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1. Classical limit and quantum nor-
mal form

Classical limit. n = (nq,...,n;) € N! quan-
tum numbers, J = (Jy,...,J;) € RY classi-
cal actions. Then: |

En(h) - E(J)asn — 0o, h — 0,nh — J

(1)
Examples
| ) !
1. En= > (ny+ 1/2)hw — > wpdg.
k=1 k=1
Z2 Z2
2. B, = — _—
" 2(nh)2 | 2J2
Quantization formulas
E’n(h) — E(J)|J=nh (BS) (2)

En(h) = E(J)|j=nr + hE1(J)| j=ph + ... (3)

Computation of Ej: open problem.



Consider the Birkhoff quasi-integrable case:
R
E = 7'[(50,5, 6) — Z wk‘]k + 6’0(33,6) (4)
| k=1

k=5 (G Hedad) ()
[ - [ |
> wndk =35 3 (€ + whad) = Ho(z,€) (6)
k=1 k=1

Assumptions on v. Define W : T" x R2 _
R2l

(6, (%,) —» (x,€) =Wy(x,6)  (7)
! . fk

T = w—ksin dk + i COS Py, (8)

&k 1= &, COS ¢y, — wrT, SIN Py (9)
Set
gv(2) = (2m)n frn 9(Wy(2))e " dg, ke Z!
9(Ws(2)) = Y Gu(2)e'™®) = g(z) = T §.(2)

keZ! keZ!
g smooth. Let g € L1(R%); set 2 := (z,€)



and

a(s) = (—2-;—)51- /Rzl 9(2)e= 5 4z (10)

lgllpo = 3 & | 1Ga()le” 1o ds, p, 0 > 011)
veZ!

Apo i ={g:R* = C:lgllpe < +oo}.
Assumption: v € A,,. Then:

1.- f € Ay entails f analytic on R,

2.- Set V .= Op};V(v) (h-— Y»—DO of symbol

v), i.e.

V(u)(z) = (12)
W=t | v (@ 4172, hu(y) dy d

IVlizesze < [ 8() ds = [18ll 2 < llellpo
and the operator family He = Hp+€V is self-
adjoint with compact resolvents in L2(R!).

3.-Example: v(z,&) = p(:z:,{)e'(||‘”2”+||£||2), D
polynomial of even degree.



Theorem (Quantum normal form with uni-
form remainder estimate, [BGP, CMP 1999])

Let wy be diophantine, with T > 1/2. Then:
1. 3 analytic bijection U(z,¢; e, h) of R2 s.t.
CH() oU = N(x,& 6, h) + R(z, € ,h) (13)
Here N := Hq + e€Z(e, h). Moreover

IR(e, h)|lp,c < Gexp—(F/e)b (14)

3. Z(z,& ¢, h) = Z(J1(x,€), ..., Ji(z,8); e, h).
G, F do not depend on h; b:=1/(r + 2).

2. N, Z, R, U are symbols of h— (Weyl)
Yv—DO N(e,h), Z(e,h), R(e, h), U(e, h) in L2.
U(e,h) is unitary and |

UH(e)U™! = N(e,h) + R(e, h) (15)
Here: N = Hgo+ eZ(e), [Hy, N] = 0 and

IR(e, h)|| ;2 < Gexp [—(F/e)?] (16)

3. The principal symbols N(e,0), R(e,0),
U(e,0) are the Birkhoff normal form, its re-
mainder, and the canonical transformation,



respectively, truncated at a suitable K —
K(e), namely

Hold(€,0)(e,0) = N(Ay, ..., 4 ¢,0)+R(z, £ €,0)

Corollary: (Qf with remainder estimate)

