∞=−∞=−∞=−∞

    
∈ ∀ ∈∈ ∀ ∈∈ ∀ ∈∈ ∀ ∈    

    
∑∑∑∑ # %# %# %# %

{{{{ }}}}:n n ∈∈∈∈ %%%%



Periodic Functions on

Let                         be periodic function with 
hidden minimum period       .  

Objective:Objective:Objective:Objective:

Find

%%%%

:ϕϕϕϕ →→→→% #% #% #% #
P

P



•Step 0. Initialize

•Step  1. Apply 

•Step  2. Apply  
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• Step  3. Apply 1⊗⊗⊗⊗FFFF
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•Step  4. Measure  

with respect to the observable 

to produce a random eigenvalue and 
then proceed to find the corresponding           
using the continued fraction recursion.                 
(We assume )
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The Actual (Un-Lifted) Shor Algorithm

Make the following approximations by selecting a 
sufficiently large integer       :Q

is only approximately periodic !))))ϕϕϕϕ
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Run the algorithm in

and measure the observable
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The Dual Algorithm on the

Circle



Rigged Hilbert Space

• denotes the rigged Hilbert space on            
with orthonormal basis

, i.e.,

• The elements of are formal integrals of 
the form 
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Finally, let denote the space of formal 
sums 

with orthonormal basis
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Periodic Admissible Functions on 

Let                             be an admissible periodic 
function of minimum rational period  

Proposition: If                    with                           , 
then           is also a period of      .

Remark: Hence, the minimum rational period is the 
reciprocal of an integer modulo 1 .
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•Step 0. Initialize

•Step  1. Apply 

•Step  2. Apply  

0 0 0ψψψψ = ∈ ⊗= ∈ ⊗= ∈ ⊗= ∈ ⊗% #% #% #% #HHHH HHHH

1-1 ⊗⊗⊗⊗FFFF

2 0
1 /0 0ixdxe x dx xππππψψψψ = = ∈ ⊗= = ∈ ⊗= = ∈ ⊗= = ∈ ⊗∫ ∫∫ ∫∫ ∫∫ ∫iiii

" % #" % #" % #" % #( (( (( (( ( H HH HH HH H

: ( )U x u x u xϕϕϕϕ ϕϕϕϕ++++!!!!

2 ( )dx x xψ ϕψ ϕψ ϕψ ϕ==== ∫∫∫∫((((



• Step  3. Apply 1⊗⊗⊗⊗FFFF
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Letting                    , we havem
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But 

Thus, 
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•Step  4. Measure  

with respect to the observable 

to produce a random eigenvalue
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The

corresponding

discrete

algorithm



We now create a corresponding discrete  
algorithm

The approximations are:
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Run the algorithm in

and measure the observable
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Conclusion

• Shor’s quantum factoring algorithm can be lifted to an 
algorithm on the integers     .

•This lifting gives some insight into the inner workings 
of the hidden subgroup algorithms.

• We have constructed an algorithm naturally dual to 
Shor’s algorithm.

• Shor’s quantum factoring algorithm can also be lifted 
to the reals , and to the compact circle        .

• Lifted continuous algorithms can be used to create 
new discrete algorithms.

• Implementation ?
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