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1. Bundles: Let G be a Lie group. A (smooth principal right)
G-bundle over a manifold M is a manifold B equipped with

(1) a smooth, free right action p : BXxG — B and

(2) a smooth submersion 7 : B — M

such that the orbits of p are the fibers of w. A section of B over M
is a smooth map o : M — B such that wmoo = idy,.

Two G-bundles (B, m;, p;) for i = 1,2 are equivalent if there is
a diffeomorphism f : By — By that commutes with the structure
maps:

Bl # BQ Bl x G & BQ x G
Wll J/Trg PlJ/ JVPQ
idas f
M —— M BT —— B

We often let p be understood, writing p(b,g) € B as b-g and
m: B — M to denote the bundle.



Basic Examples I:

(1) The trivial bundle: B = M x G with the obvious projection
to M and right multiplication by G.

(2) Coset spaces: B is Lie group and G is a closed subgroup.
Then the left coset space M = B/G has the structure of a
smooth manifold so that the coset projection 7 : B — M
defined by 7(b) = bG € M is a smooth submersion.

(3) Homogeneous bundles: Hy C Hs C Hs are Lie groups
with H; closed in H;y; and H; normal in Hy. Then G =
Hy/H; is a Lie group and B = Hs/H;, and M = H3/H,
are smooth manifolds so that the natural projection

7T:H3/H1—>H3/H2 ﬂ(hHl)ZhHQ
and the right action
pIHg/H1XH2/H1%H3/H1 p(hHl,ng)Zthl

define B as a G-bundle over M.



Associated Bundles: Given a (pr. right) G-bundle 7 : B — M
and a smooth left action A : G x F' — F, define the associated
bundle

BxgF={[bfl|(b,f)e BxF }=(BxF)/~

where (b, f) ~ (b-g, 97" f).

The quotient space B X F has a natural smooth manifold
structure such that the projection B x F — B Xxg F defined
by (b, f) + [b, f] is a smooth submersion and the induced map-
ping B xg F — M defined by [b, f] — =(b) is also a smooth
submersion, with each fiber diffeomorphic to F.

In this way, principal bundles give rise to a large class of bundles.
For example, if F' is a vector space and A : G X F — F' is a linear
representation of G into GL(F'), then B xg F is a vector bundle
over M.



Extension and Reduction: Let H C G be a subgroup.
If 7: B— M is an H-bundle over M, then

BxyG={1|bg]|(bg eBxG}=(BxG)/~

(where (b, g) ~ (b-h, h~'g)) is a smooth manifold that is naturally
a G-bundle over M and called the G-extension of B, sometimes
written B-G.

Conversely, if 7 : B — M is a G-bundle over M and there is a
submanifold B’ C B so that p(B’ x H) = B’ and the restriction
of p gives B’ the structure of an H-bundle over M, we say that B’
is an H -reduction of B.

Remarks:

(1) A G-bundle 7 : B — M is trivial iff it has an {e}-reduction.

(2) By the Implicit Function Theorem, every G-bundle is lo-
cally trivial, i.e., M can be covered by open sets U C M
such that By = 7—1(U) is trivial over U.



Example: Reductions of Sphere Bundles.
(1) SO(3) — SO(3)/SO(2) ~ S? has no nontrivial reductions.
(2) SU(2) C SO(4) defines an {e}-reduction of
SO(4) — SO(4)/SO(3) ~ S3,
so it’s trivial.
(3) SO(5) — SO(5)/SO(4) ~ S* has no nontrivial reductions.
(4) SU(3) € SO(6) defines an SU(2)-reduction of
SO(6) — SO(6)/SO(5) ~ S°
that has no further reductions.
(5) G2 C SO(7) defines an SU(3)-reduction of
SO(7) — SO(7)/S0(6) ~ S°
that has no further reductions.
(6) SO(8) — SO(8)/SO(7) ~ S7 has an {e}-reduction defined
by octonion multiplication.
(7) SO(9) — SO(9)/SO(8) ~ S® has no nontrivial reductions.



