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Why semiclassical dynamics instead of quantum or
classical dynamics?

e semiclassical concepts and methods can provide a
more intuitive understanding than quantum dynamics

e semiclassical methods are supposed to overcome the

exponential scaling problem of quantum basis-set cal-
culations

memory | CPU time

QM (basis set) | ~ N/ ~ fNTF1
semiclassical ~ f* ~ 3 (?)

(quasi)classical ~ f ~ f

e semiclassical theory is capable of describing quantum
effects

— tunneling
— interference, recurrences
— conservation of zero-point energy

— nonadiabatic dynamics



Semiclassical Initial-Value
Representation (IVR)

(hyle H Rapy) = /dqqu,- (Wrlar)(arle ™) q;) (g| i)

Semiclassical Van Vleck-Gutzwiller propagator
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e involves boundary-value problem: ¢(0) = g;, q(t) = g

e transformation from final coordinate to initial mo-

mentum
> /de = /dpi

class.paths

BQf (p'ia Q'i)
Opi

results in a simpler initial-value problem

(| H/ P, _/ A Oqr o 1% sy
flé l¢%> — dg;dp; (¢f|Qt> ap_/(27”h) € (%l'/’z)

t
g = q(pi,qi;t)  S(pi,q) =[ dt'(pg — H)
0

advantage:

e initial value problem, no nontrivial root search

e noO singularities at caustics (i.e., zero of Jacobian is
in numerator rather than denominator)

Miller, JCP 53, 3578 (1970); Heller, JCP 95, 9431 (1992)
Campolietti, Brumer, JCP 96, 5969 (1992); Kay, JCP 100, 4377 (1994)



(M. F. Herman and £. Kluk, Chem. Phys. 91, 27 (1984))

e semiclassical propagator
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e pre-exponential factor
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e action

e Gaussian wave packet (coherent state)
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Quasiclassical methods

In quasiclassical methods, the expectation value of an ob-
servable (A)(t) = tr(p e*ftAe—*H?) is described by the clas-
sical phase-space average

W@ = [ T A mo(a0,po)

e dynamics is treated classically

e quantum mechanical nature of the initial state p is
taken into account, e.g., by the Wigner function

o(d0,p0) = / ds €% (g0 — 5/2]plg0 + 5/2)

e |low computational cost
e phase information is not included

e cannot describe quantum effects beyond very short
time and beyond the harmonic approximation



Semiclassical wavepacket dynamics

e Vibrational wavepacket dynamics in the electronic
ground state of I»
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e autocorrelation function  J(t) = (gopale *#|gapa) = [ gqs_?r&<qapa|QtPt)CteiS‘<qopoIqapa)
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Model for isomerization (hindered rotor) H =5; + W cos(¢)
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population

Model for isomerization (hindered rotor)
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H=ZL +W cos(¢)

To obtain a better description of the dynamics close to the torsional barrier one can use
the semiclassical propagator in the sense of a path integral

(yle H ) (yle  Hlze Hhiyy)
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Numerical problems of semiclassical
propagators Iin larger systems

Semiclassical Herman-Kluk IVR

| dgod |
(Ysle ) = (;21_)1;? (¥7lqpe) Cre™ (gopols)

e For a high-dimensional system the phase-space inte-
gration is usually done employing Monte-Carlo meth-
ods

e Oscillatory nature of the integrand results in poor
Monte-Carlo statistics (cf. 'sign problem’ in real-time
path-integral calculations). Therefore, many trajec-
tories are needed to achieve convergence

e In chaotic systems, the pre-exponential factor C; can
become large, thereby amplifying the oscillations of
the integrand

Methods to improve the convergence
e discard trajectories with large pre-exponential factor

e Smoothing of the integrand using filtering techniques
adapted from real-time path-integral methods

e Forward-backward methods



Numerical problems of semiclassical

propagators in larger systems

e autocorrelation function of pyrazine after photoexci-
tation to the S, electronic state
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Forward-Backward IVR for
Correlation Functions

Consider the generic correlation function
Cap(t) = tr [Ae'tBetH!]

