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I. Integrals over intervalsc R, Virasoro Con-
traints and associated integrable systems:

Measure: p(2)dz := e~V (?)dz on E CR,

( /

P _ 9 _ 2i>0 b;2*

pf >0 62"
| Disjoint union E =] [eo;_1,c0i] CR

>

@)Y:’rasoro con rh—aiaf_;

The multiple integrals
n 0o i
In(te) = [ 18a()P? TT (T 5ho(ar)dzy
E™ k=1
satisfy the Virasoro constraints for all N > —1:

2r N+1 o
(— }_1-: C; f(cz)'éz

y T

+ Z (ai Jgi'(t, ﬂ) - bg Jg-%-g-{-l(t’ n))) In(t, C) = 0,,
i>0

?— [i'm eas C(a%/ __ﬂ/ywahm
u bk, , aF mmosk
Jecond ordes.
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The generators .]I,(f) et J,(cl) form an algebra

leasmo | 1. 3@ (2) (P —k

/iras JI .]I | = (k—1£) ‘Uk+£ ( 12 )Jk,—é
i 2k

HerteuBo: ‘H(l) J(l) = =25, _,

€ 'f (jr - k | IB k e

with central charge:

Ce=1-6((B)Y2 - (8)"1/2)2.

Nete : &Luafi!"? p a— 1/[5

Proof. The substitution

2> 2+ ef (zk)zN-'_1

leaves the integral unchanged!




Remark : Componentwise, we have

IV t,n) = TP+ and IO = ns(® = ngy,
and
12 (£, n)
= 8P+ (208 + (k+ D -8)) I

+n((n-1)8+1) 5,
where
J

o 1
5’; + ‘2—ﬂ(-k)t—k

) 2 1
J,§2) z 6 .+— Z 1t;




[u] Aifvc,ca,/*e,d mhe;rak/e S‘7I/‘em

8 — SR 7
T, = [ lagp) 1]  ~VaoeZni
e B=1 R i)

———e
——————

e

In = nldet(my(t))
— / et (=V(M)+ 0 txM*) 45 r

T - nren Herw\{b!au mao Friees.
Moo Ha7kel matrix of moments

<y ZJ> — . z+]e V(Z)-I-Zl tkz J

— CL\t.tt- Nﬁf"’KX
Omoo _ Yk 2 < > o
_ = A m £ Lj b Z G | J4 ke

Borel decomposition:
Moo = S—lsT—l o

g _ . abher=-7 ™LA WAL
Lower- F=ang. . ' PF d

Orthogonal polynomials: 1y

pn(t; z) = (S(t)x(2))n Xl5).= |}

A \
_ -1 ) symmetric

L= SAS { tridiagonal

Lp=2zp (Three-step relations)




Lax pair:

oL 1 :
_—— - LY), L
ot; 27rb0( )

(Toda lattice)
for the decomposition

gl(oco) = Borel + skew

KP-equation for =, := detmy:

8\* 8 \?2 82
((%) +3(3) ”4at1at3) o9




e B=1/2,2

In = n! pf(m n (t))
3 )

real
_ Js,, eTr(_V(X)+Zgoo:in).dX £, { i‘io’::_;l
Jrpn e TCVORETEXD g x T, -

Qu akes he'ow.

{ Flenmchay

nx maly.

Moo . SKew-symmetric matrix:

W= / ,/ Y e WHI2D05(y — 2)5(y)5(2)dy dz 2 )
* . [ V{_": '
Oty |
Skew-Borel decomposition: .
Moo = S—1J95T-1 g it

Skew-orthogonal polynomials:
pn(t: 2) = (S®)x(2))n |

(Pm pm> = Jnm

L=SAS™!, Lp=2p




Lax pair:

o w9, 1]

ot;
(Pfaff lattice)
for the decomposition
gl(c0) =t + sp(o0)
Pfaff-KP-equation for m, := pf (mn):
(&) +() -+at) ="

Tn—2Tn+2

ks ‘_
+6(5t—%—logr,.) =122




I1. Integrals over circle: Virasoro Contraints
and associated integrable systems:

The multiple integrals
I(t,s) = / : )det(M)‘YeZ‘f’Tf(tij—Sij>dM
U(n

n 00 (4 . dz
p— A 2 Y 21 (tj stkJ) k
/(Sl)" [An(2)] kl;Il “k° 2mizy,

@satisfy an algebra of Virasoro constraints:

