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1. Ca\ibratei Geome'hj
QV\,,ﬁ) given

® Ca‘\‘bMﬁens : d%ﬁbi. df'ﬁ@ﬁﬂ*{‘u‘ Formas  ww M
e Comass °‘f & Calihration ¢
o Calibrated, ?(ams

o calibmf-bol M?fdt&S, C&des' (.?-Current

Keyz Any Calibrated cyde NCM is of absolutel

minimal Volume in vts hamv(a&g Class.




The comass of a differential form

Let @ be a differential form on a
Riemannian manifold M of dimension n.

Its comass |<p||"< is given by

tof*=supf - <M, |

where @, is the corresponding p-form on
the tangent space T, M. And

[Pl =maxig(®): Eisa p—plancin T, M).

(A p- plane is technically a unit, smlple
p-vector.)




Calibrations.

A calibration is just a(closed)differential
p-form @ on a Riemannian manifold M,
used to prove p-cycles volume minimizing.

@ calibrates a p-plane & in the tangent
space to M at x if ¢,(&) achieves the

. X .
maximum value |¢| ; @ calibrates a

p-cycle S if @ calibrates (almost) all of its
tangent planes.

3 T

The principal observation is:

g

|
e

A p-cycle calibrated by some
closed differential p-form must be
mass-minimizing in its homology

| class. N "u




General Case .

Rema.rk; In jcner'a.l ) the uvlu.me »u'nimfzi'!j del.

may not be a smooth submfld at all.

We neecl :

() jenem&'& the submflel of dim p <n above
examde to p-current

(2) jencm(ke the notion 9[ Wz'ume., of a
.mémf/d to that af mass g‘ a current

mean: Sa‘nju ‘ar L{P:‘;é:ifii‘éé
/ C‘mini

. . |




Fact 1. [f S s a smooth p—cﬁain, a.m(
Us 5 the p—-curre'nt c(efc’necl by intymt?
of p- ~form over S, e Usp=f¢, the

mass (_us) - vo[(SJ |

2. If we restrict ourselves +o cunent
on M of finite mass whose bidries also fav
finite mass (ve so called nomal currents ),
then their ﬁomolyj coincides with the
real homo lfij f M.




It s easy to check:
Mass is a norm on /Lomolojj:
It is [ tnear on m]s and

1t s subacdditive.




DEFN. Given o. smooth lD—fam ¢ on M

):2= max { comass ($x) | xeM | . where

V is @ cl.ecom/oa.mﬁe !
p- vector af Nerm 4

m tangent space TxM j

comass ( $=): == MAx { ¥.(v)

DEFN. Given a p-—curremf () on M,

its mass s defined by
= smooth p-form

<c = M
SSLU) W%Z‘ { uie) ' of comass 1
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-] ﬁ% C Movve J& (et NC A bee ¥-calibrated Cj(f&,
Assume M 1§ of class €% Then of N
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Ted\niau JTssues

1o to pick o- calibvatien when M s iven ¥

How to Find the Comass of ¥ How hard
isct ¥

@ How to cdentify @ calibroted submflds,
Oycles or ¢ uvvewts 2

@ How v PtV & mini mal
MINimi ziv




E Xa.mfles

‘Aﬂ (M) T) Kahler mfed
W = K&hler form (dw =0) LV, Wy= LTV, W)
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Calibrated i Speciel "“a\' submflds W phase =o (by Rel .‘“%}}

melds | speciol Lagr. submffds w/ Phase =74  (by ImlY)



3, GR™ = thesmof s

brction: Po = First Powtryagin foven
CoMALg (v Pi) See &Q "§ W
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Lawson &
+ lpg qué @gsefmgﬁ OLLSCWQNOL on U'QU m-l-msf:j

minima| ° Su.rf&c.e, wh\% -MMQ but not @ bj
Sa&nvj the non —paveawetric minimal Surfoce yfhm
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How -to shew
Certain uniqueness results ¢

e.. By associating to the family of calibrated
planes a Pfaffian system on the symmetric
group SO(k+n), an analysis of which yields a
uniqueness result; namely, that any

connected submanifold of GkRk+” calibrated

by the first Pontryagin form is contained in
one of these 4-spheres.