Inserting the SC-IVR

. d odpo i
= [ b Cie aopol

we obtain a double phase space SC-IVR for Cy5(t)

dgodpo [ dqg dp

L5 (Posg0)— St(zfo,qo)l (poqolAlpsqé)(piqélB |peqe)

numerical problem: highly oscillatory integrand

Forward-Backward idea:

Combine the two propagators into one semiclassical time
evolution

Makri, Thompson, CPL 291, 101 (1998)
Sun, Miller JCP 110, 6635 (1998)
Thoss, Wang, Miller JCP 114, 9220 (2001)



Forward-Backward IVR

correlation function  Cap(t) = tr [Aetfl! Be iH!]

with local operator B(s(q)) = fdpsB(ps)eip.s(é)
semiclassical approximation for the unitary operator

U = ethezp.s(q)e—th

and stationary-phase approximation for the intermediate
integration gives

dgodpo

v 2m)N

|ghpo) Ce' (pogo|

_ dqod .
Cap(t) = / dpsB(ps) / (gir)p,f (pogo| Algopo)Ce'

action:

t 0
s = /0 dr(prir — H) + pes(ar) + / dr(pld. — H)
t

trajectory:
-—"’"__::} ) Q
o forward q0,p0 = qt,pt (1o *” P
g M.E Q£=Qt, P2=pt +ps;96—(i
e backward ! p} — qo, pPo ' |
Q;, Py — 40, P 9., P; 9, P,
advantage:

e a single (rather than double) phase space integral

e partial cancellation of forward-backward phase results
in @ smoother integrand



Semiclassical wavepacket dynamics

e Vibrational wavepacket dynamics in the electronic

ground state of I,
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Dissipative semiclassical
wavepacket dynamics

e Morse oscillator (corresponding to the electronic ground
state of molecular I3) coupled to a thermal bath:

2
im w2 ci(r —re)
2 7 G- mjw?

J

p2
H=1* +D(1_e—a(r—r,))2
2m

e spectral density:
2

— i cj . — - /c
J(w) = 52 mjwjé(w — wj) = nwe “*

e Quenching of the coherent structure as a function of
the coupling strength (ne = n/mwr)
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Wang, Thoss, Miller JCP 114, 2562 (2001)



e Quenching of the coherent structure as a function of
temperature after one vibrational period (t = 192 fs)

15

P(r)

S
L l 1 ] T

SC
- QC

P(r)

L I T I 1

P(r)

0

r(A)

e after 8 vibrational periods (¢t = 1600 fs)

4

3 —
s 2 ]
A -
1 =
0 YA

4 Li I T I LIS I T I T [ T [ i
3 . T=100K -
o = =
£ 2 nl - ]
1+ ! r =

) ol BT D BT B h

T I T l T | L] ] T ] T I g | T

T=300K

I]]]lll

P(r)
O = N W F°N



Recurrences in the dynamics
of an anharmonic oscillator

e Hamiltonian: H = 5’% + %31,2 + c323 + c4x?
e initial state:  |¢;) = |¢s = 1,p; = 0)

e observable:  (z); = (v;|e'Htze~Ht|y;)

0.5 ”*'9 Ezzgg F ﬂ ﬁﬂ ﬂ
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Damped anharmonic oscillator

e Hamiltonian:

2
H = —gm + Vo(z) + E L+ —mjw? (Qj - C’mQ)

N 2

2m 2 J
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e spectral density:
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Thoss, Wang, Miller JCP 114, 9220 (2001)



Generalized FB-IVR

Although the FB-IVR as a rule is capable of describing
quantum interference, it depends on the observable un-
der consideration if all interference that can be described
semiclassically is actually included in the calculation.

This problem is circumvented in a generalized FB-IVR
which as a function of a parameter can tune between the
full double phase space SC-IVR and the FB-IVR.

derivation: apply modified Filinov transformation to the
full double phase space SC-IVR

' dgodpo [ dAdA, ;

1
~ . ——Aq qu >,
X Co(po, qo; Dp, Dg)e 27" (p,q;| B|ptqt)

trajectory:
e forward qo,Po — qt, Pt
e jump G=q+ D pi=p+ Ly
e backward a4, Py — 4o, Po

Filinov parameter: cq,cp

® c4,cp — 0. double phase space SC-IVR
® cq,cp — 00: FB-IVR

o for finite ¢y, c, the GFB-IVR can combine the better
convergence properties of the FB-IVR and the capa-
bility of the SC-IVR to describe quantum interference
independent on the observable



average position  (g)(t) = tr [p et g e=H!]