[En(h,€) — ((n 4+ 1/2)h,w)) + eZ[(n + 1/2)hw; €, h)]|
< Gexp [—(F/e)"]
Sketch of the proof. Set
U(e,h) = W &R/ k(e h) = U(e, h)HU (e, h) 1,
W(e,h) =Wy +eWo +....
Then (PT hierarchy)

oo
K(e,h) = 3 Hye®, Hy = i[Ho, W1]/h+V

k=0

(WL, P,
Hj = Izh o] + Py (W1, ..., Wg_1, Hp)
Wy, H |
[ k:ih o] + Pe(Wy,...,Wi_1) =Dy,  (17)

Do = Hp, [Dy,Hol=0 (18)



Truncating the expansion of Watk =s-—1:

s—1

Hs = " Dpe® + €Rs := Ny(e) + €°R; (19)
k=0

RS — RS<W1’ ey Ws—17 HO) (20)

To solve, look for semiclassical symbols Wi(h)

(whence Hy, N, R, U). (17) becomes

Wk, Holar + POWV1, ..., W1, Ho) = Dy, (21)
{Dr,Holm =0

Symbol of [A(h), B(h)]/ih:

{A, B} p(z,€) '= A#B — B#A (22)

1A, B}y (z,€) ~ {A, B} + Z 7'29,
71=1
(—1)I8l
Toji= Y
" etz @B
Crucial remark: {A,Ho}ly = {A, Ho} VA

{6g D5 A, 8, D2IB)

(23) becomes a homological equation of CP T

{ Wk, Hot + PW1, ..., Wi_1,Ho) = D, (23)



{Dg,Hotm =0
Chierchia-Gallavotti estimates:
Lemma 1
Let G € Apo, ' € Ay p_5. Then VO < § <

o—90:

| | —_ IGllp,ellG"l p,0—5
I{G, g,}Mllp,a—5—5’ < §'(8' + 5)pe2

Proof
Weighted L! estimates on the ~convolution

({9, 9"} m)(s) =
_ %/Rzl G(s1)G/(s — s sin[h(s — s1) A s1/2] ds?

Lemma 2
If G € Ap o the homological equation

{Ho Wiy +G=2
admits analytic solutions W, Z such that

ZoWy=2Z, and Vd < p:

1Z2llp.e < NGlIpos Wl p—d,o < cd™TNIG]lp,0



Proof. Hg is quadratic in z = (z,£). Hence

(Ho Why = {Ho W = 5 W(Wu(=) =

d Gu(W,, d Gu(2)etwtw)
l 5 (Wot(2)) ‘ 5 (2)

dt t=0 ;2o i(w,v)y  dtl=0 L0 i{w, V)
= > Gu(2) whence
v#0

1Glle _ NIGllpe
Wllp—do < D, 7 S e
IP & 1/;0 |<w>V>l dr

by the usual small denominators estimates.

Completion of the proof.
Repeated application of Lemmas 1 and 2:

Ecy <c26E>k

IWkllp— (k1) d,o— (k+1)5 < o\ 5207

coeE k
62dT

— coeE\ "
IRkl p—kd,c—ks < Eecs <62dT)

12kl p—kdo—ks < E (




Then choosing d := p/2k, § := o/2k we get

coeEkTH2 g
02pT

IRkllp/2,0/2 < Eecs (

o°p

> T> 1/(r+2)

Finally, truncate at k(e) := <
€

2. Quantum Nekhoroshev theorem
and Ehrenfest time

In QM, a remainder estimate ~ e‘l/eb en-
tails quasi-periodicity for T ~ el/eb. Here:
Theorem 2 (A uniform quantum Nekhoro-
shev estimate [BG,2003])

1K >0, >0 >0 independent of h such
that, for all 0 <t < [o/e:

IBN4+r(t) — By(®)|| < Ke (T1/9"  (24)

More direct comparison between classi-
cal and quantum flows:

Ehrenfest time Tg(h) [Ch,Za]: maximal time
interval for which the classical flow deter-
mines the quantum one up to O(A™), m > 1.



