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“You should not forget the Cambridge
‘Mathematical Journal’. It is done by the
younger men... It is full of very original
contributions. It is, as is natural in the
doings of young mathematicians, very full
of symbols. The late Dr F. Gregory, whom
you must notice most honourably... gave
his extensions of the Calculus of
Operations... in it. He was the first editor.
He was the most rising man among the
juniors.”

--Augustus De Morgan to
John Herschel, 1845

Augustus De Morgan (1806-1871)
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PREFACE

I~ bringing before the Public the First Number of The Cambridge
Mathematical Journal, it will naturally be expected that we should
say a few words, in the wa y of preface, on the objects we have in
view, and the means -we . mtend to adopt for carrylng them into -
effect. ‘
It has been a subject of regret with many persons, that no proper
channel existed, cither in this University or elsewhere in this
_country, for the publication of papers on Mathematical subjects,
which did not appear to be of sufficicnt importance to be inserted-
in the Transactions of any of the Scientific Societies; the two
Philosophical Journals which do exist having their pages general]y
devoted to physical subjects. In this. place in particular, where
the Mathematics are so gememl]y cultivated, it might be expected
that ‘there would be an opening for a work exclusively devoted to
that science, which does not command much interest in the world
at large. 'We think that there can be no doubt that there are many
persons here who are both able and willing to communicate much
‘valuable matter to a Mathematical periodical, while the very ex-
istence of such a work is likely to dzaw out others, and make them
+ direct their attention in some degree to original research. Our
primary object, then, is to supply a means of publication for
original papers. \ ' |
" But we conceive that our journal may hkewme be rendered useful
in another way—by publishing ahstracts of important and interest-
ing paperq that have appeared in the memoirs of foreign academnes,
and in works not easily accessible ‘to the generality of students.
We hope in this way to kéep our readers, as it were, on a level
with the progressive state of Mathematical science, and so lead themn
to feel a gread¥er interest in. the study of it. For this purpose we

"NO. 1. B



The Calculus of Operations

The “exponent” of ZZ%’ which records how many

times differentiation occurs, and the “expo-
nent” on A, which records the order of a finite
difference, obey the same laws of “exponentia-
tion” that govern a variable z or a function f:

piL dby) _ da+by
dr®\dzb)  dzotd

ATAT f(z) = A" f(2)

where Af(2) = f(z + ) — J(@
and A" f(x Z < ) )" f(z + 5h)]



Joseph-Louis Joseph Liouville
Lagrange (1809-1882)
(1736-1813)

Simon Laplace Jean Baptiste Joseph
1749-1827 Fourier
(1768-1830)
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infiniment petites, qlll s'ajoute & la somme d’unc série ordonnée suli-
vant les puissances ascendantes de 'aceroissement de la variable. Or,

pour obtenir cette formule, il suffit de recourir 2 I'équation éymbol-' -

lique qui existe entre les lettres caractéristiques A, D, dont 'une sert
a mdlquer une dlﬁ‘erencn ﬁme, I autre une fonction dérxvee et de dé-

velopper 3 Suivant les pmssances ascendantes de D. Il y a plus on

pourra developper parelllement suivant les pulssances ascendantes

de la lettre D, une fonction rationnelle symbolique qui aurait pour -

numérateur Punité et pour dénominateur une fonction entiére de A.

Enfin on pourra décomposer une fraction ratwnnelle de cette espice

en Tractions simples dont chacune ait pour dénommateur une fonetion
linéaire de D. Les formules obtenues, comme on vient de le dire,
pourront servir i développer I'intégrale d'une équation linéaire aux
différences finies, qui aura pour second mémbre une fonction donnée
de la variable, en une série dont chaque terme sera proportionnel, ou
2 'une des dérivées de cette fonction, ou  I'intégrale d'une équation

d!ﬂ'erenttelle linéaire du premier ordrs. Toutefois, ces formules, ainsi

- déduites d'une équation symbolique, ne pourront encore étre consi-
dérées comme rigoureusement établies, la méthode qui les aura fait
découvrir n’étant en réalité qu'une méthode d'induction, et I'on doit
méme observer que cette méthode ne parait nullement propre i faire
connaitre dans quel cas chaque série sera convergente, et sous quelles
conditions chaque formule subsistera. Or ces dernieres questions se
résoudront assez facilement, dans beaucoup de cas, i I'aide des consi-

* dérations suivantes. —

D'abord, pour obtt,mr' les régles de la convergence-des séries, il suf-
fira souvent de recourir & deux théoremes que j'ai démontrés, I'un
dans I Analyse algébrique, page 143 ('), l'autre dans le Mémoire de
1831 sur la Mécanique céleste (). A I'aide de ces deux théoremes, on
- prouvera aisément, par exemple; que la série donnée par Maclaurin

(1) OEuvres de Cauchy, S. I, T. L.
(?) Ibid., S. 11, T. XV.

*.
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On general Dg'ﬁ'erehtiation. ' 11

y = a + Va2 o«* — V¥

_and-those of the parabola from the equation

m
y = az + -
[¢3

But we nced do no more than indicate this, as the method is
the same as in the ellipse.

