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Packing Equal Discs in the PlanePacking Equal Discs in the Plane

Theorem: (Thue � 1892, 1910)

Object: To maximize the density ρ of the covered region0

Hexagonal is optimal, with       0 2 3
πρ ====

������ ������

(Lagrange � 1773)

(Fejes Tóth � 1940)



The next simplest case

(We will always assume that our discs have diameter 1.)

Packing an infinite strip of width w with equal discs.

For example, take w = 2:

trivial --- center density = 1/2

Fejes Tóth (1971)---center density = 
1
4

12
3

) 0.49789...( ++++ ====

RLG (1971)---center density = 
1
6 (1 4 3 3) 0.49699...====+ −+ −+ −+ −



Conjecture:(J. Molnár -- 1970�s)

The �alternating triangles� packing of discs is optimal 
for every value of w.

��� w

Theorem: (Füredi�1992)

Conjecture is true for w 1 3≤ +≤ +≤ +≤ +

and also for w 1 k 3= += += += + for any positive integer k.



What if the strip is finite (but very long)?

For example, what is the length L   of the shortest rectangle 
of width 2 for which a non-trivial packing of units discs is 
optimal?

2

��
L

If L = 164.992765�, then 332 units discs can be non-
trivially packed into a 2-by-L rectangle. The trivial 
packing requires a 2-by-165 rectangle.

What is the correct value of L  ??2

How far into the interior do the irregularities penetrate in 
on optimal packing?







Packing bounded domains

Let T(s) denote an equilateral triangle of side s.

What does the densest packing of n unit discs in T(s) look like?

If 
m
2n � �� �� �� �==== � �� �� �� �

� �� �� �� �
, the answer is �obvious�.

For example, for n = 10:

Conjecture (Zassenhaus) This is always optimal for m
2n � �� �� �� �==== � �� �� �� �

� �� �� �� �

Theorem (Oler--1961)  This conjecture is true.



One of the simplest proofs is based on the following result.

Let K denote a simplicial complex in the plane, and let

iα (K) denote the number of i-simplices of K, i = 0, 1, 2.

As usual, let χ(K) =          - +0α (K) 1α (K) 2α (K)

denote the Euler characteristic of K

Let A(K) and P(K) denote the area and perimeter of K, respectively

Theorem Theorem (Folkman, RLG�1969)

If K is a simplicial complex in the plane, and d(x,y) ≥ 1 for x     y in K,≠≠≠≠

then
0

2 1
23α (K) A(K) P(K) χ(K)≤ + +≤ + +≤ + +≤ + +



Let X be a compact convex subset of the plane.

By a packing of X, we mean a subset S of X such that

x, y S d(x, y) 1∈∈∈∈ ���� ≥≥≥≥

The packing number ρ(X) is defined to be max {|S|: S is a packing of X}

Corollary (Oler � 1961)
2 1

23ρ(X) A(K) P(K) 1≤ + +≤ + +≤ + +≤ + +

Example: X = T(n), an equilateral triangle of side n.

Then, 23
4A(T(n)) n ,and P(T(n)) 3n= == == == =

Thus, ρ(T(n)) ≤ 22 32 13
2 243 (n 3n 2)n n 1 + ++ ++ ++ ++ + = =+ + = =+ + = =+ + = = n+2(    )2



Conjecture (D. J. Newman) - $100

The smallest equilateral triangle into which             1n+2(    )2
_

points can be packed is (still) n !

This is no longer true for                points.n+2(    )2
_ 2



Two different optimal packings of 7 discs in an equilateral triangle



Optimal packings for n = 8, 11, and 12 (H. Melissen � 1995)

Packing for n = 13 is conjectured to be optimal.

8 11 12 13

n = 12 is the last known optimal value when n ∆≠≠≠≠



Two equally good packings for n = 16, conjectured to be optimal.

Especially hard cases seem to be when n = ∆ + 1.



Three equally good conjectured optimal packings of 17 discs

.Note the �rattler� in the first packing

40 �bonds� 42 �bonds� 43 �bonds�



Conjectured optimal packings of 23 and 24 discs.

Which is nicer?   

23 24

Any conjectures??



Four packings of 31 discs. Which is the best?

These all are !



40 60

Conjectured optimal packings when n = 4∆



92

3023



34 34

Which is better ??



34 34

Which is better ??
(radius of discs if reduced triangle has side 1)

This is.



42 63

58 95

Patterns ?



n = 258 n = 260

Part of general patterns?



1
2 ( 3 8n 1)δ(n) : T(n) − + +− + +− + +− + += −= −= −= −

δ(n)

T(n) :=minimum side 
length of equilateral 
triangle into which n unit 
discs can be packed

Conjecture:

T(∆(n) +1) � T(∆(n) > ε
for some ε > 0.

∆(n) := 1
2 n(n 1)++++



Packings were generated by an �event driven� billiards simulation 
algorithm written by Boris Lubachevsky (formerly of Bell Labs). 
They were designed in part to understand crystal growth in the 
presence of irregularities.

We start with very small discs with random positions and velocities 
and them let bounce around elastically while slowing increasing in 
size, until after many millions of bounces, they become �stuck�.

You then repeat this process thousand of times!

