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"Random Matrix T hgqry ‘

¢ Consider the probability measure (“Deformed
Unitary Ensemble”) on N x N Hermitean matrices
given by

——I—GXp{—— N Tr[—l— M? 4+t M* }} dM
ZN 2 k=1

N
R 1
where dM =] ]dM} dM, |. l| dM
j:

j<k

= This induces a probability measure on eigenvalues.

» The asymptotic expansion of Z, gives asymptotic
information on the statistics of eigenvalues of random
matrices.



The Fundamental Proble

¢ To understand the detailed asymptotics for the following
family of integrals:
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* We establish the following uniformly valid asymptotic

expansion
VA 1
lo L= Neth,e.ost, )+ e (ty..rt, )+ —e,(t;,..., 1, )+
e R SRS I A TR S
where e(?),...,£,) is an analytic function of the complex vector
t in a neighborhood of 0.
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Brief background discussn

Basor, Chen, and Widom computed several terms in an asymptotic
Expansion of the Partition function for weights of the form

V.
WK = U(x)xve_x ) am:Yx“’ W) dx

where U(x)—1 1is a Schwartz function. !
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Brief background discussion
o M. Byl Mdh 1. (1300

+ An expansion of this type was conjectured in 1980 by 10957

Bessis, Itzkson, and Zuber, with a very elegant heuristic

explanation. See abo D Fruncesco, thﬁ,wp , Eim-Justin
: 2D Gmw-‘f, anel  Randon, hl”ﬁétj

Poys, Repartt 259 (1995)

€ (() 0,05 1 0,..,0 ) should “count” the number of j—valent

fat—graphs which fit on a Riemann surface of genus G.

» Their motivation: the Taylor coefficients of

* No rigorous proof of the necessary asymptotic expansion was
ever given.
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Easy consequences (% o)
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The Approach

0 _ N2 [0
a—tllogzN_—N2_£,1pN (1)dA

Where p](\l,)(/i) is the mean density of eigenvalues. It has a very useful
representation in terms of the associated orthogonal polynomials, defined via
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We establish a complete asymptotic expansion for integrals:

| 1 -
szl | N4f2_|_...

| r0pf(2)da = £, -

Provided f1SC” and doesn’t grow too fast.
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Orthogonal Polynomials
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log Zy =—N* [X p{)(A)dA

One requires rigorous
global asymptotics fog , to evauate
The asymptotics of o108 Zy
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Riemann-Hilbert problem for O.P.’s
(Its, Kitaev, Fokas) -

¢ Yanalyticin C\R

o Y ()= Y_(Z)((l) WNI(Z)) zeR, wy(z)= e-NV(z)

0
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J’pN (s) wN (s) ds
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¥Y(z)=(r+0(z" ))("'O
¢ By Plemelj’s formula, one finds
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Mean density in terms of RHP
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symptotics for Riemann-Hilbert Problems
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* Using work of Deift, Kriecherbauer, K.M., Venakides, and
Zhou. Based on Deift-Zhou technique for asymptotic
analysis of RHPs. The first application to OPs and random
matrices: quartic potential considered by Bleher and Its.

Y_1->M__2_>M1_3_>S:

(e ) N(g-t/2)
e

e 1 ~-N(g-£/2)
2
0 e, 0 e

h<
I

S =5, (z) possesses an explicit asymptotic expansion.
e other terms are all exact, and (relatively) explict in terms of the original parameters {¢;};
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Equilibrium Measure and first transformation

= Connection to approximation theory: Z, () satisfies the
following leading order asymptotic behavior

I

——lim —log Z, (¢) = sup{-— j(%z . iw} du(A)+ [[log| A~n|du(n) duw}

"N peA

where A is the set of all positive Borel measures on R with
unit mass.

= The supremum is achieved at a unique measure, u*, called -
the equilibrium measure, DKM ( ’96),
e (* is supported on finitely many disjoint intervals
e On the interior of each interval, £* has analytic density w(A)
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Equilibrium Measure and first transformation

Theorem : 3T > 0>1f |t|< T, then (é,)>0)

-

dux=ydA where

V()= 35 X AN~ A~ pIN(2) = 5 R, (1)h(2)

with h a polynomial of deg V -2, strictly

positive on[a, Yii ] defined by
ds

o V'(s)
h(z)“" 27 CI\/(S“O!XS—/B) o
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Dynamics of the Equilibrium
Measure

a(t) and f3 (¢) are analytic functions of # as are
coefficients of of the polynomialh(/l).



Expansion for mean density in the bulk

For 1€, )
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Endpoint behavior: inner approx.
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Umformly Valid Representatlon of p()

Forz [0, f+ 0] the following exact formula holds true:

Wy Bl (2
NG = (s = Loy ) 2 ¥4 (Ba(2) ¥ (@)

L) [(\Fgl (®5(2)) ) — B4(2) (\pgl (B5(2)) )2 J
+2[(s" Berc@stzn). (s B9 (@s2))
- Erv@n), (v @), ]

y(z)= = f) B(z):( 7~(2) ‘Y(Z))q)ﬂ(z)”%

(z a)’ ~iy(z) ~iy(z)
and S solves the RH problem for the error.
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If || 1s sufﬁc1ently small then there 1s a fixed size
 neighborhood of the interval [0,] on which the

followmg asymptotic expansion nolds true.
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Now we must evaluate I () py (L) dA.

First, the contribution from (S + &, ) and (-—oo a - 5 )
is exponentially small, beyond all orders in N.

We are stuck with a series of integrals of the form
p+o

N j F(A) Ai(® ; (1)) Ai'(D (1)) dA, jodd

e (AN(@,(2))

N~/ A
jf() o0

p+6

N j F(A) (A(D 4(2)))* O ,(2) dA, jeven

dA, jeven

And each of these possesses an asymptotic expansion
In even powers of N.