Basic Examples II: Let V be a vector space of dimension n.
(Often, V = R"™, so that GL(V) = GL(n,R).)

Coframe Bundles. If E — M is a vector bundle of rank n, let
F(E,V) be the set of isomorphisms u : E, — V for 2 € M. There
is a unique smooth structure on F(E, V) such that setting

m(uw) =z and  plu,g) =g 'ou

for u € F(E,V) and g € GL(V) gives F(E,V) the structure of
a G = GL(V)-bundle over M.

Reductions. When E has extra structure, we can often use it to
reduce F'(E,V). For example, fix a positive definite inner product
on V and let O(V) € GL(V) denote its isometries. Now suppose
that E is an Euclidean bundle. Then F'(E,V) C F(E,V), con-
sisting of the w : E, — V that are isometries, is an O(V)-bundle.

Similar considerations apply when V also has a compatible com-
plex structure with unitary automorphism group U(V) C O(V)
and F is an Hermitian vector bundle, etc.



Tangent Coframe Bundles and G-structures. An important special
case: If E = TM, then F = F(TM,V) has some extra structure:
A canonical V-valued 1-form w. The canonical form. Define w,, :

T.F —V by
w(v) = u('(v)) for wveT,FsT,M-V.
This form w has some remarkable properties, as will be seen.

G-structures. If G C GL(V) is a subgroup, then a G-reduction
of F = F(TM,V) is said to be G-structure on M.

For example, if V' has an Hermitian structure, with automor-
phism group U(V) € GL(V), then a U(V)-structure on M is equiv-
alent to specifying a Riemannian metric and a compatible almost
complex structure.

We are going to be interested in finding G-structures on Rie-
mannian manifolds that satisfy an extra ‘flatness’ condition and in
studying what geometric properties those G-structures induce on
the manifold.



Connections: Let 7 : B — M be a (principal right) G-bundle
over M. A connection on B is a splitting

TB =%kern' ® L
of the tangent bundle T'B for which L C T'B is G-invariant, i.e.,
R, (L) = Lforallg €G.

In particular, 7'(b) : Ly — Tr) M is an isomorphism Vb € B.
For any differentiable curve ¢ : [, 8] — M and any a € 7~ * (c(a)),
there is a unique differentiable curve ¢ : [a, §] — B such that

m(é(t)) =c(t), éa)=a, and &(t) € Lz, Vte€ [o,p).

A curve ¢ with this last property is said to be L-horizontal. The
G-invariance of L implies that, if ¢ is L-horizontal, then R o¢ is
also L-horizontal for all g € G. It then also satisfies
m(Rgoc(t)) = c(t), and Ryoé(a) = a-g.
Thus, a connection on B defines a trivialization of B along each

differentiable curve ¢ : [a, ] — M, once a trivialization of the fiber
over ¢(a) is chosen.



Ezxample: Homogeneous Connections. Suppose that B is a Lie
group with Lie algebra b = T.B and that G C B is a closed
subgroup with corresponding subalgebra g C b.

Generally 7 : B — B/G does not have a B-invariant connection.

However, if there is a complement [ C b to g that is Ad(G)-
invariant, then the left-invariant subbundle L C T B that satis-
fies Lo = [ defines a connection on m : B — B/G that is B-
invariant. (Such [ always exists, for example, if G is compact or,
more generally, reductive.)

Induced Connections. If L C T'B is a connection on 7 : B — M,
then for any associated bundle B Xxg F', there is a correspond-
ing subbundle of T(BxgF), defined as the image of L under the
submersion BXF — BxgF. (It is well-defined because of the
G-invariance of L.) This is known as the induced connection.



Holonomy: Let 7 : B — M be a (p.r.) G-bundle with connec-
tion L C TB. Assume that M is connected. Let b € B be fixed
and set

L(b) ={c:[0,1] — B|c(0) = b and c is pcwise diff. and L-hor. }.

and
Br(b) = {c(l) €B | c € L(b) }

Theorem: (Borel-Lichnerowicz) There is a Lie subgroup Hy,(b) C
G such that By (b) is an Hp(b)-reduction of B. Moreover, L is
tangent to the submanifold By, (b) C B and this reduction is the
smallest reduction of B with this property that passes through b.