VkIn(t, S) — O, for k = —1,0, 1,
with Virasoro operatorS' |

V., = Z(z + 1)t,+1— — Z(z — 1)3,_

i>1 i>2 8i

0
+n (t1 + g;) ™

0 0
Vo = Z(zt,g-t:—zs,as)+'yn

21
0

V, = - Z(z + 1).<s..|.1a + Z(z - 1ti-1— 15,
i>1 S '

+ ( + —) + —‘?—
n| s 3t 18t1'
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(<) ASsociateo f_'fn/‘eﬁf‘f;:b/e_ Sy S Feus

In = nldet(mn(t,s))

= / el Tr(tMi—s; M%) 4 r
U(n)

Moo! Toeplitz matrix:
(2, 20) = [q1 Zi—TelT (thz" —skz™") g,

Omeo k Omoo Tk

—— = A"m , = —Moc\
Bty > dsp, >

Borel decomposition:

Moo = S]Tl(t’ 3)52(ta s)
lower < i W fo s fm'amgutor
Bi-orthogonal polynomials:

p,(zl)(t’ S Z) = (Sl(t’ S)X(z))ﬂs X (2)._
Ih(zz)(t, s;2) = (h S;'l(t, Ox(z)n | OF

(51, p2) = Snmbn




Ly = 5;1A87Y, Ly = SoATS;?

( —T1y0 1 -—z1y1 0 0 \
—ZT2Yo —T2Y1 1 —zoy> 0
‘= | —x3Yyo —<I3Y1 —Z3Y2 1—z3y3
—Z4Yo —T4Y1 —T4Y2 —Z4Y3
and
([ —zoy1  —moy2  —ToYs  —Toya \
l—-—z1y7 =192 —T1Y3 —ZT1Y4
= 0 1l —-zoy2 —x2y3 —T2Y4
0 0 l1—x3y3 —z3Y4

with the variables

+
Za(t,s) = (—1)" rt,((tt’:)) (¢, 5; 0)
n(t,s) = (-"E ((f)) = pP(t,5: 0).

Lax pair: (2-Toda lattice )

oL, dL; .
-ét_;'.-_—[(L’l‘) +,L,-] and = = [(L3)_, Lj]

presar ve [HKe .E‘Aip.a Qi L, Gud La.
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III. Unitary integral for special (¢1,t5,...)
and (s1,s2,...)

' (u; — (11dy + 7hdb), for L<i< N,
it; 1= < . .
L o= | —(71dy + ~5d%) otherwise
A <’ —u_;, for 1 <i< Ny
L "7 | O otherwise

The following integral over the group U(n):

I‘I’(Le) = / eTf(Pl(M)-l-Pz(M))(det M)'Y"I'E'
U(n) | | |
det(I — dyM)" det(I — doM)"2 dM

- 1 |An(2)[? ﬁ (z,";p(zk) dz.k )

n! J(S1)n pe1 2mizg
(Toeplitz determinant)

for the weight (N1 = deg P; and N, = deg P>
differ by at most 1)

p(z) = eP1(z)+P2(z‘1)27(1 — d1z)7,1(1 _ d2z)7,2




The variables:

pa= (DM = (c1)nlE
" I, = " In

satisfy two inductive rational N1 + N5 + 4-step
relations |

In = F‘n(xn—la Yn—1ys:++ yTpn—N1—No—3» yn—N1—N2—3)
yn = Gn(Tn-1,Yn—1s- In—Ny—No—3» yn—Nl—N2—3)

Then, the integrals I can be expressed as ra-
tional functions of z; and y;:

n—1 .
In=n!IT J] (0 —zy:)™ "
1

JoFsfy:

{
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Set
Un -— 1-— InYn.

Then

(L (aVH v v I

Tn

o="20 0 4L (aVZ, + bV +cVy) I

Un In

—}2— (aV_y + bV +cVy) I,

= —0On (Z ai,n@Li - Z ﬂi,n@l’%)
i>1 121 n,n
- + (a'L2 - CLl)nn

Taking 8/8t; of the relation above leads to a
second difference relation:

o Zl (vn-10in-1@L} - Bin-1@L5)
i
+8n (c(LInn + b(L1)nn) = 0.