Fourier representation g =1 [ dp,§'(ps) e

| 0 dgodpo ;
FB . ! 7 1S
t — —1 |: C € :|
(@)~ (1) B, / (2m)N (pogolplqoro) e
trajectory:
e forward qo,Po — qt, Pt
e jump q = aqt, Pp=pt+ Ps
e backward i, Py = 9o, Po

Since in this case the forward and backward trajectory
differ only by an infinitesimal small momentum jump, the
FB-IVR reduces to the quasiclassical expression

dgodpo

2n ¢ p(go, po)

(@ " ()

with (g0, p0) = [1~-3 (5= + 52)] pr(d0,P0)

e Husimi function  pr(qo,po) = (pPogo|plgopo)

e Wigner function  pw(qo,po) = exp[—%(ai;g + %%)]pﬂ(qo,po)
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The third-order nonlinear polarization induced by the laser
field is given by

P = /dt3 / dt, / dt; E(t —t3) E(t —tz —t2) E(t —tz3 —to — t1)

x S(3 (13,12, t2)

e laser field E@) = Zj’zl E;(t — ;) cos(g; — wjt)

e third-order response function

S®)(ts,ta,t1) = Str{p [[[p(ts + t2 + t1), u(t2 + t1)], u(t1)], u(0)]}
= 2 (Rilts ta, 1) — Bj(ts, 2, 11))
i=1

Rl (t37 t27 tl) = tr{p ethlp, ethQ‘u, eth3u €iH(t1+t2+t3)/1,}



Nonlinear optical response
of a Morse oscillator

S®(ts,t0,t1) = Str{p[[[ p(ts+t2+t1), p(t2 + t1)], n(t1)], w(0)]}
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Suzuka et al.

Chem. Phys. Ledl,
64 333 (1373)
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Hamiltonian

molecular Hamiltonian represented in a basis of diabatic
electronic states

H=T(p) + ) |#n)Vam(x)($n]

e T(p): kinetic energy operator of the nuclei

o V... diabatic potential matrix

Observables

e autocorrelation function after photoexcitation to the
S> electronic state

J(t) = (Wile " wy) (W) = |¢2)|vi = 0)

e absorption spectrum

INw) xw Re/ dt e!@te)t J(¢)
0

e population of the diabatic electronic states

Pi(t) = (Wile™g;) (pjle | wy)



Semiclassical description

Standard semiclassical methods cannot be applied directly
to nonadiabatic dynamics, because the Hamiltonian in-
volves discrete DoF (discrete electronic states) which do
not possess an obvious classical counterpart.

How can one incorporate discrete quantum
degrees of freedom into a classical theory?

“Mapping Approach”

discrete DoF — continuous DoF

Examples:
e Holstein & Primakoff (PR 58 (1940) 1098)

e Schwinger's theory of angular momentum (1965)
(see, e.g., Sakurai, Modern Quantum Mechanics)

spin system — harmonic oscillators



Mapping approach

discrete DoF — continuous DoF

[Sj, Sk] = iejuSi St =81 +1iS

S3|lsm) = m|sm) —s<m<s

e Schwinger’s theory of angular momentum
(1965, see, e.g., Sakurai, Modern Quantum Mechanics)

S+ — a‘iag S_— aLal S3 — (a;al - aLaz)/Q

(a;)a-f-m(a;)a—m

V(s +m)!(s —m)!

|sm) — |01,02) = |(s+m)1, (s—m)2)

[a'm aln] - 6n,m

e Holstein-Primakoff transformation (PR 58 (1940) 1098)

S+ — V2sa'y/1—ala/2s S- —V2s4/1—a'a/2sa
+

S3 — ala—s

(a'l')s-}-m

|sm) —




Mapping approach

discrete DoF — continuous DoF

e molecular Hamiltonian in the discrete representation

H=T(P)+ ) |éu)Vam(x){$m|

n,m

e mapping relations

|¢”—> (ém‘ -5 ”-j;”-m« [('f”, (ff.”} —~ r5”m
‘¢”> _) |Ol'.'-‘-|l“..._1o_1“f:l

e Cartesian electronic variables
X, = (al + an)/V2, P, = i(al — an)/V?2

e molecular Hamiltonian in the continuous representa-
tion

]_{ — r( p) + :1’ S_‘:(“\ru-\rm- + ‘[:}!.-',-‘Dm, __ I'il';!s'-'ﬂ--' ) \ .‘H L (X)

n,m

e both Hamilton operators are equivalent in the physi-
cal subspace

<qb“ I <vlle_th |V> I ‘;b?:z)
= (fO]__, c ey l,,_. ceey O,u[(V,'e—”{thHOl, c e e 1,,-5; ey 0 \I>

The mapping approach therefore allows us to extend well-
established semiclassical methods to general nonadiabatic
problems.