Remark: Br,(b) is called the L-holonomy bundle through b and H,(b)
is called the holonomy of L through b. We have

Br(b-g) =Br(b)-g and  Hp(bg) =g "Hp(b)g

We often call Hy,(b) ‘the holonomy of L’; even though this is some-
what ambiguous.



The connection form. Let 7 : B — M be a (p.r.) G-bundle. By
definition, the linear map ¢ : g — T, B defined by

w(v) = %(b-e“’)

is an isomorphism ¢, : g = ker 7/ (b).
Given a connection L on B, there is a unique g-valued 1-form 6
on B that satisfies

(1) 6(tp(v)) =v forallvegandbe B
(2) O(w) =0 for all w € L.

This 6 (= 6F) is the connection form associated to L. It satisfies
R;(6) = Ad(g7)(0)

(a consequence of the G-invariance of L).

t=0

Curvature. The 2-form
©=d6+ %[9, 0]

is known as the curvature form of the connection.



Curvature and Holonomy. Let 7 : B — M have a connection L
and associated connection form 6 with curvature form ©.

For each vector field X on M, there is a unique vector field X*
on B that satisfies X*(b) € L and 7' (XX(b)) = X (7(b)) forb € B.
These satisfy the identity

X5 V() = —u (6(XE, YD) + [X, Y]H(D).
This motivates defining the subset
el (b) = { O, w) |v,w €L, }Cyg.

Theorem: (Ambrose-Singer) The Lie algebra of H(b) C G is the
subspace generated by the subsets { £4(b) |b € BL(b) }.

‘Squeeze Play’:
(1) An H-reduction B’ C B is a union of L-holonomy bundles
(so that Hp(b) C H for all b € B’) iff the pullback of 6
to B’ takes values in b.
(2) If £1,(b) generates b C g, then H C Hp,(b).



Example: SO(n+1) — SO(n+1)/SO(n) ~ S™.
Let g : SO(n+1) — GL(n+1,R) be inclusion and write the left-
invariant form as

0 —w
—1 o
g 'dg = (w 0 > where

where w has values in R” and § = —% has values in s0(n) = g and is
the unique SO(n+1)-invariant connection for this bundle over S™.
Its curvature is

O=do+1[0,0]=d0+ 070 =wnr'w.
Thus, for any b € B = SO(n+1),
tL(0)={2y—ys | z,yeR" },
and the span of these rank one matrices in so(n) is all of so(n).
Thus, the holonomy group of this connection is all of SO(n).

dw = -0 rw,

df=—-0r0+wnrtw

Ezercise: Try showing directly that any two points of SO(n+1) can
be joined by a curve c: [0,1] — SO(n+1) that satisfies ¢*(6) = 0.



Riemannian Holonomy. Let (M, g) be a Riemannian manifold.
For simplicity, assume that M is connected and that 71 (M) = 0.
In particular, can assume that M is oriented.

Let 7 : F — M denote the bundle of oriented, g-orthonormal
coframes u : T, M — R", a p.r. SO(n)-bundle over M. As usual,
let w be the canonical R"-valued 1-form on F, and let § = —%
be the so(n)-valued connection form associated to the Levi-Civita
connection of g.

The first structure equations of E. Cartan:
dw= —0rw, g =wolw = w2+ Fwy’
Local splitting. Cartan observed that, if the holonomy of 6
through u € F preserves a splitting, i.e., Hy (1) C SO(p)x SO(n—p),

then every point of M lies in an open set U with a coordinate sys-
tem z = (2/,2”) : U — RPxR™ P such that

U*(g) = (@")"(g") + (=")"(g")
for metrics ¢’ on R? and ¢’ on R™ 7P,



Theorem (de Rham) If M is l-connected and g is a complete
metric on M, then M can be written as a Riemannian product
M = (R?, gean) ¥ (M1, g1) X+ x (M, gr)

where each M; is simply-connected and (M;, g;) is complete and
holonomy-irreducible. This factorization is unique up to order.