0.

I111.—ON GENERAL DIFFERENTIATION.

Tur idea of differential coecfficients with general indices is not
modern, for it occurred to Leibnitz, who has expressed ‘it in his
correspondencé with Jean Bernouilli. Euler has written a few
pages on this subject, which Lacroix has copied into his large work
on the differential calculus.  Formule for expressing the general
differential coefficients of functions by means of definite integrals, .
have Leen given by Laplace ( Théorie des Probabilités, p. 85,
3rd. edit.), by Fourier ( Théorie de la- Chulewr, p. 561), and by Mr.
Murphy ( Cambridge Phil. Trans., vol. ). DBut it appears that -
the only person who has attempted to reduce the subject to a
system, is I. Joseph Liouville ; three memoirs by whom,—one on
-the principles of tlie caleulus, and two on applications of it,—are
inserted in the 13th volume of the Journal de I Ecole Polytech-
nique, "for the year 1832. Professor Peacock, in his valuable and
interesting Report on certdin branches of Analysis, which forms a
part of the Report of the British Association for 1833, has spoken
of M. Liouville’s system as erroneous in many essential points,..
and has given a sketch of one-very different.  But after referring

~ to M. Liouville’s memoirs, and bestowing considerable attention on
the subject, we have come to a contrary _opinion,. at least with
respect to his conclusions, which are the same for the most part
as will be found in this article. Scme points in his theory we
admit to be objectionable, and these we have altered.

9. The transition from differential coefficients whose indices are
positive integers, to those whase indices are any whatever, should -
be made in the same manner as the transition in algebra,*fromv
symbols of quantity with positive integral indices to those with
general indices. = Before we can prove any equations involving

d*u ) v ' ) : .
T where a is general, we must affix a meaning to that expression,

~which can %nly he done by making some definition or assumption



Greatheed’s Definitions for (General
Exponents of Differentiation
Cambridge Mathematical Journal

vol. 1 (1837):

d*(u+v) d% d%*

dx® dx® i dx®
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19292 Solution of Linecar ])z[/crcn{ml Lguations. -

If the ‘point were outside of the triangle, we should have to sub-
tract onc of the terms, such as ¢ z, so that the resulting equation

would be '
P q r N
Now let p be the radius of the inseribed circle, then taking the -
centre of this circle as the given point, we have # = y = z = P
and consequently _ L .
| 1 117 1
=l3ly ]

P P 4 T ' -
Again, let p, py, p, be the radii of the eircles which touch one of
the sides of the triangle externally, and the other two internally ;-
then we shall have, by similar reasoning,

1 1 1 1
C= L4
- pp9 .
1 1 1
as - . — } + -
pe P Q9 T -
1 1 1 1
—= L
. [1)3 p (1 r
Adding these equations together, we get
’ 1 1 1 1 .1 .1 1.
- - o= o=
P P Py P q r

It is obvious that similar theorems hold good for any tetrahedron,
but it is needless to do more than indicate them. ' ~

W. W.

'V._ON THE SOLUTION OF LINEAR DIFFERENTIAL
"EQUATIONS WITH CONSTANT COEFFICIENTS.

)

Tue following method of integrating lincar differential cquations
deserves attention, not only as leading readily to the solution of
these equations, but also as placing their theory in a clear light,
and pointing out the cause of the success of the method "usually -
employed. ) : o . » .
M. Brisson appears to have been thc first pérson who applied -
the principle-of the separation of the signs of operation from those
of quantity to the solution of differential equations. This he did
in two .memoirs of the dates of 1821 and 1823, but we have not
been fortunate enough to meet with them, (if indeed they have
been published), and our knowledge of them is derived from a



Gregory’s “On the Solution of Linear Differential
Equations with Constant Coefficients”
Cambridge Mathematical Journal vol. 1 (1837):

“If we take the general linear equation with constant
coefficients

dn’(/ dn—ly dn—2y dy

“ 1+ A B—= + ... R—=+Sy=X
dx" t dxn—1 + dxn—2 T T dzx oy

o

When X is any function of z, and separate the signs of
operation from those of quantity, it becomes

dm dn—l dn—2 d
— 4+ A B—+ ... R—+S)y=X
<dx” i dxn—1 i dxn—2 T i dx 50y

The quantity within the brackets involving only con-
stants, and the signs of operation may be considered as
one operation performed on y, and it may be represented

by

d
f(%)y:X

Here y is given at once explicitly if we are able to perform
the inverse operation of f(-£). For if we ... perform that
operation on both sides, we get

N FCy = {fCD) X

o, y={f(1)} X



Gregory’s “On the Solution of Linear Differential
Equations with Constant Coeflicients”
Cambridge Mathematical Journal vol. 1 (1837):

“...at first sight it would appear as if the
principles on which the method is founded,
were drawn only from analogy. But a little
consideration will show that this is not really
the case, and that the reasoning on which we
proceed is perfectly strict and logical. . . we might
with propriety call ... [symbols of quantity] also
symbols of operation. For instance, z is the op-
eration designated by (z) performed on unity,
2" is the same operation performed n times
In succession on unity, a + z is the operation
(@ + =) performed on unity, (a + z)" is the op-
eration (a + z) performed n times in succession
on unity. ..

