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delocalization is accompanie R °§° avalues into the complex plane. This important signature of
delocalization is preserved T 6“} lattice approximation to the continuum Eq. (1.1), useful for
treating both square wel) oo N Y s described in Section III. Exact results and various similarity
transformations for the = Ay g ;}0 .[11] are summarized in Section IV. The one dimensional lattice
model is used to exploo & \ ' .ions in Section V. In the appendix we give analytical expressions

for the spectrum of - &S o .,‘0? Q}Q\"\ «s system for two different lattices and the continuum model.
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\é ation Eq. (1.1) with a simple “square well” growth profile U(x), imposing
~» 1« patch (“oasis”), and a negative growth rate —ea outside (“desert”) [10]:
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' & v o év ¢ oasis. Ex.penmenta.lly tl.ns §1tuatlon can be _reallzeq using a very sxmple setup,
< . ,@ A of localization and delocalization and leads to interesting further questions. A one
Q‘x §' ”3 .é'P in figure 1, where a solution with photosynthetic bacteria in a thin circular pipe, or
& o & .ted by a fixed uniform light source through a mask, leading to a “square well” intensity

§' 'S,Q oved at a small, constant velocity around the sample to simulate convecti[ve flow. (Moving
ey o .troducing convective flow in the system, up to a change of reference frame [9].) The bacteria
4 N §’ che brightly illuminated area (“oasis”) at a certain rate, but division ceases or proceeds at a
Q,Q N & .he darker region (“desert”) outside. As a result, the growth rate in this continuum population
0 & & sitive in the oasis and small (positive or negative) in the surrounding desert region. Using this
s wth model, one can study the total number of bacteria expected to survive in the steady state,
& distribution in space and other quantities, as a function of the “convection velocity” of the light

FIG. 1. Experimental setup: a solution with photosynthetic bacteria in a circular pipe or a thin annular track in a petri
dish is illuminated only in a small area, while the rest of the sample is either kept dark or illuminated with reduced intensity.
The light source (shaded rectangle) is moved slowly around the sample to model convective flow. The bacteria are assumed
to divide in the illuminated area (“ocasis”) at a certain growth rate ¢ > 0, and die (or grow modestly) in the remaining area
(“desert”) with growth rate —ea.
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FIG. 2. Energy spectra of one-dimensional 1000-site lat-
tice model with randomness A/w = 1. The resulting
spectrum for the same realization of the random poten-
tial U(z) € [-A,A] is plotted here for three different
values of g. (a) Case g < g1; all eigenstates are local-
ized; (b) ;1 < g < g2; bubble of complex eigenvalues
indicating extended states appears near the center of
the band; (c) g2 < g; all the eigenstates are extended.
(After Ref. [25]).

For g less than a critical value gy, all eigenmodes are
localized, and the eigenvalues remain real and locked to
their values for ¢ = 0. For g1 < g < g2, extended states
with complex eigenvalues appear near the center of the
band. Localized states still appear near the band edges.
For g > g3, every localized state is destroyed by the
non-Hermitian perturbation, and all states are extended.
In this limit, eigenfunctions are slightly perturbed Bloch
states—the lattice version of plane waves. The spectrum
is well approximated by the disorder-free limit, i.e., the
lattice analogue of Eq. (1.15)

T'(k) = 2wcos(kfo + iglo), (1.21)

where £g is the lattice constant.

With our definition of £, states near the top of the band
should give a reasonable approximatior e spectrum
of the continuous operator (1.14); Er “hen de-
scribes the upper edge of the ellipse - é‘} Fig.
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% & scribe this situation lead to universal
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&  .arities in the density of states near the
v .1e complex plane.
L a gradient and set u(x,t) = —V&(x,1),

the dy.  .cal growth model (1.11) which results from
a Cole-Hopf transformation reads

deu(x,t) + (v - V)u(x,t) + 2AD(u(x,t) - V)u(x,t)
= DVu(x,t) + f(x), (1.22)

with f(x) = VU (x) and subject to the constraint V xu =
0. This is a variant of the d-dimensional generalization
of Burger’s equation with noise studied 20 years ago by
Forster et al. [26]. In the form (1.11), such problems are
sometimes referred to as “KPZ equations”.
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REAL SINGLE-ENTRY PERTURBATIONS OF
T(a) AND T,(a) FOR a(t) =t + a?t™1

a=— Q =[-5,5]

spff”;?s] T(a), union over all (7, k) in the upper 3 x 3 block.