(Adler-PvM)
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nn—1




Un)

e Example 1* Weight ¢Vi(z+z™")  Corre-
sponding to locus:

L1 = {all sp =1ty =0, except t; = s1 = Vt}

For the uniform probability P(m;) = 1/k! on
the permutation group S} and

length of the longest (strictly)
L(mg) =4 . : ,
increasing subsequence of
the generating function can be expressed as
det(Toeplitz matrix):
o0 tk -
Z —P(L(m,) <n) = /U( )eﬁTr(M'*'M)dM :Li
n

= k! L

(Gessel/Rains)
t t

exp / log (—) vn(u)du
0 U

(Tracy-Widom)

Also | ( Adler- Pow
det M \/;‘:TI'(M-}—M)
om = g = (< lu@ (I = p$1(0)
jU(n) eVEi Tr(M+M)JAf

n-¢

n~{
Iﬂ?; nr _:;m 77./"”(:2)
[ I
I'a[l




satisfies the 3-step McMillan equation

nTyn + \/Z(l - w%)(mn-l-l +z,-1) =0.
(Borodin)
(oli'3evre te P E\)

and 2 2
o< log I, (1)
=12 =— =1—( o).
’U'n xn aslatl L pn ( )
satisfies
(, vl2 1 1 vl n? (vp — 1)
Up — +—)+-—55
2 Un — 1 Un t 2t Un
2 —
(Painlevé V) o vnlvn —1) = 0
tn
with va(t) = 1 — —— + O(t"T1), near t = 0.
\ (n!)




This is obtained by eliminating the following
functions

2| |
—6—|Og Tn , —a—log In , 0<log 1 ’
Ot1 " Tn-1lg 081 T Tn-1|g 0s20t1 |
from thel,;roda e_aquations and combinations of

Virasoro's

VoZn VoTn _VoZn-1| _ 9 Voafn| _ 4
II'nL L In Tn-1 |g Ot Tn L
“qu,@dw.c; &n g wak'on

-
v s . 2 4 {
04, Of]

oL




e Example 2: Weight (1+z)°‘e_sz—l. Locus:
L = {all it; = —(-1)a, all s; =0, except s; = s}.

Consider uniform probability P(m) = 1/a¥ on

)

g, — | words m of length k from |
kx> = 1 an alphabet of a letters '

Then we have

= (as)k Ty € Sk Y,
s) p g =/ det(I + M)%e=s tri g
go k! {L(wk)sn U(n)e(+ e T
-
=exp(4tn + (n+ a) 0 hn(u) dw
X U
/Tra ¢y~ M/z'ctou/
Adllos- P

Thus spelled out, the variables

Ju(ny (det M)*! det(I 4+ M)%e=s trMun
Jutmy det( + M)ae=s triddm

In

b=car

Yn




satisfy a 3-step and a 4-step relation (Adler-PvM)

—(n+a+ 1)Tai1yn — 8ZaYns1 + (n+ a — 1)Znyn—1 + szp_1yp, =

.

\

~a((n+a+ 1)Znt19n-1— 8) + vn-1((n + a — 2)znyn_2 — 5)
+ ZnYn-1(ZnYn-1 — 1) = v1(s — (2 + a)z2) + z1(z1 — 1)

The function h,, satisfies Painlevé V

[ w R 1 2(n+a), ,

h (h,+1+ )+ + R(K + 1)

- 1 (u—n)h —h — )((2h+u+n)h’+h+n)-
2u2h'(h'+1)(" n )

. - n+1 -
with ha(u) =22 __% (a"': 1) + O(u"+?).

a+n (n+4+1)!




Setting
0
hn —_ log Tn ’
one eliminates the following functions
L Y A, 82 log m, |
ot Tn—1|L 0s1 Tn—1|g, O0so0tq L

from the Toda equations and combinations of
Virasoro's

(Vo+Vi))m  (Vo+Vi)ma

™ Tn—1

_ 8 (Vo+V_1)mm
L 6t1 ™

L




IV. Examples of integrals over intervals

The integrals

fn = /En |An(2)|%P T] (1—25)2(1+24) %21 tikdz,
k=1

e Example 1 Setting 8=1 and £ = {all t
0, except t; = 2z} , one finds

[ 18n()P TT (1 = 2)E/2(1 + 2,) FL/2eX8 tirh
k=1

— e:Fa:/ e:I:Tr MdM
Oo(2n+1)4

The generating function (Rrains)

x2k 7 € Sog, nl = 1, }
2,?2:0 (2k)!#{ m(y)#*y, L(r)<n+1

/ e‘”T'MdM+ emTrM
O(n+1)_ O(n+1)4

z f- z £t
In (“)du) + exp ( fn (u)du) ’
u 0 u

= exp(
0]




( 1 4
S L s s+
u u u u

fE(u) = w2+ =
\ n!

where f = f*, satisfies Painlevé V equation :
16u? 4 n? 2(n? — 1) _

u

n+1

+ O(u™*?), near u = 0.

