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1 Random matrices

2-Matrix Measure:
1 1
T—d,u(Ml, Mg) = ;_—exp tr (—-Vi(Ml) — Vé(Mg) + MlMQ)dMldMQ
N N

di+1 do+1

= U = U,
Vl(x.)=u0+L VK Vz(y)—uo-t-LJJ::.

Partition function is:

™N = / / du . (2 Toda T function)
M J M,

Relatlon to brl_o;_thogona%polyno S;
{.
o " ",f-ur - /7& >

y=z"+- Un(y)—y + - n=20,1,.

/ / dz dy 7n(z)om(y)e 1@ VB0 — 5,
Fredholm Kernels:



3 Recursion relations and genéralized
Darboux-Christoffel formulae

Bi-orthogonal Quasi-polynomials:

a(e) = @ dnle) =

Their Fourier—Laplace transforms:

b= [(@e@), 8= [ W),

Yy

\/%;Un (y) e~ V2(¥) 2

Orthogonality relations:

_/uw@%@=/@¢@%@ = [ [ dsayn(@)m(s)e™ = b -

Infinite vectors and finite-band recursion matrices:

(\)IIO = [’(,bp, ...,ip,,, ]t , 2 = [¢0, ...,¢n, ]t
N d

~. . w ¥ =QV; — V¥ —PQI
) oo o0 dz «
d
— Pt — =0

where
a(0) ~(0) O 0
(1)  oo(l) (1) O

Q= : .. .. .. .. ,
agy(da) Qaa(da) <+ ao(dz) v(de)
C5o(0) A1) o Ba(d) ]
v0) Bo(l) Bi(2) o Bauldi+l)

P=| 0 @) K@ - - ,
o 0 4@ A

satisfy the string equation.

[PaQ]=1'




¥

Density of eigenvalues of the first matrix:

N KVu(z,
pl(l’) = _*——HJ\(T_)-
Correlation functions:
N 1 (/N N N N
pll(x7 .’E’) = ']W (Kll (.’B, IL')KH(CCI, .’E,) - Kll (.’L', x,)Kll (.’L',, .’E)) .

N 1 /N N N N
P12(z,y) = Nz (Ku(w, T)Koo(y,y) — K12(z,y)(Ka1(y, z) — e””y) :

Spacing distributions:

N? N
Py=det {1-Kpoxs],

(where xy is the characteristic function of the set J.)

2 Dual Isomonodromic Deformations

Dual isomonodromic pair:

0 0
D]_ = 5:; -I-L(.’E,U) y Dz = —a—y' +M(y,u) ,

Spectra1 duality:
det(L(z,u) —y1) =0, det(M(y,u) —z1) =0

are biholomorphically equivalent.




4 Finite “windows” and "
Generalized Christoffel-Darboux fomulae

Finite dual “windows”

U= [Ny 98], N2y, = [¢Ndp - ON]', N2dy

b :
N
N

N — t — 1t
U= ["/}N’ ---7¢N+d1] , N2=>0, ¢ = [¢N7~--,¢N+d2] ’ N=>0

Proposition 4.1 Generalized Darboux-Christoffel relations:

N (@M (), AN Uy (2)) N (TN (), BY on(y))
Ku(z,z') = —-= ' ,  Ka(y,y) =-— :
11( ) z — o) } 2(y, ) W —v)
“Differential” generalized Darboux-Christoffel relations:
N | N_ N-1
\ 0+ 8 Ku(@,2) = - (26), B ¥ @) |
N o N, N4
@ +) Knl'9) = - (1), A 5 0)) -
where
[ 0 0 0 —y(N—1)]
y | T w®  a® | 0
A= 0 ag(N+) - o (N +1) 0
0 0  ou(N+?) 0
I ! 0 0 agN+dz—1) )
g 0 0 0 A (N=1)]
v |B® — Em  A® 0
B:= 0 Bi(N+]) = Gi(N+1]) 0
0 0 Ba,(N+2) cos 0
| 0 0 0 BaN+di—1) 0 |