(Stock & Thoss, PRL 78, (1997) 578, PRA 59 (1999) 64)



Semiclassical autocorrelation function

J(t)

(#2/(vi = Ol ™|v; = 0)|¢2)

(01, 12[(vi = Ole™***|v; = 0)|04, 1>)

dXodPo dedpo

P1)(1| X2 P iS,
(2m)M (2m)N (0| X1¢P1t) (1| X2t P2t) (0|xtpe) Ct €

X (xop0o|0){X10P10|0){X20P20[1)




Mapping approach

Related formulations

e classical “electron-analog” models
Meyer & Miller, J. Chem. Phys. 70, 3214 (1979),
Sun & Miller, J. Chem. Phys. 106, 916 (1997)

Hum

T(p) + ZnJVJJ + Z \/ nj + nk + ) o) v,

Wa®) = Y ci®ls) o= e

J

e spin-coherent state formulation
Suzuki, Nucl. Phys. A 198, 557 (1983),
Thoss & Stock, PRA 59, 64 (1999)

—iHt 12 d?po iS,
: " w/ @+ oy M4 < (ol
|61) + 1 |¢2)

V1+|u?

|n)

e Pechukas model for nonadiabatic transitions
Pechukas, Phys. Rev. 181, 174 (1969)



Relation to semiclassical spin-coherent state propagator

e semiclassical Herman-Kluk propagator based on mapping approach

d?z d2z d2Zz
(p2](vile ™ |v) 1) / 0/ 1/ 2(0,1|Z4,, Z2,) (V§|2s) Ct € (20|V3) (Z1, Z2,|1,0)

e parametrisation

Zl —_— \/Tsin (g.) ei(¢—¢)/2 Z2 frosesd \/}'COS (g.) e“i(¢+'¢)/2 Ip,) = |¢1> + K |¢§> H = eid’ tan (g)
V' 1+ |yl

e integrate over v

_,. 7 _;2 d? d2 i3,
(B2(vile™ ™ vi)|p1)ge = / ‘”561; (1+|ZZI2)2/ 79 (blue) (Vilze) Ce e (zolvi) (nolé1)

0

e replace sampling over I by fixed (quantum) value I =1

i 2 d? d?z is,
Galtvsle vlense = = [ ey / 20 (palue) (vlze) Ce e (z0lvi) (olé1)
t . . %
5 = /0 dr |2 (2. - zzr>+’(“ff;|j;“’)—h<z,u)] h(z, 1) = (z|{u|H|u)]2)
po= =i i=—i§'ﬁ
Z

Thoss & Stock, PRA 59 (1999) 64
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Four-mode pyrazine model
(C. Woywod, W. Domcke et al. JCP 100, 1400 (1994))

Besides the nontotally symmetric coupling mode vigq, the
three most strongly coupled totally symmetric (Condon-
active) modes are taken into account in this model (G =

{Vla V6a, Vga}).

e diabatic potential matrix

E; + Z H§1)$j AZ10q
V= < (2)
AT 104 Ex+ ) Kk;z;
j€G

e autocorrelation function
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intensity

4.0 5.0

energy [eV]

(a) Calculated and (b) experimental (Ref. {8]) absorption
spectrum of the S, state of pyrazine. The semiclassi-
cal (dotted line) and the quantum (full line) results in
(a) have been obtained by including a phenomenological
electronic dephasing (T2 = 30 fs).



()|

time [fs]

Modulus of the autocorrelation function for the 24-m
pyrazine model. The full line is the quantum result

and the dotted line is the semiclassical result.

fS

intensity
|

5.0
energy [eV]

Absorption spectrum for the 24-mode pyrazine model.
The full line is the quantum result [11] and the dotted line
is the semiclassical result. In both spectra a phenomeno-
logical dephasing constant of To = 150 fs was used.



Mgy d-wave shape resonance in electron—N» scat-
tering "+ Nz(u) =3 N; —> e + Nz(v')

e Potential-energy curves of the resonance state and
the target molecule for different values of the electron
energy :

ok (((CELCCCCCCCCATL((
x ) \ N h

e Survival probability of the resonance state
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vVibra 'Eicmq( excatation :
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correlation functions
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t [fs]

20

Modulus of the correlation functions in_the resonance
state corresponding to vibrational transition [rom the

ground state to vy = 0 — 3. The semiclassical results (full
line} match the quantum results (dotted line) for times

L < 15fs.
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Cross section
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electron energy [eV]

(a) Blastic (v = 0 — 0) and (b)-(«1) inclastic vibrational
oxcitation (v =0 — 1,2,3) cross section for electron-No,
scattering. The semiclassical results (Ml line) are secen
to reproduce the quantinn results better for a higher vi-
brational quantum number in the final state of the No-

molecule.



Conclusions

e Semiclassical IVR methods are able to describe the
dynamics in many molecular systems accurately

e With Filinov-Filtering and FB-IVR methods it is pos-
sible to treat rather large systems

e The mapping approach extends well-established semi-
classical methods to nonadiabatic dynamics

problems:

e numerical effort

e semiclassical description of tunneling
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