If then, we take this view of what are usu-
ally called symbols of quantity, we shall have
little difficulty in seeing the correctness of the
principle by which other operations, such as we
represent by (4), (A), &c., are treated in the
same way as a, b, &c. For whatever is proved
of the latter symbols, from the known laws of
combination, must be equally true of all other
symbols which are subject to the same laws of
combination.”



Solution of Linear Differential Equations. J1

And, if f1 fi, &e.o be any other gencral symb()ls of operation
(fand f; being of the same kind) subject to the same laws of com-
bination, so that

S fr(x) = fimim(r). e (1),
SIRER = A s (2),
and f(x) +f(y) =, + Y)eeerrn(3).
Then, whatever we may have provod of a, b, &e. depending on
these three laws, must necessarily he equally true of f f, &e.
Now we know that the symbol () is subject to these laws for
d*d (x) = AT ()

d /d d /d _
= <.-(;),> = - <———(:: >......(2)
dx \dy dy \dx 4
d(z) + d(y) =dx +Y)
and the same i1s true for the symhol A.

Henee the binomial theorem (to take a particular case) which has
d d
been proved for («) and (4) is cqually true for —) and <—>: SO
1 () and (b) is cqually T 7
that we require no farther proof for the proposition, that when w is
a function of two independent variables x and ¥,

- /d d o \" d"u " d
n = dx } —- = — dx" e dz" 'dy + ...
d" (u) (dx x dy (1]//) nw= = dx + 7S d!/u " 'dy +

But this reasoning will not apply in the case of those functions
where the same laws do not hold. For instance, if we take the func-
tion log, we have not the condition

log (z) + log (y) = log (x + y)

But log (2) + log (y) = log (xy)-

Consequently the binomial theorem will not hold for this func-
tion, though a binomial theorem might possibly be deduced for it,
if the expressions did not become so0 complicated as to be un-
manageable.

We have as yet only considered the combinations of operations
of one kind, but in the preceding pages we frequently made use of
. : . _ . . d
operations of different kinds together, as in the expression <7 —a,>.

dx
Now so long as cach of the operations is subject to the same laws,
and that they are independent, that is to say, that the one symbol is
not supposed to act on the other, the same deductions will follow as
when the operations are of the same kind. Hence we assumned that
as the expression
"y Azt 4 Bat? o &e. A S
can be resolved into the factors’ '
(x — a,) (v — a,) (z — a,) &ec.




49 Solution of Linear Differential Equations.

The expression
([n du - 1 dn-—?

—_— A -+ B Se. S
oot (flxm! F ¢ +ode

can be resolved into the factors

(d .<d ”> <_d_4__a>
E“““) ) Jo ),

which is the foundation of the method we have explained.

i L N
But if we have united together such symbols as <7— - .7:/, the
] I
same result will not hold.  For though (x) is an operation of the
(ol
same kind as (@), yet it bears a different. relation to <T> as by

d.r
the nature of this last operation it affeets the operation (a) so that

d d
— (~ i N — >)2
x (/,/.2: (~)> 1S not cqual to 7 s (2)?,

or the second law of combination does not hold with regard to these
symbols of operation, and, conscquently, theorems for other symbols

_ _ 7
deduced from this law are not true for such symbols as i and
r

(x) together. Tt is this peculiarity with regard to the combinations
: . oo : : :
of the symbols () and 7 which gives rise to the difficulty in the
‘ dic ’

solution of linear equations with variable cocflicients.

Since this article was written, we have learnt that a report by
Cauchy on BRrisson's Memoirs, whiels appears to have heen favour-
able, was rejected by the Academy of Scienees. We know not for
what reason, )

I

VIL—SOLUTION OF TWO PROBLEMS IN ANALYTICAL
GEOMETRY.

~Ix one of the Problem papers for 1836 there is given the followin

problem: To draw a tangent to a curve of the second order from
a point P without it. From P draw any two lines, cach c\utting the
curve in two points.  Join the points of intersection two and two,
and let the points in which the Joining lines (produced if neeessary )
cross each other be joined by a line which will in general cut the
curve in two points A, B. PA, PB are tangents at A and B. This



104 Notes on Pourier's Heat.

and the sum of these two digits s

tyyy — by bag— b v — 1y
hence S (M — N) may be greater, but cannot he less, than
S (M) — S(N).

Pror. 8. The product of any m consccutive integers is divisible
by 1.2.3.. m.

. E _ . N—=S (N’
By Prop. 1, the index of p in Nl is %——]3—2%—-—2, and in (N-4m)!,
w_—jgNw, hence the index of p in
p JRu—
(N 4+ m)!