[ e R T DS Jchieit, T, s

5 Folding

Lemma 5.1 The sequence of matrices

[ 0 1 0 0 |
0 0 0
]%(x) = 0 0 0 1 ’ N 2 d27
—edy(N)  —ou(N) (z—ao(N))
L y(N) ¥(N)  v(N)
[0 1 0 O
0 0 -0
B(y) = 0 0 0 1 , N>d
—Bay(N) | =Bi(N) (y=Bo(N))
. L y(N) ¥(N)  A(N)
implement the shift N — N + 1:
SCERCNESTURK IO}

Lemma 5.2 Thc windows of quasi-polynomials U, ® satisfy the differenticl sysizm:
N N

9 D 0 D
5;}1\,"‘_ 1(1‘)}1\’!,, '55%_— 2(?})%,
where J
N - N N-1 N 1N
Di(z) =7 "a +'3°+Jz_;ﬂj Nong-2 R € glaysz]

b b

d:
N NN-1 y 2N
D =" + +E Qa; ---b € gl .
2(y) b 0 — J N+j-1N+j-2 ?f gidy+1 [y]

N . . . : .
aj:=diag [aj(N+j —d1),aj(N+j—di+1),...,a;(N+3J)] , j=-1,...ds,

N
Byi= disg [B(N + 5 — do), B(N + 5 —dy+ 1), ., BN + )] » G =—1,...dy .
'\N N .
o =T= diag[y(N —d; - 1),...,7(N = 1)]
or

g_1=g:= diag [Y(N —dy — 1),9(N —dy),...,y(N = 1)] .




Deformation equations

Lemma 5.3 The deformation equations can be written in the folded windows (and

dual windows) as

—U¥=UxgV,
UK N N
d N
—VU==V ¥,
dvy N N
d N,®
—d=-Uxko,
dug N N
d N,®
—® = VJ¢7
d’UJN N
where
N K Nd,
= a
Uk Z U]’KN-i-j—l N’
~ L =0
V= Vj,J a -a,
§=0
NE o~ Ngd N4 N
Ug"=), Ujkb-b,
Jj=0
N,® J Ny
’ ’ +.11d1
Vi =Z V jo b b
= N4-1 N

.d . (7K K
U j i = diag(U;" (N —d),...,U;"(N))

d N4 NANY
I. = _\I!_ y_K ’
dug
dvy — B = —=J
d N- N-1N@
— @ =-2 Uyg,
UK
d N-1 N-ANg
-5 g = Q XJ7
d'UJ
K
N,‘I’ N+dl—19d1
HK =Zh.. L4 U ' J?K Y
J
N,V N-1  N-j N+dy-1,d;
V;=) b-b g
§=0
ve  Kng Ny Ndrid
Ug:=) 'a---'a iK
j=0
N,® J Ntjtdp1,d;
Vy=)a-a 'V 5.

Nd . J . J .
Vj;J = dlag(V.; (N—d_J)’ .. '1‘/]' (N_])) .

UK(n) = Usan > Vi (M) = Viljsn -

Ut = —'I}{"{[Q;]>o+%[QK]o} , V7

1P+ 51PN}




6 Compatibility

Theorem 6.1 The system of equations

is compatible and hence sequences of fundamental systems of solutions {%{(x)}
: N>d.
to all equations exist. ’

_ Similar statements hold for the barred quantities and those related to the &y
sequences.

7 Spectral Duality

Theorem 7.1 The spectral curves associated to the characteristic polynomials of
N N N N . |

D, Dy, D, D, are pairwise equal. More precisely, we have:
| . N
Ug 4 det [x1d1+1 - Dg(y)] = vg, det [yldzH - Ql(x)]

r. N
Ug, det |:$1d1+1 - _Qz(y)] = Vg det [y1¢,+1 - D1(x)] ;

which connect the spectral curves of the differential operators of different dimensions
operating on the two pairs of dual windows.




The proof is based on the linear a.lgebra;’ lemma.

Lemma 7.1 Let T be a squdre matriz having the block form

o|FRlolo]fo
0|0 [|FR]O0]|oO
T=}1o0|0|0]|-.|l0 |,
0(0|0 | 0 |Fy
Go|G1|Gz|--- |Gy |

where the d+1 blocks have compatible sizes and the diagonal blocks are square. Then
det [1 — T] = det [1 — D]
where ;
D:=Gy+ Z Gk Fep--- Fy,
k=0 |
and. 1. denotes, accordz'ng to the context, the unit matriz of appropriate size.