2. Cayley  Form

® The four form F € N'O* dofined by
L(03,2,W) = (%, yxzxw)
forall 9,2, we © s called +he
C,jt.J form (or Coyley Calibvation) on @)

7) = the set of Coyley numbers.

[

® 4 s daseo(. Auﬂ’naﬁﬂ . and. Ras cowmass 1.



Normed. _ Algebro.

. & ﬁ%ﬁ&; e f with  Unit
fw = Division
[T it =lludiivil Algebro-

lee«ifa'www (Caﬂbej -Dickson Pmaes;)

Ne: @li%i co. YO v
*® (0, b)(e,d) =(ac-db, da +bT)
6, b,C, &L & éA

Classif-im{-tor\ s IR,C,H, O.




Crosc  Products
Lat %04, & € @

o %xY=-4Gy-3u)

R(x ) =0 e,.[zm@x. I —> TeaD
(. ) > %Y (T §x)

o xxyxze % (x3-2Gx)

Propo si tions
o AXxY o,ltwnmnj ¥XYXZ olternating
o lxxy|=|nayl bexgxz| = [%ay am)
o (axy)Lx, étxa)lj bexyr)l %, ¥,
° (xwWx(fuw)=u(xxn Beude(ywx (20) = b* xy 2 E)w

welm®© , Wizl (5o @ =-w)
)

L]
@



§ :»::fiwaw + Rg(-ﬂ.)

Jo = Complex stvucture on D= CY,
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3@ SF""-, Manifolds

o Call o Ricmamion mild (M) & Spin, =mFlL

A" 7 c .
‘f Hoegj) - SPm.' . - .

nolg o finvde 3? of
8 ¥ ’ (.!mjéwwpwawﬁ of T4
° Exo.n?\es. IR®) T° , T/r e
Spi‘nl‘t) - SN TE

(Ne,30) on T2)



D;«ggmﬂm wajs' 20 Desceibe §?i‘nq
® Sping = {g € SO(8) : ¢g*® = P}.

| ¢ Spin, ='{g € S’Og}g(uv) = g(u)jzg(v)} Yu,v €O

~ where@: Spin, — SO(Im Q) = SO; is defined by Xo(v) = g(g~*(1) - v) for all
v €O, which is the standard double cover of SO; by Spin.. | |

o Spin, = {G* + %) € S0 X“%(ﬂ ‘ 9, (=) '*3*{1%)3;&3)} :

® grfﬂy = {(305;,93)6 SO(P)XSO(S)XSG{ﬂi 3£{£’3} wﬁxiﬁjg(ﬁ)} (gﬁt‘ffﬁ:
. ; v ialvgy

—t

 Spiny e subgp of By gemaveied by €2, 1 ua1n ), jum]



Theorem The action of Spiny on G(®) is transitive with isotropy subgroup
K =5U(2) x SU(2) x SU(2)/Z,. Thus G(d) = Sping /K.

G(T) £ the set of Cayley plaves

e hfﬁ‘m oN @.cﬂ“m (. %, 8 €K as F@L(@wiv«j .
IHOH =—>H®IH
A+be > haf +(3ath)e




4, Caﬂlej Mani folds

o Call & 4-mfld a C"jli‘[ 'Mmm‘{o(& of all vts
#folbd' rbﬂéi one C’ﬂ% P’Mes*

[A &ﬁ le Y plam@ X)

wm ass 4 ®

o The Jume-tfa of Cajlej submanifolds includes

Several other j@ometri‘es.



coassociative. |

:
-
1 , | -
7| (2) A submanifold M of © of the form R X N, where N is a submanifold of
3 ;? ImQ, is Cayley if and only if N is associative
7|
- (3) Fiz a unit maginary quaternion U € S6 ¢ ImO, Consider the complex
5 structure J, and let © =2 C4. Each complez surface in O, with the reverse
& orientation, is a Cayley submanifold, |
£

)
X .
AV | .
=~ 1(4) In addition to choosing one of the distinguished complex structures J,
é‘z | (as in (8)) choose a quaternion subalgebra H of O orthogonal to u and

/(1) A submanifold M which lies in Im O C O is Cayley if and only if M 1s

identify R* ¢ C* with H ¢ O. Each special Lagrangian submanifold of
L. C'=Qisa Cayley submanifold.




le ore eﬂjbj Mani folds .Imves«-s‘wg ?