(N + 1) (N 4 2) ... (N + m) or 0 ;

is the difference of these quantitics, or

The index of p in m! is ; and, by Prop. 2, making

M = N 4+ m, $(m)isnot <« S(N 4 m) — S(N),
therefore m — S (m) is not > m — S(N 4 m) -+ S(N);
and the index of p in ml is not greater than the index of p In

(N 4+ 1)(N+42)...(N 4+ m). Henee, if
(N4 1) (N +2) .. (N 4 m) = 20305,
, and 1.2.8 ...m = 22.88.57 ...,
« is not > a, 3 not > b, ynot > ¢, &c. Conscquently
(N + D (N + 2)...(N ++ m) is divisible by 1.2.3 ... m.

S. S. G.

IV.._NOTES ON FOURIER'S HEAT.

Tue method employed by Fourier to integrate the partial differen-
tial equations which occur in the Theory of Heat, is to assume
some simple form of a'sing_ul‘axf solution, and afterwards to extend 1t
<o as to include all thé circumstances of the problem. It is in ef-
fecting this that he has displayed the great resources of his analysis,
and imparted so great an interest to his work Dby the variety and
ingenuity of his methods. Indeed there is a freshness and origi-
nality in the writings of Fourier which make them in no ordinary
degree arrest the attention of the reader. But however much we
may admire the means by which Fourier has overcome the diffi-
culties of the problems he had to deal with, yet it scems more



VII.._ON THE INTEGRATION O SIMULTANEOUS
DINFERENTIAL EQUATIONS.

I~ the present article we shall apply to Simultancous Linear Dif-
ferential Eqguations the principles, the applicaticns of which we have
developed in the preceding Numbers ot this Journal.  The usual
method for solving these equations was first given by D’Alembert,
and has received but little improvement sinee his time, although it
is so long and tedious, that some change was highly desirable. The
process which we shall give here is at once simple and direct, and
shows the advantage of recurring frequently to the principles on
which owr caleulations are founded.  The theory of the method is
sufficiently simple.  Sinee we have shown that the symbols of dif-
ferentiation arve subject to the same laws of combination as those of
number, they may be always treated in the same manner if the
coctlicients be all constants, which 1s the only case we shall con-
sider. We have therefore only to separate the symbol of ditferen-
tiation fron its subject, and then proceed to eliminate one of the
variables hetween the given cquations, exactly as it the symbol of
differentiation were an ovdinary cocfficient. Thus the difficnlty of

“We have...only to separate the symbol of
differentiation from its subject, and then pro-
ceed to eliminate one of the variables between
the given equations, exactly as if the symbol
of differentiation were an ordinary coefficient.
Thus the difficulty of elimination becomes re-
duced to that between ordinary and algebraical
equations.”

“We have now given a sufficient number
of examples to enable the student to under-
stand thoroughly the method, and we think
that they show clearly the advantages of a pro-
cess, which, to some persons, might appear to
carry out to a startling extent the principles
on which it is founded.”
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VII._ON THE SYMPATHY OF PENDULUMS:

By the Sympathy of Penduluma is meant the effect on the motions
of different pendulums produce(l by their mutual action, when their

points of suspension have any elastic or moveable connexion.
® o o

198 On the Sympathy of Pendulius.

The most gencral case of the influence of one pendulum on
another, when the motions as we have supposed are all in the
'ame horizontal direction and infinitesimal, will be when, calling

\ and B the points of support, each of these when disturbed per-
forms vibrations in known times: and a disturbance given to A
communicates a known motion to B, and vice versa.

To investigate the motion in this ease. let 2, ¢ be the co-
ordinates of \ and B, v + > 2 4 y of the balls suspended to
them ; then we have the eouations

If three of the quantitics K are equal to zero, the vibrations of
the two pendulums are isochronous, and there are therefore four
modes of this isochronous vibration. In all cases the pendulums
affect each other, so that none of the points oscillates in its natural
time. The extreme generality of the equations we have assumed,
and consequently of the sclution derived from thewm, preveuts us
from interpreting our result in a more precise manner.  For this
purpose it would be necessary to assign some relations between the
constants in the equatlom, but it would lead us too far it we were
to attempt any such investigation; and we may add, that any par-
ticular case will in (Teneml be more easily solved by a direet
reference to its own circumstances than b\ a reduction of the
general solution. |
D. G. S,



HL—ON THE MOTION OTF A PENDULUM WHEN ITS
POINT OTF SUSPENSION IS DISTURBED.

Ix a former article* we investigated the nature of the mutual action
of two pendulums united by any elastic or moveable connexion ; we
shall here consider more particularly the effect produced on the
motion of a simple pendulum by a disturbance of its point of sup-
port.  As before, we shall suppose the motions to be infinitesimal,
in order that the equations may be at all manageable, and also for
the sake of simplicity we shall assume the disturbances of the point
of suspension to be rectilincar.

L. Let the point of suspension have a horizontal motion parallel
to that of the pendulum.

The pendulum being a simple one, let % be the horizontal co-
ordinate of the point of suspension, « + x of the ball; let  be the

length of the pendulum, and n2 = Then the equation for the

~I

motion of the pendulum is

2 (u 4+ x) 9.,
g b r=o0... ..

Two suppositions may be made regarding the nature of the disturb-
ances of the point ofsuspension‘, that is, regarding the motion of » :
cither it has a vibratory motion independent of the motion of the
pendulum or depending on it.