Theorem 7.2 If {zb (¥") }nen and {@n(¥)}nen (or {¢ (z') }nen and {¥,(z) }nen) are
two arbitrary pairs ; of sequences of functions satlsfymg the recurrence relations of

Lemma 5.1, the differential relations, Lemma 5.2, and the deformation equations of
Lemma 5.3 then the bilinear expressions

3 N-1 |
In(y) = ( (), B<I>(y)) .

N-1
n(z) = ( ¢ (2), A‘I’(x))

are independent of y (resp. z) and N, and also are constant in the deformation
parameters {uk, vy}




¥V

Corollary 7.1 There exist two pairs of sequences of fundamental matrix solﬁtions
N-1

to the difference—differential-deformation equations . = - - - (\IIV{, &),
N1 _. | |
(%, W ) such that
N-1 N N-1 N ;
(2 hp)=1, (¥ie)=1 ()

Theorem 7.3 The differential-deformation systems

N,®
{8 @——D2(y)‘§y uKQ——UK‘P’ avJ%)=VJ%’} : :

" N1 NN N-1 NN N-1 NANE Y- f :
{ayl =W Dy(y), Ouy ¥ =¥ Uy, 0,, ¥ =—¥ V,, } [

N .
are put in duality by the matrix B, -

B Da(y) = Dy(u) B i
N N N,® N, ¥ N N,® i
Oux B =B Uk(y) — Ug(y) B 3w B = _I(y) B-B Vi(y) -

N : ;.
~ In particular since the matrices D,(y) and Dg(y) are conjugate to each other, their -
spectral curves are the same. b

Similarly, the differential-deformation systems

’

{a \I’—_Dl(x)‘l’) ux\I’ UK‘I’) avJ‘I’——VJ‘AI;; } :

}
N-1 N-1 N N-1N,® N-1 N-1N,® B
{3<I>—¢’D1(a:) a,,xg=—<1>gx,a,,,g_<1>y_,,} s

N

are put in duality by the matrix A,
NN N N
ADi(z) =Dy(z)A

!

N NNV N<I> N N NNY i
O, A=A Vi(z) — (:B)A, Oux A = __K('—’?)A — A Uk(2) ,

N
and hence the spectral curves of Q1 (z) and D;(z) are also the same.




'
Conclusion The four spectral curves

N ] o N ]
det |yl — Dy(z)| =0 Prop- 71 det |21 — Da(y)| =0

L i ' L .
{ Thm. 7.2 ] Thm. 7.2

| Prop. 7.1
—

. N
det |z1 — D;(y)| =0
L J

N
det Lyl — Do(z)| =0

all coincide.
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Stokes Matrices and
Riemann—Hilbert problem for

2-matrix models
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e) Aim: rigorous large N asymptotics for partition
function of 2-matrix models using bi—orthogonal
polynomials.

(V17V2) = //dMldMg e~ Tr(Vi(M1)+-Vo(Mo)— M1 M)
(1)

o) Idea: apply the same ideology already success-
ful in 1-matrix models (Its, Bleher, Fokas, Kitaev,

Moore), Deif?, KMW.%“L w;y,/éﬂ‘ﬂ Zhou, .

Zi= [dMe TTVOD 2)
N .
Z Orthogonal-Polynomials R.H. Piroblem
Him Isomonodromy
N—o0
z Asymptotic R.H.

Technical difficulty: for the 2-matrix model, which
R.H. problem?



Bi-orthogonal (quasi)—pdlynomia!s |

’an(a?) _ ™n(2) e Vi(z) . O:”@)e-vz(y)

\/Fn- ' ()On(y) - \/-hz
m(z) =2+ ..., on(y) =y + ..