[ ] There hes been new intavest wmwlj on Hha
Jeometry of Cogley Cycles. F@iiﬁwgﬁj SYZ2, the
roles of @xCeptional ﬁ@mﬁw%% v FadrYew ggmM&rg
were First favesdigodt Vvl &j K, Becker , M. Becker,
D. Morrisonn , H. Ooguel , YUz oamd T Yim,

® From physics point of view , the authers showed
<that the Cagle3 cycles in Sfin,, &abmmd @ight -
wmilds preserves half of the space Hme supersymmety
‘Mea olts covarad thet while the h@lﬁ%@?h%t ond_
Specwl Lﬁj mwngvan cydes in Calabi - Yau 4 —folds

preserve: holf of Space -time Super—spmmetry, the

C@ie‘j submflds ave novel as '@aﬁ preserve enly
One

’ orter g%x %;s% \

® 7‘{) also Cenjectured what Rind. of roles %’ﬁ
dem wi bl ?i‘j th Mivrer ?mm&:’ Por Calok;-

i / 4 ?Q%r?%i ‘ oy & 19un i:ﬁﬁle_g ; " vy vYYOY %M%%
CY 3 -folds), K

® r."c Pog& He Mkm of $ind iny explicit @vamplel

wiey Cucles to domonstvate their Conieohund. Shemems
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Theorem ouppose f : Q C H — H is C’1 The gmph of f is a Cayley
» mamfold if and only if f satisfies the dzﬁerentzal equations

{5




Whﬂf& . The Dirac operator D is défined on f as
\ | __:_a_j.c__.éifz_._al_* 8f]2;

The first order J\/f@@gc Ampere operator on f is defined as

~_(O0f _8f _8f\ [o8f of '3I‘A'
= \82; ¥ 523 “5a ) T\ ¥ 3 J)"“

of _ Of _ of f S o O0f\ .
(8:1:1 oz, ax4>”+<axl a.zxax3>k

WA A AN

O [(2F 0 or ar\] .
——Il’Il [(3331 8332'— BCE3X >Z}+

5334

of

of _ of af  af\ . of _ of  of
Im {(83:1 % Ox3 + dxo . 3:64)‘7+ < 8 a

0z1  Oz4  Ozy « s

)

k

|




Recau :

For a compatt Kihler mfld, with fivst
“&W d“S zevYo, there s M“r"' RNC;

flat metric in each Kahler class,

yau. veducedo Pmuﬁm t0o Solve tla
QwFlex Mouje - Awem etn:




50 7;duu’6»u we used o ﬁ\u( C'ajlej Mam‘folpls
(AGU ?ammtha Restricttons zo S’:‘mf!rﬁg +a PDE)
We are going to fix a nonzero vector ¢ in H and seek a curve in the plane
R xR =Re® R C O which is going to sweep out a candidate Cayley manifold

under the action of some 3-dimensional subgroup of Spin,. Then the PDE will
be simplified to an ODE or to one with less variables.

o Cwrf

A cmdulm -

= 0 3w’ ¢ swbgp In Spin(7)



QExamPlﬂ- of 3-diwmt subgps we wsed. ;

_ Sp1 X Spy x Spy . |
(1,1,q)—~{(1,1,q ]qupl} ‘ 7 =K &€ Spin,

/ Sumlarly we denote the other key subgroups we are going to consider as (1,q,1)
(L,a,), (@11, (a,1,9), (a,q,1), and (9,9,9).