In the first case, when the motion of wu is independent of that of
the pendulum, « is given simply in terms of t, or

w=ccos(at 4 f3)...... (2);
whence equation (1) becomes
az )
s + n*r — eq? cos (at + [3) =0........ (3).

The solution of this is

x=A cos (nt4B) — _‘20an2 cos (at4f3) ... (4).
: a
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The most important conclusion from this result Is, that if A =
or the ball be originally at rest, it will have no motjon. communi-’
cated to it by the vertical motiop of the point of suspension : an(
that if it has an oscillatory motion ip any direction, this will not be
permanently altered unless ¢ — 2n, or the period of oscillation of
the pendulum be double of that of the point of suspension. -In this
case the integral becomes infinite ; and if, as before, we put it into
another shape, we find that 2 Increases continually with the time,
This accords with experiment, which shows that the arc of vibra-
tion of a pendulum may be increased indefinitely by giving the

point of suspension a vertieg] motion of oscillation, the eriod of
which is half of that of the pendulum. ) F °

G. S,



VIL.—ON THE IMPOSSIBLE LOGARITIIMS OF
QUANTITIES.

(By D. I'. Grecory, B.A. Trinity College.)

In a Paper printed in the fourteenth volume of the T'ransactions
of the Royal Society of Edinburgh, 1 gave a short sketch of what
I conceive to be the true nature of Algebra, considered in its
greatest generality ; that it is the science of symbols, defined not
by their nature, but by the laws of combination to which they are
subject. In that paper I limited myself to a statement of the
general view, without pretending to follow out all the conclusions
to which such views would lead us: such an undertaking would be
too extended for the limits of a memoir, and would involve a con-
plete treatise on Algebra. It will not, however, be attempting too
much to trace out, in one or two cases, some of the more important
elucidations which this theory affords of several disputed and
obscure points in Algebra, and therefore in the following pages
I shall endeavour to point out the deductions which may be
derived from the definition of the operation =+, given in the paper
above alluded to. I there stated, that we must not consider it
merely as an affection of other symbols, which we call symbols of
uantity, but as a distinet operation possessing certain properties
peculiar to itself, and subject, like the more ordinary symbols, to
be acted on by any other operations, such as the raising to powers,
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IV._DEMONSTRATIONS OF THEOREMS IN THE DIF-
FERENTIAL CALCULUS AND CALCULUS OI' I'INITE
DIFFERENCLS.

I rrorvosk in this Article to bring together the more important of
the theorems in the Differential Caleulus and in the Caleulus of
Finite Differcncees, which, depending on one common principle, can
be proved by the method of the separation of symbols. These
theorems are usually demonstrated by induction in cach particular
case, which, although a method satisfactory <o far as it goes, wants
that generality which is desirable in Analytical Demonstrations.
As the ovdinary Binomial Theorem is the basis on which these
theorems are founded, it will be not amiss to say a few words by
way of preface regarding the extent of its application, which being
said once for all, will prevent useless repetition when we treat of
cach particular casc.

The theorem that

, N N n—| 71(7}'_—1) n--9271°2 N(_n——l) (n—g) n—237,3
(a4 b)'=a" - na™'b - |9 @' "W Loy b
+ &ec.

is originally proved when @ and b are numbers, and (a4-4)" repre-
sents the repetition of the operation n times, implying that » is an
integer number.  Having the form of the expansion once sug-
gested, it can be shown, by the mcthod of Luler, that the same
form is truc when 2 is a fraction or negative number; in which
case the left-hand side of the equation acquires different meanings.
Moreover, it will be found, on examining Euler's demonstration,
that it includes not only these cases, but also all those in which
@, b, and n zre operations subject to certain laws; for it may be
seen, that in the proof no other properties are presumed than that
a, b, and n are distributive and commutative functions, and that
@', b™ ave subject to the laws of index functions.  These laws are,

(1) The commutative, ab = ba,
(2) The distributive, ¢c(a + b)) = ca + cb,
(8) The index law, am™. (a") = a™*".

Now, since it can be shown that the operations both in the
Differential Calculus and the Calculus of Iinite Differences are
subject to these laws, the Binomial Theorem may be at once
assumed as true with respect to them, so that it is not necessary
to repeat the demonstration of it for each case.* This being pre-
mised, I proceed to consider the particular cases of the applications
of these theorems.

[t is scarcely necessary to add, that those theorems which depend on the
binomiul, us the polynomial and exponential, are cqually extensive, so that
they too may be applied to the Differential Calculus and Calculus of Finite
Difterences.



Q99 On the Conditions of

Number of this Journal. I there stated that, so far as I knew,
Brisson was the first person who had applied the method of the
separation of symbols to the solution of differential equations. 1
have since found that Sir John Herschel was really the first
person who did so, in a paper published in the Philosophical
Transactions ftor 1816, five years hefore the date of DBrisson’s
Memoir. It is much to be regretted, that neither Sir John
Herschel himself, nor any other person, followed up this method,
which 1s caleulated to he of so much usc in the higher analysis.
Perhaps this may have arisen from the theory of the method
not having been properly laid down, so that a certain degree
of doubt existed as to the correctness of the principle. I trust,
however, that the various developments which 1 have given in
several artieles in this Journal, of the principles of the method
as well as the proofs of its utility, are suthicient for removing
all doubts on this head, and that it will now be regarded as a
powerful instrument in the hands of mathematicians.