Y.
/T\

Jim sp”s 5 T(a), union over all (j, k) in the upper 3 x 3 block.

Computed eigenvalues of Tp5(a), randomly perturbed in one entry
of the upper 3 X 3 block by a random number in [—5, 5],
union of 1000 samples.




REAL SINGLE-ENTRY PERTURBATIONS OF
T(a) AND T,(a) FOR a(t) =t + a?*t™!

4

(67

spf{";,)sl T(a), union over all (j, k) in the upper 5 x 5 block.

Jim spfi’;)s] Tn(a), union over all (4, k) in the upper 5 x 5 block.

Computed eigenvalues of Ty5(a), randomly perturbed in one entry
of the upper 5 X 5 block by a random number in [-5, 5],
union of 1000 samples.

Figures are believed to be correct to the printed accuracy.




FIGURE 5. Closer inspection of Figure 3. The top plot shows a
portion of JLH;O spg’k)Tn(a) over all (j,k) in the top 5 x 5 corner
for = [-5,5]. The middle image shows eigenvalues of 10,000 ran-
dom perturbations to a single entry in the top corner of Ts¢(a); the
bottom image shows the same for T19(a). (The accurate eigenval-
ues for N = 50 were obtained by reducing the non-normality in
the problem via a similarity transformation.)




REAL SINGLE-ENTRY PERTURBATIONS OF T'(a)
FOR a(t) =t + a?t ! WITH o =4/10 AND e =5

73
X 065 07 075 08 085 09

|




Fig. 1. Uy, k)eg spf e)e] L(a) with S = {(j,k) € ZXZ: j~k # 1} for a(t) = t+o?t!

witha= and € = 5.

Fig. 2. U(j k)eNxN sp[_s o T(a) for at) =t + a’t™! with o = £ and ¢ = 5. (Note
the different scale from Flgure 1)




Date sent: Fri, 5 May 2000 15:13:28 +0100 (BST)

From: Mark Embree <Mark.Embree@comlab.ox.ac.uk>

To: <albrecht.boettcher@mathematik.tu-chemnitz.de>
Organization: Oxford University Computing Lab

Albrecht --

> we aren’t in a hurry. Our goal is beauty - and beauty requires time
> (among other things).

If you don’t mind, I’11l take you at your word and wait until Monday to
pass the TeX file, with figures, back to you. I’m beginning to see the
antennas, and, indeed, they are beautiful!

Take care,

Mark

Date sent: Tue, 9 May 2000 14:41:18 +0100 (BST)

From: Mark Embree <Mark.Embree@comlab.ox.ac.uk>

To: <albrecht.boettcher@mathematik.tu-chemnitz.de>
Organization: Oxford University Computing Lab

Albrecht --

Finally, well over-due, I have Version 3 of our paper.

I apologize for the continued delay. Figures 1 & 2 were pretty
challenging, among the toughest plots I’ve ever made. Very
revarding stuff!

I hope you enjoy this work,

Mark
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REAL SINGLE-ENTRY PERTURBATIONS OF T, (a)

00000
*********

a(T) spT (a) sp T1o0(a)

Eigenvalues of Ts(a) perturbed in entry (j, k)
by a random number uniformly distributed in [—4, 4]
as computed by MATLAB; union of 500 samples.
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REAL SINGLE-ENTRY PERTURBATIONS OF T,(a)

+
++++++++++++

a(T) spT(a) sp T100(a)

Eigenvalues of Tsp(a) perturbed in entry (j, j)
by a random number uniformly distributed in [—4, 4]
for j =1, 2, or 3 (randomly), as computed by MATLAB;
union of 1000 samples.
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