Remark: Even without the completeness hypothesis, if the holo-
nomy of (M, g) through u € F satisfies H(b) C SO(p) x SO(n—p),

then

H(b) = (H(b) N SO(p)) x (H(b) N SO(n—p)),
that g has a corresponding global splitting ¢ = ¢’ + ¢” on M,
and that there exist submanifolds M', M" C M such that (M’', ¢ )
and (M"”, ¢"") have holonomy

H'(W) = H(b)NSO(p) and H"(") = H(b) N SO(n—p).

Fundamental question: What are the possible holonomy groups of
holonomy-irreducible manifolds (M, g)?



An example. SU(2) has one irreducible (real) representation in
each dimension n > 3 odd or divisible by 4, say H,, C SO(d):

H2k+1 ~ SU(2)/{:|:IQ} ~ 80(3) and H4k ~ SU(2)

(1) n = 3. Then Hs = SO(3) and this is the holonomy of any
metric in dimension 3 that is not a product metric.

(2) n = 4. Then Hy = SU(2) € SO(4). Cartan showed
that this does occur as the holonomy of a Riemannian 4-
manifold and in infinitely many non-isometric ways. (More
on this below.)

(3) n = 5. Then Hs C SO(5) and there are two known ex-
amples, the invariant metrics on the homogeneous spaces
SU(3)/SO(3) and SL(3,R)/SO(3). Every (M5, g) whose
holonomy is conjugate to Hs is locally isometric to a con-
stant multiple of one of these two metrics. (More on this
below.)

(4) n > 5. There is no (M™, g) whose holonomy is conjugate
to H,,.



Berger’s Analysis. To get some insight, look at Cartan’s first
structure equation
dw=—-0rw
Setting © = df + 640 as usual, its exterior derivative gives
Orw=0

Writing © = R(w,w) (since © must be quadratic in w), this equa-
tion says, for every u € F
Ry(z,y)z + Ry(y, 2)x + Ryu(z,2)y =0 (first Bianchi identity).
On the other hand, if # has holonomy bundle B(u) C F with
holonomy group H(u) = H C SO(n), then R,(z,y) = —R,(y, z)
lies in h C so(n) for all v € B(u).

For any Lie algebra b C so(n), define

K(h) = {R : R"xR"™ — b

R(xa y) + R(ya x) = O,
R(z,y)z+R(y, 2)x+R(z, )y =0

This is a vector space canonically associated to b C so(n).



Example (continued): Back to the examples of H, C SO(n),
irreducibly acting and isomorphic to either SO(3) or SU(2), we can
compute

Dimension n | K(b,,)
3 R! ¢ R®
4 RS
5 R!
> 5 0

Thus, for example, for n > 5, the group H,, C SO(n) cannot
be a holonomy group because such a connection would have to
have vanishing curvature and this would violate Ambrose-Singer.
When n = 5, the fact that K(bh5) ~ R! implies that the curvature
of 6 is determined up to a multiple at every point and, in particular,
this implies Einstein, so that this curvature is constant.



Obviously, if K(h) = 0, then H C SO(n) cannot be the holo-
nomy of any (M",g). More generally, if K(h) C K(h') for any
proper subalgebra h’ C b, then H cannot be the holonomy of
any (M",g).

It remains to examine the other cases.

Theorem: (Berger-Kostant) Assume that H C SO(n) acts irre-
ducibly on R", that n > 2, and that K(h) ~ R!'. Then there is an
n-dimensional irreducible Riemannian symmetric space M = G/H
of compact type whose holonomy is conjugate to H.

Moreover, any (M™, g) whose holonomy is conjugate to H is, up
to a constant scale, locally isometric to either G/H or its noncom-
pact dual G*/H.