"_In fact , we oons;‘hnl.a%s‘ub&ps K R and showed that
these cam be veduced %o Consiclar the kay Swogps o bove



Further Simplificarton of FPE
Theorem Let M be a 4-submanifold of O = R8, symmetﬁc under the action
of < g >C Spin,, the subgroup generated by g, where the action is defined above.
Let « € M. Let &, be an oriented tangent 4-plane of M at o in Q. Similarly

let (o) e the oriented tangent 4-plane of M at g(a) € M in Q with orientation
inherited from o via g. Then,

(14) 5 P (Eg(e)) = 2(£a)

where ® 1is the Cayley calibration.

Corollary Let M = {f(z) + ze | z € H} be a graph over He that is sym-
metric under the action of the group generated by (q1, g2, q3) € K = SPlX%PIXSPl _

Then (Df — o f)(g22q1) = 0 and 6f(q22q7) = 0 if and only if (Df — af)( )
and 0 f(z) = 0.




e .

6 . EX“MP\% of C“Cf ha Manifolds
" Theorem @R ForanyceRr fized, the graph
(1) | M, ={ l—z—l—l—me'mEH,sGR,|m|3s—33|x|#c}

is a Cayley manifold in RS.

Theorem {} For c, k:;S € R constants, and ¢ : H — R, the graph
(2) |

C .

Mes = {29(0) + s9(a) + k + e | Vo € H,p(a) - (o) -

 is a Cayley Manifold in R

b
I

" (JImz|2 + (s + Rex)?)? |



12 W. GU AND C. PRIES

FIGURE 3. A slice of the Cayley manifold of Theorem 2.2 in
B

{e,ie,j} space. Here again z4 = 0 and z? + 23 = z3.

2.3. The Proof of Theorems 2.1 and 2.2. Before proving Theorems 2.1 and
2.2, we will introduce two lemmas.

Lemma 2.3. Assume that M = {f(x) + ze | TE ]HI} C O is the graph of a
function f : H — H. Then M is invariant under the action (26) of Sp: if and
only if

z

(29) f@) = = f(|=])

||

Proor. If M is invariant under the action (26) above, then for each ¢ € Sp; CH
and each z € H, the point ¢f(z) + (¢x)e also belongs to M. Thus

(30) flgzx) = qf(2)

for all ¢ € Sp; and all z € HL Now by replacing z by |z| and ¢ by ]%[ in equation
(30) recover equation (29). Now consider a function characterized by equation
(29). Plugging in qx yields

qr z
(31) flgz) = == f(lgz]) = ¢ f(Iz]) = ¢f (x)
jgal /1970 = 0751
for all ¢ € Sp; and all z € H. Thus we obtain equation (30), and the graph of f
is invariant under action (26) O

By Theorem 1.6, for f symmetric under the action (26), we have (Df —
af)(gr) = 0 if and only if (Df —of)(r) = 0. Thus it is enough to compute
Df—-of avt z = ||



11

bbbtk A slice of the Cayley manifold of Theorem 2.2 in
{e,ie,real} space. Here z3 = z4 = 0.

FIGURE 2. A slice of the Cayley manifold of Theorem 2.2 in
SRR

{e, je,i} space. Here z4 = 0, and z? + 22 = z2.

Theorem 2.1. For any € € ImH fized, for any c € R fized, the graph
27) M, .= {cwe + ze . z € ]HI}

is a Cayley manifold in R®.

Theorem 2.2. For any k € R fized, for any ¢ € R fized, the graph

(28) M. = {ks% + ze | z€H s €R,|zf®s — k*s3|z| = c}

is a Cayley manifold in RE.

The first three figures depict slices of one member of the second family of Cayley
Manifolds. The specific Cayley Manifold is M = {sl—ﬁ—l +ze |z e H |z2s—sz| =
5}. These figures begin to show the intricate structure of this family of manifolds.