In general, Tg(h) ~ —logh (proof in[BGP2,BR]).
Integrable systems: Tg(h) ~h™0, 0< 8§ < 17
Why this? Semiclassical Egorov theorem:
B(x,&;t) symbol of B(t). Then:

By(x,&; h) ~ (Bo ¢l (z, &) + 3 Bj(z, & t)R
Jj=2
t
—i [ Y T(a8) (9gHAIB) o o}t (x,&) dr

a8l +1=5+1
0<I<j—1

In general: Lyapunov exponents:

N o
Bi(z, & h)—(Bopl) (z,6) = 3 B,(z, & )R ~ e
Jj=2

hence Tg(h) ~ —logh (Proved under restric-
tive conditions: [BGP2,BR] 99-00). Inte-
grable case: A =0, Tg(h) ~ h~9.

Remark. As for Bj, construction of N and
hence of e*Vt/h purely classical. Hence here:

Nekhoroshev estimate (24) = Ehrenfest time



estimate, exponentially long in € uniformly
with respect to h because:

Ehrenfest time = 400 for the harmonic os-
cillators.

More direct comparison between classical
and quantum flows: to what extent and how
long B(¢*(z,£)) do approximate the (matrix
elements of) the Heisenberg observables?

Let B e Ayo, and H(e) be as above. Define:

Dy(B;h,e) :=  sup  |[(, Bry)—B(¢(z,£))
+ 0<r<ti|[||=1

(25)
Theorem 33 K;(B) >0,M3(B) >0, n(h) =
O(h*°), n(h) > 0 such that ¥§ > 0

Dy(B; hye) < K1t2ee=(T3/9" 4 rapl =64 _

Remarks
1. Distance (25) defined in Landau-Lifshitz
(in action-angle variables, see below).

2. e = (—BInh)" /b yields Dy(B: h, ) ~ M 4hi—



n, Tg(h) ~h 9 VO < d<1if 8> 2, even
when the perturbation is exponentially large
with respect to h.

Proof of Theorem 2. Set:

AC(t, h) := Bg(t, h) — By(t, h)

Then one proves the Duhamel formula:
A(t,h) = /t eiH(t—s)/h [R, BN(S)]e—z'H(t—s)/h ds
’ 0 ih
= ||A(t, h)|| < t max I[R, Bn(s)]/ih||  (26)
<s<t

To estimate the commutator:
Lemma 3. ¢'/(z,¢€) = flow of N'(e). Let:

1
ri 1= Apn(Boghy) = S[{Boghr, N} —{Bogl, N'} 1]
h

Then, VO < 0 < o, Bo ¢f\/,r§ € A,5—5 iIf
It| < o/e.

Proof. write

r’i — R2n(l§ o ¢f\/)(sl)2(s — 31) X



X {(s —sHAsl - %Sin[h(s — s A 31/2]} —hl—2d31

By Lemmal, for |t| < Mo /e:

Irilla,, 5 S 7 IIZIIAM 1B o ¢hlla,, (27)

Lemma 4 33 =I3(B) > 0 such that

iR, BN()]/Rl| 2,2 < F3tee™(M2/)" (28)
Proof. Semiclassical Egorov theorem with
remainder ( [BGP2], Lemma 2.1)

Bn(t) = 0p" (B o ¢l (x,£)) — h2O(£)(29)
tOGHT o wooq _iHr

o) := /O eh 0pW (r1(t — 7))e" " K dr(30)
Therefore:

) .
[R, h2O(t)] ce—(M2/€)
L < 2m T 2, - B0 Sila,,

by (27) and |[|Fll;2,72 < [Fllpe.v p > 0,
o > 0. Moreover, by Lemmas 3, 1:

[R,0p" (B o ¢4)]

i 222 O <
1 ce—(M2/€)° .
e 252||R”p,0' 5||BO¢N”p,U § < 5e455 IIBO¢NIIP,U



whence (28).

