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Periodic operators. Density of states

The Schrodinger operator in L2(R%),d > 2:

H=-A+V, V=V(x)xeR%

V is a real-valued function, periodic w.r.t. to a
lattice I, i.e.

V(x)=V(x+~v), ~vel.
Usually assume for simplicity: I = (27Z)¢.
Dual lattice: TT.
Standard fundamental domains: @, O1.

For I = (272)%: © = [0,27)%, OT = [0, 1)<,

Density of states:

N(X\; HE)
L

D\) =D\ H) = LlirEO

HE is H restricted to (0,L)? with the Dirichlet
b.C.



Alternative definition via the
Floquet decomposition

Let H(k) = (D+k)?4+V, D= —iV, on T¢ = R9/T.
Spectrum of H(k) is discrete:

A1) < Ao(k) < - < A (k) <

Each X;( - ) is continuous in k and Z%periodic.
Counting function:

N\ k) =#{5: Aj(k) < A}
Then

1 . -
DO = (555 /OT N\ k)dk.

Density of states for PDO’s. Let ap(€) — o
as |&| — co. Then

1
(2m)@

DA, Ag) = {€ 1 ap(€) < A}

Thus

_ W d
Do()\) — D()\, HQ) = (27T)d>\27 A > 0.



Asymptotics as A — oo:

Wy | d d—1
N()‘ak) - (27T)d>\2 + O()‘ 2 )7
D) = i 35 4 o(\2D).

(2m)4



Conjecture:

N
D(A\) = Do\ |1+ Y bixT+o(A™Y)|, A = oo, VN.
j=1

Proved for d = 1, D. Schenk, M. Shubin (1987).
For d > 1777

M. Shubin(1976, 79), d > 1:

D()\) = DO(A)(l + 0(/\'-1)).
B. Helffer, A. Mohamed (1998), d > 2:

D(A) = Do(M)[1+b1A" 1 +0(a319)], Ve >0,

d
_5_@_! ;
Yu. Karpeshina (2000), d > 2: A\ — In \.
For d = 3:

b1 = V(x)dx.

D()\) = Dg(\) [1+b1/\—1+DA—%+O(A—%—5)}, §> 0.
In fact D = 0!



Coefficients can be found from the asymptotics
/Re*“D(/\)d/\, t—0.

Numerous works: Gilkey, Polterovich, Hitrik.
d(d — 2)
8|0 Jo
Known: for even d's one has b; =0, 7 > d/2+ 1.
Korotyaev-Pushnitski (2002).

V(x)?dx.

2:

Theorem (Main result). Let d = 2, V(0) = 0.
Then

D()\) = DO()\)<1 + O\~ +€)) Ve > 0.

Alternatively

D) = Do) (1 + 1A+ 5222 + 05 19)).



Perturbation theory:
“Resonant” and “non-resonant” eigenvalues

Proposition. Let Aand B=A+T, ||T| < oo, be

self-adjoint op-s with discrete spectra. Suppose
that for some 3

PATP; =0, Py = Ps(X(A) — p, \j(A) + p),
that is

0 Tyo
T = :
{Tm TQQ}

T hen
I\ (B) — \j(A)] < 4||T|[*p T



Unperturbed problem:

Egnvs: (m+k)2, m € 7%,

Egnfuncts: ™%,

Suppose V(x) = cos6x, 0 € Z2.

Denote p = V.

Non-resonant zone:

Qp(p) = {m : jm + k| ~ p, |(m+Lk)0] > 1},

Resonant zone:

(m+ k)% ~ (m+ k4 0)?
= (m+k)°+20(m+k+0/2),
that is
Ng(p) ={m : | m+k|=p, |(m+k+86/2)0|~O0}.

E. Trubovitz, H. Knorrer ('90, '91),
M. Skriganov (80's),
Yu. Karpeshina (90's).



Idea: to reduce H to the operator with a symbol
a® = a®(&€). G. Rosenblum '78.

Implementation: Find a unitary U such that

A =U*HU = o°(D).

Let U(t) = eV with W = W*, W = Op(v),
A=U(-1)HU(1),

ad(A; B) = i[A, B], ad™(A4; B) = i[ad™ 1(A; B), B].
Then

A=H+ /Ol U(—7)ad(H; WV)U(T)dr.

By induction:

M
1 .
A= H + Z ,—IadJ(H;\If)—{—RM_,_l,

j=17°
1 1 TM
RM—I—l — /O dTl . dTQ.../O

U(—s)adMTI(H: w)U(s)ds.
Write this for M = 1:

A= Hy+V +i[Ho, V] + ...
Want to find W from

i[Ho, W] 4+ V = 0.



Let ¢(x,£) = (2m)~4/2 59 e%4(8,€).
Commutator equation. Rewrite the equation
for 68 £ O:
i(l€+ 612 — 1£7)$(0,8) = -V (6),
i20(& + 0/2)9(6,£) = ~V (). (1)
To avoid the resonance set introduce a cut-off,
Cp € C°°:

0(£+0/2)
01 L

Ce(€)=7‘( ),L>O.

Define
V(x) = Vi(x, &) + V°(x, £);
VP (x,8) = (2m) " Y23V (0)¢o (€)™,
0

VE(x, &) = 2n) Y23 V(0)pg(€)e*, vg =1 — ¢y
0

Instead of (1) solve
i20(& + 6/2)1(0,8) = —V(6)pg(&).
Then A= Hg+ V> +....



Classes of PDO's: Sq(L),L > 0. Represent:
1 T 10x
b(x,£) = 7. b(8,8)e
(2m)2 0

B = Op(b) is symmetric if
b(0,8) =b(-6,6£+0).

be Sa(L) if
0858, €)| < Csp(0) 'L,

Operations b, 4, o:

b (x,8) = (2m)"Y2 S b(0,€)¢e(£)ex,
6+0

bi(x,8) = (2m) 42 3 B8, &) pg(€)e™,
6+0

b°(x, &) = (2m)~¥25(0, ¢).

Symmetry is preserved.
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Taking M = 2 one gets:

Theorem 2. 3 a W ¢ S_q(L) such that

A =eVHeY = A+ V + V3 4+ T34+ 0(L™%),
A% = Ho+ V5 + T8

1
Vo =ad(V; W), T, = —-Ead(Vﬁ; w).

Operators in the strips:
Model operators A = Op(a) in L2(R%), T = Op(t)
in L2(R). Denote & = (£41,&):

a(x,£) = & + t(z1,£1), t(z1,€1) = &7 + b(z1,£1).
Then

w A _
D\, A) = 2(2555_1 /_OO D, TY(O\ — 1) 2 dp.

Case d = 1 studied in AS '02. It vields:
D(\, A1) = D(\, A°). Condition d = 2 is crucial!!l,
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Operator A°

Symbol a?:

1 10|21V (0)°
(27")d 60 4|9€|2 - |9|4.

a®(&) ~ |€1° +

Theorem 3. For large A\ > 0 and L = )\3/10;

D(, A°) ~ Do(A) (1 + oA~ 2 4+ 05 +9),ve > 0.

Proof: find the volume of {& : ag(§) < A}
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