D. I G.
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1 n . ks
X — = ] — 62 0ps? 2 ,
72 H? 4
therefore &e. Q. E. D.

It is to be regretted that we have hardly any idea by what
considerations Dr. Stewart was led to the curious theorems which
bear his name. It is said, indeed, that he was engaged on geome-
trical porisms when he discovered them, and we are told that he
would have published them under the title of porisms, but for bis
unwillingness to interfere with g subject which the researches of
his friend, Dr., Simson, seemed to have appropriated.  Whether
they are in reality porismatie, is g question on which it would not
be worth while to enter.

The fundamental formula of our analysis is perhaps not new: the
geometrical applications which we have made of it appear to be
original.

IX.._.ON A METHOD OF ALGEBRAIC ELIMINATION.®

It is the object of this paper to explain a method of elimination
common to algebraic equations, and also to differential equations of
all orders and degrees.  When applied to the former class, it will
always, I believe, lead to calculations which do not differ much
from those required by the method in common use; but in prineiple
itappears to me much more simple and satisfactory than that method.

Let it be required to climinate 2 from the cquations
2?4 px + g = 0,
! /
x? 4 p'z 4 g = 0.
Multiply cach of the proposed equations by a, and you obtain
'+ pa? pogr =
4+ P 4 g = 0,

These two combined with the two given cquations make a Sys-
tem of four cquations containing three quantitics to be climinated,
viz. 2, 2%, x*; and they are of the first degree with respect to each
of these quantities.  We may thercfore eliminate @, a%, and a’, by
the rules for equations of the first degree,  The result is

N9
 — ¢ )+
Py — p'(/ + (/‘-“l,l = Q.
p—p
The same result may be obtained rather more simply thus.

* From a (forr('sp«mdcnr.
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In the preceding propositions the problem of elimination scems
to me to be placed in a simple and luminous poiut of view. The
different cases treated are referred to one common principle, which
seems obvious as soon as it is enunciated, and which will probably
be found applicable to other classes of equations.

I shall be very glad if this contribution is scen in as favourable a
light by the readers of this Journal, and is found practically uscful.

A Q.G C

Feb, 8th, 1§11,

April 2nd, 1841,

P.S.—The preceding system of climination was suggested to me
by reading an article on Simultancous Differential Equations, in the
fourth number of this Journal. I observed that the method of
separating the symbols of operation from those of quantity, employed
in that article, is, so far as elimination is concerned, the same in fact
as the method given by La Croix.  (The method of the separation
of the symbols being however applicable to none but equations of
the first degree; but having the advantage, where it is applicable,
of indicating at once what differentiations are nceessary.) This
reflection led me to observe the principle on which climination he-
tween two differential equations depends, viz. that whereas the pro-
posed equations contain several functions of the quantity to be elimi-
nated, this difficulty is evaded by forming new equations.

The process by which these equations are formed introduces new
functions; nevertheless it answers the purpose for which it is em-
ploycd, because it increases the number of equations still more than
that of functions.

This method scemed natural, and properly applicable to the
problem; whereas the method employed in treating algebraic
equations of the higher degrees had always appeared to me very
unsatisfactory, and obscure in principle. The question was thus
raiscd, whether a method similar to that used in treating diffe-
rential equations might not be discovered for algebraic. This
question being once asked, the answer to it was soon found;
especially as the paper which had suggested these reflections
pointed out an analogy betwecn the processes of Differcntiation
and Multiplication.

At the time when this occurred to me, and when I sent my
article to you, I was entirely ignorant that any other mathema-
tician had been occupied with the subject, and was not aware that
there was any known method of elimination between algebraic
equations, except that which makes the problem depend on the
method of finding the greatest common measure.  IFrom Pro-
fessor Sylvester’s interesting paper in your last number, and from
his paper in the Philosophical Magazine to which you referred me,
I find that that gentleman has not only anticipated me in the fun-
damental idea, but has likewise devised some very ingenious rules
for the more expeditious, and even merely mechanical, application
of it.  Should vou, however, think my article wdrth inscrting.

N NN
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Robert Leslie Ellis, “Remarks on the
Distinction Between Algebraical and
Functional Equations”
Cambridge Mathematical Journal vol. 3

22 4ar+b=0 ... ... (1)
W =0 (2)
dmx)+x =0 ... (3)

ooooooooooooooooooooooooooooooooooooooooooooo

{p(ab)}?> +ag(ab) +b=0 .............. (1)

L) =2 =0 .o (2)

“The name of functional equation is not happy;
it refers to the notation, and not to the essence
of the thing.”
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From this we have

alio 71
/ L1 w/(cz—rz)f 0.

This equation is satisficd cither by

e o c
r=+(c" -, 1c. by =557

or by dr =0, which involves dr, = 0.