(Adler-PvM)




& &> p=!
e Example 2 F { R o pYi

» -
28 1T .zz ,B(@—p+1)-1,4 __ \B(n—q—p+1)—!
/[0,1]1) |Ap(2)] |1| e 1z, (1—2;) a.

/ 2 Tr(I+212)~1 det(z2)Ble-P)du(2)

Gr(p,Fn) )
~G/K - (wp)xp

(i) Density of sample canonical correlation

coeff. between two Gaussian populations

(Xla"'axp) et (Yla"'s ),q)s (P < Q) |

are p+q normal random variables, centered at
zero, whose covariance matrice is given by

> = ( ):_1|_1 112 )
245 I
Non-singular linear transformations on the X's
and Y's lead to the canonical form (Hotelling)

I P O

> canonical = | P I 0 |, P=diag(p1,...;pp),
O 0 I




|

where p1 > p2 > ... 2 pp,

canonical correlation coefficients
roots of det(X 10X 5151, — p?¥11) = 0.

The n > p+q independent samples of (X7q, ..., Xp)
and (Yl, ...,Yq)

Pi

T , =g
(xlla ooy L1py Y1150y qu) ) evey (.’Dn]_, ««syTnpyYnly - Yngq)

form a matrix

( : ) = (p + q) X n matrix.

- The maximum likelihood estimators r; of p;
satisfy the equation

det(S12555 S1p —r°S11) =0,

where
¢ = zz' zy' \ _ [ sample covariance
"y oy )T matrix

The z;:= r? = cos26; (37 > 0 > ... >6p> 0)
have the densnty (James and Constantme)

Cp,q,

nlA(2)|%P II (1-z)Bn—p-a+1)-1,fla-p+1)-15,
i=1

&) 11 the Xap.r’aa rrauwsform of Fhis cAounchy.




Cvm bruato mial

Zw ﬂar/;re»/'dﬁ'm % /ft (;c/'?7ra/@ | (%r ;:?)
(ii) Consider the set of words Sk

di(7) = p and )

E>p(n-p) Tl Sk (o)
-{& T Jes el s/i'de fg'f d-l/vm'r‘fdh
— zp(n—p) e TrI+2'2)72 g 7y
Gr(p,C")

— cgP(n—p) exp /Om u(y) — p(n — p) + pydy
Yy

where u(z) = unique solution to:

220" + zu” + 620’ — 4uu’ + 4Qu’ - 2Qu =0
(Painlevé V)

7 —

with initial condition
n— e
u(z) = p(n—p)—p( ~ p)x +... +an+1m"+1 + O(z="")

where

\

4Q = —-z°+2nz - (n - 2p)2




Subsequence o of the word = is k-increasing:

oc=o01UooU...Uoy,
o; = increasing subsequences of .

By the RSK correspondence: (Greene)

maximal length of
d1(7) ={ a strictly decreasing } = \{

() =3 of k-increasing

subsequence of «

maximal length of

the disjoint union
J = +...+ N

subsequences of «

Example:

(s

(4,2,3,6,5,1,7) — (2,3,5,7)  ii(w) =«

ir(r) =442=6




Consider a word such that:

di(m) =p

(word of length £)

Then

¢ = trivial

’ip(”f)
ip—l(ﬂ')

non-trivial <. #-(n-p)



V. RANDOM WALKS: In the integral
/ 6220 Tr(t.,;Mi—sz-JVIi)dM,
U(n)
the shifts t1 — t1 + 2, s1+—s1—z lead to

(t,s) = /U( ) e® TV(M+1\7I)62‘1’° Tf(tiMi—siMi)dM

D3 aru(2)s)(t)su(—s)