Onm = Z%ZJ /l_(z) l_(J)dwdy 'an(x)exySé n(y)
4 |
[ 42 A Gy ()6 on(y)

[ | |

- ) .

generalized orthogonality

The contours Fg),i‘(]) depend on the degree of
the potentials

, 'dl ‘

_ Udy+1 pd1+1 uy g
V- l'T' 1 J
1(z) = PR +JZ—_::1 T

_ Udo+1 d +1 1 UK }*
Vo(y) = —22F1 dot1 4 Ef
dy+1° ~ K



An example of contours for V3 of degree dy+1 =8
(and u; o\, €RY)

Degree can be odd.



Dual pairs of Isomonodromic DDD equations

 YON—d,(Z) |

: e 21 (3)
Yy (z)

}lvf(:c) L=

’ N . .
6;;}1\[1(:1:) = — D1(x) \jlvl(a:) Differential (RH)

N |
Ou yvj(:c) = U1(x) \Zg(:c) Deformation

V () = a(z)wv(z) Difference.
W@ = 2@ y@ :

Frobenius compatibility = Isomonodromic defor-
mations of 9z + Di(z) (discrete and continuous).
Size do 4 1: degree (Poincaré rank) dy + 1;

N |
Dy(z) = héV| Pdaxdz 0| 4 pody (g
O 1

Stokes Phenomenon is complicated by the degen-
eracy of the eigenvalues (of the leading term).




Dual (barred) system

Define the Fourier—Laplace transforms

en(@) == [ dyeipn(y)
They satisfy similar DDD isomonodromic system:

g(f’?) = [EN—1(3’)? T ’£N+.d'2——1("’3)] e Cht
N N _N

Oz ¢(x) = ¢(z) D1(=)
N N N |

Ou ¢ (z) = ¢(x)U1(x)

N+1 N
¢ (z) = ¢(z) a(z)
| N

Christoffel—Darboux pairing
The (generalized) CD formula for the kernel

N-1 .
Kn(e,2) = 5 3 (@), (&) = ——— W@ A o)

n=0
e 0 0 0 A(N—1)]
v ™ e a® 0
A= 0 ag(N+1) . as(N+1) 0
0 0 g (N+2) . 0
0 0 0 ag(N+do—1D | 0




" | N
T he Christoffel—Darboux pairing A establishes du-
ality barred < unbarred DDD systems.

Duality «—— String Equation

N N NN |
Di(z) A= ADy(z)

By duality, we can formulate the RH problem for

one or the other system: for the barred system is
Mmuch easier.



Fundamental system of the barred system of
DDD equations

Two types of solutions:
o Laplace Transform type: if

¢(y) [@N 1), -, Pn_14+4,(y)] then:

20@) = [ pue™ow) ()

are solution of the DDD system for any contour
- for which the integral converges. If deg(Vs) =
do + 1 there are do “homologically” independent

contours. We thus have d» (lin. indep.) entire
solutions. O
e Hilbert—Transform type:

e—Vi(s)+sy #(y)

N
o (x) i=et /%[gs A dy (6)

- “Discontinuities” along the contours Fff) in the z—
plane. (R.H.)

r— S

¢ () = % (z) + 2ir z r,j 6D @), zc r& .
J=
(7)



Fundamental System

—

N .

$©(z) | — Hilbert—like: jumps
N 3\

Sy = | 6D (@)

> Laplace—like: Stokes matrices

] g(dz)(x) |
(8)

The R.H. problem needs to be complemented with

the formal asymptotics at z = oo and Stokes ma-

trices. N

For the Hilbert—like solution, in each conn. comp.

of Cz \ U;.llzl r$) we have

e—V1(s)+sy on(y)

(0) ': Vi (z)
en(x) =e /%rgs/\dy o

~ VeV —n—1 (1 —!—O())

[ T I o



Solutions of the Laplace-type

Each of them is of the form

/ dy e2¥V=V2(0) p(y)
-
1 (9)
polynomial

Asymptotics is obtained by the Steepest Descent
method |

e—Va(yr(z)) —zyr(z) |
P(y(z))

/dyeivy—Vz(y)p(y) ~C
T’Y V3 (g ()
S:D. Contour |
- . (10)
where y.(x) is the saddie point solution of
CX) .
Vi) —z=0,  yz)~z¥2 Y ;o792 (11)

J=0

S(zy = V2())|, ., = const = S(zyy(e) - Va(uk(2)))

Choice of v determines the choice of the root of z;
it is integral lin. comb. of the contours IS FRRR I

As arg(zx) crosses Stokes' lines the homology of ~
changes discontinouslry.