The former of these results gives the cqual conjugate
diameters, the sum of which 1s, as we know, a maximum.
The latter result implies that both » and », arc maxima or
minima, or that they are the principal axes, the sum of which
is a minimum. By a different method we might have ob-
tained the minimum instcad of the maximum value of r + 7,
by the usual process for determining maxima and minima.
Forsince 7* + r*= ¢’ + 0* and 77, sin O =ab, 6 being the angle
between the axes, we have

(r+r) = +0+ .Qab
sin
d 2ab cos ()
and hence  —_(pr 49V =- T2 T 2,
TAY (sin O)°

This is satisfied by cos 0=0 or =1, implying that r and 7,

are the principal axes. In this case the maximum value of

r+71s given by df) = 0, since the equal conjugate diameters
are those which malke the greatest angle with cach other.
G.

Y=O0N THE SOLUTION OF CERTAIN FUNCTIONAL EQUATIONS.
By D. F. Grecory, M.A. Fellow of Trinity College.

IN_ the fourtcenth number of this Journal Mr. Leslie Ellis
Pomnted out what appearcd to him to be the essential differ-
flfslﬁzubetween ‘Fur.lct':onal Equations and those which are
e iy r{llet with in the various branches of analysis. His
te( 0:(,]t at thes? classes of equations arc distinguished by
Them er in which .the operations are performed, so t}mt,
o sf In our ordinary equations the knowp operations
: Periormed on those which are unknown, in functional
aIe)lprzglrperformed on those which are known. As this view
impo(rti to }ne to be not only correct, but of very great
partm(;nI}cCC 191 the proper undcrstandmg of: the hlgher _dC—
- S 0 anulys1_s, I shall. endeavour in the following
5t to enforce and illustrate it.

QUations the converse is the case, the unknown opcrations.

2



Duncan Gregory, “On the Solution of Certain
Functional Equations”
Cambridge Mathematical Journal vol. 3

“...|In the case of the solution of an ordinary
differential equation] the whole difficulty lies
in performing the inverse operation; and al-
though practically the difficulty of doing so
may be very great, yet it is a difficulty wholly
different in kind from that which we meet with
in trying to solve an equation in which the un-
known operation is performed on that which
is known [i.e., a functional equation|. Thus in
the equation

¢laz) — ¢(z) =0,
where the object is to determine the form of
¢, we cannot. .. write

¢lax — ) =0,
since the form of ¢ is unknown, and we there-

fore cannot assume it to be subject to the dis-
tributive law; neither can we we write

ag(z) — p(x) =0,

since we cannot assume that ¢ and a are com-
mutative operations.”
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George Boole
(1815-1864)



Duncan Gregory to (GGeorge Boole,
16 February 1840:

“Your method of simplifying the solution of
Linear Differential Equations with constant co-
efficients is exceedingly ingenious, and, I think,
reduces the problem to the greatest degree of
simplicity of which it admits...I do not think
that the non-insertion of your paper in the
Phil. Mag. was due to any other cause than
this: that the editor is ignorant of mathemat-
ics, and is very unwilling to risk the publica-
tion of any mathematical communication, un-
less a previous knowledge of the author gives
him some security for the correctness of the
paper....”



Duncan Gregory to GGeorge Boole,
16 February 1840, continued:

“...1 shall be very happy to get your article
inserted in the journal, but I have some doubts
whether the paper, as you have sent it to me,
is in the best form...If it be agreeable to you
I will draw up the paper in the way which 1
think is best fitted for publication, and will
transmit [it] to you for your inspection. I shall
be glad to hear that you have made progress
in the solution of equations, with variable co-
efficients. The question is a very difficult one,
and of the highest importance, as it is in that
direction that we must look for some extension
of our means of analysis.”



V.—ON THE INTEGRATION OF LINEAR DIFFERENTIAL
EQUATIONS WITH CONSTANT COEFFICIENTS.

[By G. BoovLk.]

Ix an article in the first number of this Journal, (Vol. 1. p. 22.)
Mr. Gregory has applied the method of the separation of symbols
to the Integration of Linear Differential Equations with Constant

Coefficients. The greater part of the process is at once simple and
direct, which gives this method an advantage over that of the
Variation of Parameters; but the reduction of the complex inverse
operations to a sum of similar simple terms by means of integra-
tion by parts, is laborious and tedious, and may be very greatly
abbreviated by a method which I propose here to exhibit.

If we represent the general equation

dn dn—] dn—-? B}

1
by f(é@) 7y == X,

we deduce, as is done in the paper referred to,

y = {f (%)}' X e (2).