A, M, such that
M, ui <n

(Fourier expansion in Schur polynomials)
with

Tn(0,0) — ‘/[‘](n) ez TT(M+M)dM

det ( / uk—tez(utu™?) du
S1

21rz'u) 1<i,7<n
det (Jp_4(2)) 1<k, t<n

plata)
A

=) Tl u”




Then

aru(2) /U oy D su(1)e? Tr(M+M) g7

det (J(/\i—i)‘(l‘j_j)(z))lgz',jgn /’@47_
det (Jy;—q;(2)) Biuet )

1<¢,5<n
det (ez(“"'"‘—l)

uYi™? ')1<z J<n

Z (— l)a(w)Hez(uz+u 1y

weWw -

Z#

k=0

BATO

{ walks of k steps }

Sk
k!

fromz— y in Z"
within {u; > ... > un}

n non-intersecting walks
Z " in Z going in k steps 2

from z; <25 < ... < k!
toyi <y <...<yn
k

> bey o
k>0 " k!

(O+Aﬂsl+’\n—1"" 9n—1+A1)
(0+”‘ﬂ,1+un—1a'-' ,n—1+ﬂ1)

k>0

where




TAN ] TKe A’!’“ru( ¢ fAnaon, wa—l&" wheve
mé one wallker Avcthy ot eacﬁ’fﬁé,o
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I ] é.Tf (ﬁ"f‘ﬁ) 2!. 7;‘ ([_fh"-'4c' F’t)
- c

n = e a H
U(u}
- )Zk Aop (3) A\ (H 4, (-4

Virasoro = VYV, = V?ciff + Wult

>'I:-. "I O {

7 /

RN
i

0 = Van(t,S)

Vi (3 WNOIMED)

Y ax, (VR "sa(®))su(—s)
+ Y axusa () (Vi "su(—35))
+ 3" ax, Vi sa(t)su(—3)

= T ou@s®su(-9)

Hence c),(a) = 0.

¢ F, 1#; je : th)
Shetlea ot , thiy srves el httées 2y ék,? }




CLAIM 1
Y i)
| 1sign P bg’;/) = Z
1<i<n
1
* ((yz+ l)bi'fg .
1<i<n

(

(k—1)  ,(k-1)
bw+ei,y - bm,y-l-ez-

)



FACT 4

N raundon. welky w 7 i Eond
P(%) X,4) = _ S/'nn"m ﬁm Xz (%< <Jr..) )
?) J?_eaw ‘/; (?' <. ) Usterieetn
An S —AFEps
/44{74%&( ERe ”art.rcref'z Z‘onlﬂ d«#a.hm

<w: ”zo{")_ ( e
Aollene

-) ’3 WAYEY
=/ Z(f e

g S ~ "0, 44)
Jz‘/‘.zbae[’ i

A/;)

= @ a{; )) p /ﬁ,x,y]=a

e
e

l

ADOc) 11 e Vonoer oz g»\‘:[r,,..-,.h)

Y, frig)e= Jreveiig) - Forig)

%k )= foyg) - frx-eiy)

AR Rxsxxaxs iy EuRd




jeftfu7

X =

SN
X

1 VE
G X a/%e_. /‘40/&!“ re.rra/nj’ Re @Quaﬁm

Ghove céan 53, ox/ra«dla"m V—E

o=7(%,9,¢t)

(05 ~ =) - (,Z‘;-of‘fz_)) pIER,G)

+ 0()

Lk ere :9; 4 The /'uﬁ»a?ewa/ Geverator of
YA 9(,,701- ah%m’m o hare? Od'ate




n Brownian motions ithout
plu)="P | in R starting from | O
% reach y+dy at time ¢ cting
A(y) 1 _Gw)?
= det t dyy...d
A(x) (\/. 27t € o J1 Yn
1<i,j<n
satisfies Dyson’s diffusion,
”a(rsp.’.scxam
8 1 ¢~ 8 7
e t, ’ = | =L —FE(y; t, ’ o =
prdCER) (2 y+z,-:6yi (yz)) p(t, z,y) 93 P
0 1 o
—po(t,z,y) = | =Lz — E(z;)— t,z,y).=
P CER) (2 z Z; (x‘)az,-) p(t,z,y).=7 »
with
oW 0 1
E(y)=—=-— Y, In(-y)=-Y —

Oy; Oy; 1<i<j<n jEi ¥~ Y
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