Figure 6.1: A slice of the Cayley manifold of Thm 6.2.2 in {1,%, e} space

33
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o Ue used cach sudn mloaf as an action
20 add Sfmmety Restrichions 2o Siwplify +Hae

PDE.
o We sofved Ssc‘w?l.‘f\‘u(. PDEs or ODES in eoach car

o We FN%& umsucwess of obtained List of
Coyley Cytles in this Content.



gmph of a function, fH — H, symmetric under |
Theorem 6.4, i.e. f(z) = zp(Re z, Im z|) -+
v(Rex, Imz|) for z € H. Then M is Cayley if and only if

- | Op Oy dv,  \
2 - O —
(95) - (1-¢ (r,3)) (35-(7‘;3)“"5;&?&)*5;(7”,5)) =0
(96) (r220r5)+ 245, 4) - 3e(rs)) i) =
) and o 5
| v 0 Oy
do(r, 5) — 4p3(7, 5) + ~—7:—(r, s) -+ 7‘—5;(7", s) 5= (r,s)
—3p?(r 3)?_5(7« 8) = 3rp2(r, 8) 2L (r o) — 3s*(r 3\—£(7‘ 8)
) 87' ) | ) . Rt ) /aS )
N, oy

(97) +2s0(r, 8)5'7:(7‘, 3)5;(7“, $) — 25p(

Jorr,s e RY r = Rez,s = [Imz|.



® Loch mewmber in above ‘F‘“’“‘% K amelag.l

© In certuin Cases, 'd\ej Yepresents Ceviuin
Rinds of cone.

¢ A famly of Cugloy sbmppds M5

o -Iﬂ‘f#t@ cose of o6 Cone, then the solution 1's
& Lipschite solution <o 63(43 epus which t's MC‘



7. Similar Technigues used to pind
Special Lagrangian wmflds ¥ Associative milds

e With JTan Weiner
mlm wsed, Stwifar '&QC‘\UN'VA% 1) f\'ﬂd. MMJ

in-hmmnj examples of AsSOc( ative widds

that are iInvariamt undev 1 -parawmeter

"""‘bal’ of &, .

—Most of these examples are new.
~We examined all pessible 1-parn. svbgps of SO(%).

—We proved ums«.gnus Theorams.




qn (C’aﬂhj cg&as ' S'p Nqg ~ Mfe'( M ) IM= éz.
with bt‘g on associat've cycle. n 6;)

® Reju.la:ﬁ zir\j S}njulmvih‘o_s



BJ mmovhj :Mjnl:rifj ) 'ﬁww ub(..nj &_ Lawlor neck

DQfD\: 6-\1@» M\:g two Nn-dim'd ornented Cinesnr M’f‘s
‘3 as-ol. ‘1 °f !R"“ » theve ex st Chavecter z.i‘ﬂﬁ

“}Jl%s S, ) Bn , tofether with an O-N. basis
€,-~ren of R" 5. ¢,

€626, <. 2 6,,<% , 8&£6,<w-6,.4
Where I =€ A ae,

! = (C.Pwl € +5m6, evw!) A A(ﬁ;&,@,ﬂiﬁi

Anjle ﬁm; (Lawl»-Nm) A patr of oviented
oy 9

* We say 4 amd  setisPy e amgle exiteria o
the epuality 2 g =1 Doldls

v B
° If ‘gﬂd! Sﬂiﬁ ‘d‘—MJ‘Q gﬁhn\“‘) tean
Yo 3 o fomily of Lawlor-nechs aSpmptotic

to K2 union ’f <these “two les‘

‘e fave used obeve o Cayley planes



e 33 rémove, Stgu\u;iej thew Mﬁ Connected Sum

Lot M, B, be %&5 swbm ds of o Compact 3,;.”7 ”M xe
thet inteysect Mnswndj at o m;le pt
Sy s se A (6 Cawm y v | g%% e v omeedd o
Simgle. Ceeludge,!

& C“ we QJ“‘ ovize Mi UM; { S co ey 28y

HOP‘: m& = N fumi(j Of SPM(?) Struecture Xy on ) ¢
ed fawilyof Cayley submplds My of Xy 5. #.
{ Md - MQQM;,

w Structwre Y,

Reguluri zation seewms exyt

@W\QM X ::T‘.f ) , X -flaf omdl W‘Q—m‘h ‘f

M B M, satisfies o Ceviwin omsle critens

> QY struceure of X

@ When [m] is wot o meariple of (3) in H(x)

&: Can we olo abova without oaform SPin, struc ?