Remark: The irreducible Riemannian symmetric spaces were clas-
sified by E. Cartan, who remarked that each such G/H gives an
example of a manifold with holonomy H. The ones of type A:

SU(n)/SO(n) SU(2n)/Sp(n) SU(n)/S(U(p)xU(n—p))



Theorem: (Berger) Assume that H C SO(n) acts irreducibly
on R”, that dim K (h) > 1, and that K (h) is not contained in K (")
for any proper subalgebra h’ C h. Then b is conjugate to one of
the subalgebras of so(n) listed in the following table:

n h Cso(n) K(h) as an h-module
n s0(n) R & S (R™) ® W, (R™)
n=2m > 2 u(m) R@ Sy (C™)R @ S2*(C™)R
n=2m > 2 su(m) So?(Cm)R
n=4m >4 | sp(m)®sp(1) R @ S*(C?™)R
n=4m >4 sp(m) SH(C?m)R
n= 9o Vo2 ~ RT7
n= spin(7) V020 ~ R168
n=16 spin(9) R!




The Holonomy Principle: By the transformation rule

H(u-g) = g~ H(u)g,
for each = € M, there is a subgroup H(x) C SO(T,M) such that
H(u) = uH(a;)u_1 forall u € F, = Iso™ (T, M,R"™).

As has already been remarked, the Levi-Civita connection on F'

induces a connection on each tensor bundle over M
TIM = F xgo(m) (®7(R™) @ @°((R™)*)).

Essentially by construction, a tensor field o € T'(T("*)M) that is
parallel with respect to this connection must have the property that
o, € T M is invariant under the action of H (z) on T M.

Conversely, if s € TA*) M is invariant under the action of H(z),
then there is unique a well-defined tensor field o € F(T(Tvs)M ) that
satisfies 0, = s and is parallel along curves in M.

This correspondance is the holonomy principle: The holonomy
of a Riemannian metric determines its parallel tensor fields.



Example: Differential Forms. A particularly interesting exam-
ple is that of differential forms. Because the composition

OP(M) - QY M) © QP (M) 25 QP (M)
is the exterior derivative, it follows that parallel p-forms are closed.
Similarly, since the Hodge star operation is parallel, it follows that
parallel differential forms are co-closed as well.
By the Hodge Theorem, this gives a ‘lower bound’ on the coho-
mology of a manifold with reduced holonomy:

Theorem: If (M™, g) is a compact, oriented Riemannian manifold
whose holonomy is conjugate to a subgroup H C SO(n), then there
is an injection

AR s Hi (M)
of the ring of H-invariant exterior forms on R" into the deRham
cohomology of M.



Invariant forms and Irreducible Holonomy: Now, it turns out
that for each of the groups H on Berger’s list (other than SO(n)
itself), the ring of H-invariant exterior forms is nontrivial:

Dimension Group Invariant forms (generators)
n SO(n) 1€ A% x1e A"
n=2m U(m) 1A% weA?
n=2m SU(m) 1A weA? ¢, e A™
n=4m | Sp(m)-Sp(1) 1€A ®cA?
n=4m Sp(m) 1 €AY, wi,ws,wg € A2
n="7 Go 1€A pe A3 xpe At
n=_8 Spin(7) 1A’ ®cA?

(More about these later.)



Application: (Kostant) Any Riemannian metric on S™ has holo-
nomy H = SO(n).

Proof: Let g be a metric on S™. Since S™ is simply connected and
not a product of lower dimensional manifolds, the holonomy of g
must act irreducibly on each tangent space.

Going through the list of compact Riemannian symmetric spaces,
one sees that only SO(n+1)/SO(n) is homemorphic to S™, and
the holonomy of this metric (the standard constant curvature one)
is SO(n), as has already been seen.

The only remaining metrics to examine are the ones that are not
locally symmetric, which implies that the holonomy must be on
Berger’s list. However, each of these groups other than H = SO(n)
leaves invariant a p-form for some p in the range 1 < p < n, which
would force S™ to have nontrivial cohomology in dimension p, which
it does not. Thus, the holonomy must be SO(n).

Remark: ‘Most’ manifolds have no metric with reduced holonomy.