Now, instead of splitting the operating factors into simple hino-
mial factors, and operating with them in succession, which renders
it necessary to simplify the result by integration by parts, we may
at once resolve the general operating fagtors into the sum of a
number of simple binomial factors, exactly as in ordinary Algebra
a rational fraction is decomposed into the sum of a number of
simple fractions. The expression

[ d \L“'
1f <~J£> |
is the same in form as the rational fraction

]
21— .
SEET = 2" 4 AT AETTE R &e + Ay

Now the method of the resolution of this into a sum of partial
fractions, is independent of any properties of the variable, except
the three which have been shown by Mr. Gregory (Vol. 1. p. 31.)

a .
to be common to the symbol et and to the algebraical symbols
X

generally supposed to represent numbers. Consequently the same
means which enable us to determine the form of the partial frac-
tions in ordinary Algebra, may be applied to the circumstances of
the case now under consideration. This, it will be seen, is nothing
more than a farther extension of the application of the principles
on which the whole method of the separation of symbols is founded.
It is not nccessary therefore to repeat the process ofl reasoning by
which we arrive at the conclusion, that {f (%)} may be ex-
panded into a sum of partial operations, the same in form as those
into which §f (=)}~ may be resolved. Still less neccssary 1s 1t to

: d .
work out the actual result by employing the symbol o in place



Duncan Gregory to (George Boole,
19 June 1843:

“I have been prevented from answering your
letter by a severe attack of illness, from which
I have not yet recovered. My advice certainly
is, that you should endeavour to get your paper
printed by the Royal Society, both because you
will thereby avoid a considerable expense, and,
because a paper in the ‘Philosophical Transac-
tions’ is more likely to be known and read than
one printed separately.”



VIII. On a General Method in Analysis. By GeorGe BooLk, Esq. Communicated
by S. Hu~NTeRr CHRISTIE, Esq., Sec. R.S. &ec.

Received January 12th,—Read January 18th.

MUCH attention has of late been paid to a method in analysis known as the
calculus of operations, or as the method of the separation of symbols. Mr. GREGORY,
in his Examples of the Differential and Integral Calculus, and in various papers
published in the Cambridge Mathematical Journal, vols. i. and ii., has both clearly
stated the principles on which the method is founded, and shown its utility by many
ingenious and valuable applications. The names of M. SErvors (Annales des Mathé-
matiques, vol. v. p. 93), Mr. R. Murepny (Philosophical Transactions for 1837),
Professor DE Moraan, &c., should also be noticed in connection with the history of
this branch of analysis. As I shall assume for granted the principles of the method,
and shall have occasion to refer to various theorems established by their aid, it may
be proper to make some general remarks on the subject by way of introduction.

Mr. Grecory lays down the fundamental principle of the method in these words:
“There are a number of theorems in ordinary algebra, which, though apparently
proved to be true only for symbols representing numbers, admit of a much more ex-
tended application. Such theorems depend only on the laws of combination to
which the symbols are subject, and are therefore true for all symbols, whatever their
nature may be, which are subject to the same laws of combination.” The laws of
combination which have hitherto been recognised are the following, = and ¢ being
symbols of operation, » and v subjects.

1. The commutative law, whose expression is

FOU=ETU.
2. The distributive law,
w(u+v) =vu-+tav.
3. The index law,
gty == ™y,

Perhaps it might be worth while to consider whether the third law does not rather
express a necessity of notation, arising from the use of general indices, than any pro-
perty of the symbol =,

The above laws are obviously satisfied when = and ¢ are symbols of quantity.

They are also satisfied when = and ¢ represent such symbols as ‘%, 4, &c., in combi-

nation with each other, or with constant quantities. Thus,
262
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1.—MEMOIR OF THE LATE D. F. GREGORY, M.A., FELLOW OF
TRINITY COLLEGE, CAMUIRIDGI.
By R. Lesvie Brors, Bsq., Fellow of Trinity College, Cambridge.

Tur subject of the following memoir died in his thirty-first
year. Ile had, nevertheless, accomplished enough not only
to justify high expectations of his future progress in the
science to which he had principally devoted himself, but also
to entitle his name to a place in some permancnt record.

Duncan Farquharson Gregory was born at Edinburgh 1n
April 1813, Ile was the youngest son of Dr. James Gregory,
the distinguished professor of Medicine, and was thus of the
same family as the two celebrated mathematicians James and
David Gregory. The former of these, his direct ancestor, 1s
familiarly remembered as the inventor of the telescope which
bears his name; he lived in an age of great mathematicians,
and was not unworthy to be their contemporary.

Of the carly years of Mr. Gregory’s life but little need be
said.  The peculiar bent of his mind towards mathematical
speculations docs not appear to have been perceived during
his childhood ; but, in the usual coursc of cducation, he
shewed much facility in the acquisition of knowledge, a re-
-markably active and inquiring mind, and a very retentive
memory. It may, perhaps, be mentioned here, that his father,
whom he lost before he was seven years old, used to predict
distinction for him; and was so struck with his accurate
information and clear memory, that he had pleasure in con-
versing with him, as with an equal, on subjects of history and
geography. In his case, as in many others, ingenuity 1in little
mechanical contrivances scems to have preceded, and 1ndi-
cated the developement of a taste for abstract science.

Two years of his life were passed at the Edinburgh Aca-
demy ; “when he left it, being considered too young for
the University, he went abroad and spent a winter at a pri-

L



“I shall be very glad to get publishing your
paper in the Journal, as I am very desirous of
getting such papers on physical subjects
sometimes in place of the endless algebra &
combinations wh.[ich] so abound.”

— William Thomson to G.G. Stokes,
25 February 1851
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