Formal asymptotics

In each Stokes' sector in the z- plane one solu‘uon
behaves

o ~el@ w. G v (xl/dz)

T(z) := diag (-Vi(z), [~ Va1 () + 21 (@) 4, .-
L [V (yg, (@) Frya, (2)] 4 )

—

1 O

%% :=- ij W == eQiﬂ-/d2
0 [w ]ij:-"l...dg

_ do—1
d|ag( _272_ .N+ 2—)

do

1
Y(\) =Y+ O ()—\) , Yo =diag. invertible

Note: T'(z) and logarithmic part do not commute.

10



Stokes Matrices for Laplace solutions

We have to express the change in homology basis
of the SDC as o := arg(z) increases. No loss of
generality in assuming

yd-!—l
Voly) = 12
Q(y/ d+ 1 ( )
Change variable

| , | o Ld+1 N

IL'y_V2<y)——-l£U|d {e z—d+I:l >__,3; Ly

zd—{-—l _ go

$(2) = omg =€, A=l T

|2 /dy oo Valv) = /dz oM7) = /ds 92(s) o—ne

¥ v cut ds

Square-root branchcuts

Structure of homology < sheet structure z(s)
SDC are z—images of the two rims of the cuts in
the s—plane.

11



Ciritical values

4 Copies o1 The s—-piane

Sheet 2 Sheet 3 Sheet 4
SR A 4
SN : |
....... -J:—....-._‘.._o-n«-—--..~_\.'.---—-—.:_-.—_-—-> -——--——-:-—------—>
— T Y T
: : ..\..\ _\i ....... A
! : e

A
:
]
i
]
]
!
i
|
i
5 4
i -
,,:'f::’:-..’—-’ gy :
Critical points. z-plane

Exfended Hurwifz diagram

R

Qo

I

I

O O
l
-

= O O
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Critical values

e

Sheet 2

4 copies o1 The s—pilane

" Sheetd,

X

. ‘\\“\ é /:,..,' A ..\.. f\
-\“\ - t;:?—__” ._,. : ,“.‘\. :
_______ ..3--.,---.;,.?;!: -_-_-__.::-..--—-'—:;\'-\.‘ -———-—--l:---~--->
= : ‘- T
! | 4 ! ! d
| ; I
A
|
|
;
Critical poin’rs""" b' z-plane
Extended Hurwitz diagram
3_ .
1 B R ——
-1 1 0O
Qi=| 0 —-110
O -1 0 1
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The Stokes matrices

- [J1-1 0°
Mg=]10 1 0
0 0 1
Mgy o = pMp
0 1 0
p=| 0 01

| -1 0 0
1 0

14



=

her example with d =

-

Anoi

OOOOO_.ﬂl
oNoNoNoNeoRk _Ne
OO0OO0OO0O~-HOO
eoNolNeoR _Nolole)
oNeoR NoloNoNe)
Or-~~O0O00O0O
,
~ - O O0OO0O
_ _
~ O 00 - O
u _ |
-~—-
(&)
®)
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Conclusions

e Well defined R. H. problem; use it! (ansatz
needed: see Bertrand's lecture)

e Define isomonodromic Tau function for the sys-
tem (technical hurdle: degenerate spectrum) 4 /a
Miwa, Jimbo, Sato, Mori.

e Compare it with partition function Z. |
E.9. for one—matrix models D(z) is 2x 2 and spec-
trum is nondegenerate = Isom. tau function is
defined. Then

Zo (V) 1= / dMy, e~ TV (M)

. Y41 d{—l d vy, J
V(z) = ——"==x + > =

d—+ 1 i=1
- _nZ
Zn(V) = Ugy #11 T (V)
[M.B.,B.E.,J.H. , “Partition functions for Matrix

Models and Isomonodromic Tau functions’”,
nlin.SI1/0204054]
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