Now by (26,28) 3r; = M1(B) > 0 such that

HA(t>h)|| < |_1t2ee_(r2/€)b

- Proof of Theorem 3
er: k = (k1,...,k;) (normalized) eigenvec-
tors of Hp. Let v =Y agex. By Thm. 2:

k

sup (v, ez'(N+R)t/hBe-‘z'(N+R)t/hw) _
l¥[|=1

<¢,6iNt/hB€_iNt/h¢>| S r1t2€e—(r2/6)b(31)
Want to estimate

(), eNt/hBe=iNt/hyy _ Bo¢N(z,6)| (32)
In the the action-angle variables

1
Jy=—(& + w?z?), 6, =—Arctg (-5’—>33)
2w W]

T = \/%{cos 6, & =-—-V2wJsing (34)



B(z(J;60),£(J,0)) = B(J,0) and

B(J,6) = Y Bu(N)e™0 v =(vq,...,1)
veZl
B € Ap,o' 3r5 > O S.t.

sup |By(J)| < e~ sl (35)
JeR!
$ (J,0) 1= {J(t) = J;0(t) = w(I)t + 6}, w = V N
(Bo¢N)(J,0) = S Bu(J)elwh)Fiw(N)mt
veZ!
Lemmab. VM >03TMg(M) > 0 such that:

(e, Bes)| < e "oVl ||k —s|| > M (36)
Lemma 6 Ask— oo, h— 0, kh — J:

(ks Bey) = - B°(J,)h"; BO(J,v) = Bu(J)

r=0

For any 2 CC R™ 3 M,(2) > 0 such that

max|By(J)| < |lv|I"e= I (37)

Choose now aj = h!/2f(kh),

v= > hY2f(kih,...,kR)es, 1, (38)
k1,....kn



f(z) : R' 5 R smooth and normalized

102 = 3 BlF(kR)|2 —>/l|f(a:)|2d:c1...da:l =1
keZ! | R

>_h"VF(ki + aih,. .., knh + anh)|? —

k

= Jon IVf(z1,..,2n)|2dzy ... dzn < +0639)
Now compute, setting s = k 4+ v, and

N (kot) .= GH{NT(k+1/2)R]-N[(k+v-+1/2)h]}/h

(9, Nt/ hy) = 37 QkTg 4y B eV BP0 4
k,|v|<M

> agBrprBrpp, eNFRY = 11(B,y) + (B, ¥)
K[> M

Now, by (36):
LB, )| < Y Jag? 3 Je sl
keZ! lvl|>M
—reM_€ ' FeM
<2 6 1 o—Te =T7e”" 67, I'7 > 0(40)

Now I1(B, ). |lv|| is bounded. Expanding
Nk +1/2)h] = N[(k+v + 1/2)h,]}/h} =



(VSN ((k1/2)h), )it Sht{HeSSN () 7= 7+, v)

= (w(k1+41/2)h, V>t-|—%ht<HeSSN(..7)j=j*V7 V)

Expand w in powers of h around J = kh,
and the resulting exponential in powers of
ht. The result is:

ez’/\f(k,h,t) —
= [1+ Sht{Q()w, v) + O(2[h%)] exp ifu (), V)1
Q(Dr,s 1= HessN (J)] j= j« + HessN (J)] =y,
Apply Lemma 6 to By x4,. By (37) we get:

By k+v = Bu(J1, -+, In)|g=kp + O(h) (41)
Moreover, expanding and applying (39):

ag4y = f(kh) + KV f(I), V)| j=(hta)n 1l <vi
a4, = h"|f(kh)|* + O(R) (42)

L(B,¥) = Y A"|f(kh)|?[1 + MA] x
keZ!
x Y [Bu(kh)(1 4+ O(h))] x
<M



<1+ %ht(Q(J)u, V) + O(|[12||h2£2)] exp i(w(J), v)t

Now choose M = hA™" Vn > 0O; let h — O,
kh = J.

11 (B, )= Y Bu(J)expi{w(J),v)t| < Fshl™m,
veZl

If M = k™7, then by (40) |I5(B, ¢)| = O(h®).
The proof is complete on account of (31).