Stillinger, Frank H.; Lubachevsky, Boris D. Crystalline-
amorphous interface packings for disks and spheres. 
J. Statist. Phys. 73 (1993), no. 3-4, 497--514 



2000 random points



After 4 x 10   collisions4



After 4 x 10   collisions5



After 4 x 10   collisions6



After 4 x 10   collisions7



B. D. Lubachevsky and RLG, Dense packings of equal discs in 
an equilateral triangle: from 22 to 34 and beyond, Electronic 
J. Combinatorics 2 (1995), #A1

H. Melissen, Densest packings of congruent circles in an 
equilateral triangle, Amer. Math. Monthly 100 (1993), 916-925

H. Melissen, Packing and covering with circles, Ph.D. dissertation, 
Utrecht University, 1997, viii + 180 pp.



Packing discs into squares

This is one of the classic disc packing problems.
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Why is the packing for 120 discs so good?

a+1 columns  (an even #)

b+1 rows

number of points (= disc 
centers) is (a+1)(b+1)/2

•••• ••••
••••

••••

••••

••••

••••

••••

••••

••••
••••
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le
ng

th
 =

 b
/2

length = a√3/2

If b = a√3/2 � ε then can pack a slightly distorted copy 
of this disc arrangement into a square.



So we need to have a/b slightly less than √3.

Use the (under-)convergents to √3.

195 71 2651
1 3 11 10341 ..., , , , , ,These are: n

n

b
a

The corresponding values of the number of discs N = 1
2 n n(a 1)(b 1)+ ++ ++ ++ +

are 2, 12, 120, 1512, 13832,��

ConjectureConjecture: (Nurmela, Östergård  -- 1999)

For these values of N, the �near-hexagonal� packing of N discs is optimal.





How about packing discs in circles?

Of course, people have been doing that, too,

for a long time (with even less success!)



















169 = 3�7�8 + 1 = Too bad!



Any conjectures??



Dense packings of 2 sizes of discs in the plane

(A. Heppes � 2003)



Dense packings of discs of many sizes in the plane:

Apollonian circle Apollonian circle packingspackings

Apollonian circle packings arise by repeatedly filling the 
interstices between mutually tangent circles with further 
tnagent circles. It is possible for every circle in such a packing 
to have integer curvature. Such packings are called integral 
Apollonian circle packings.

a

b

c

d

a,b,c and d are reciprocals of the 
radii of the circles (also called the 
�bends� of the circles).

Descartes Theorem

2 2 2 2 2(a b c d) 2(a b c d )+ + + = + + ++ + + = + + ++ + + = + + ++ + + = + + +





The integral 
Apollonian circle 
packing (-1,2,2,3)



Fact: All bends in the packing (-1,2,2,3) must be 

congruent to 2,3 6 or 11 (mod 12).

Conjecture ($500) All sufficiently large numbers satisfying

these congruence conditions occur as bends in the packing (-1,2,2,3)



The Apollonian circle packing (0,0,1,1)

Fact: All bends occurring in (0,0,1,1) are congruent to 0,1,4,9,12 or 16 (mod 24)

Conjecture ($500) All sufficiently large numbers satisfying
these congruence conditions occur as bends in the packing (0,0,1,1)



Fact: For any m with g.c.d (m,30) = 1, every 
congruence class modulo m occurs infinitely often as a 
bend in every integral Apollonian circle packing..

Conjecture: The above statement is true for all m with g.c.d. (m,6) = 1.

Conjecture: All congruential restrictions on bends in integral 
Apollonian circle packings can be expressed modulo 24.



An equivalent number theory problem

Starting with some multiset S = {a,b,c,d} of integers, 
repeatedly perform the following transformation:

Replace any element, say d, in S, by d� = 2(a+b+c) � d,  
forming S� = {a,b,c,d�}

QuestionQuestion: Which integers can ever be generated by this process?

For example, if we start with {0,0,1,1}, is it true that all sufficiently 
large integers congruent to 0,1,4,9,12 and 16 (mod 24) occur?



{0,0,1,1} {0,4,1,1}

{12,4,1,1}

{0,4,9,1}

{12,4,33,1}

{12,24,1,1}

{76,4,9,25}

{0,16,9,1}

{0,4,9,25}

{12,24,73,1}

{40,24,1,1}

{12,4,33,97}

{12,88,33,1}

{64,4,33,1}

{0,64,9,25}

{0,4,49,25}

{52,16,9,1}

{0,16,9,49}

{0,16,25,1}

{28,4,9,1}
{28,4,9,81}
{28,72,9,1}
{28,4,57,1}

������������������.





Now for something completely different��

Packing squares in squares.

Let s(n) denote the side length of the smallest square into

which n non-overlapping unit squares can be packed.

Of course, s(m  ) = m, for any integer m.2

2    2           3     3     3     4     4     5     6
n

s(n)
2    3    5     6     7     8    14   15   24   35

1
22+

S(5) = 1
22+

All currently known optimal values of s(n) for n ≠



3810

Some other currently best known packings

27 65

11 18 18b



It starts getting harder�

17 19 29

8737



87

Could this really be �the truth� ?



Old conjecture: s(n  - n) = n2

(New) counterexample:

s(17  - 17) < 17 (L. Cleemann)
2



Define the wasted space W(s) in a packing of an sxs square by:

W(s) := s   - max(n : s(n) ≤ s)2

W(m) = 0 if m is an integer.

What is W(m )++++ 1
1000 ?

m

1
1000

m
500mW( ) ?++++ 1

1000 ≈



Define the wasted space W(s) in a packing of an sxs square by:

W(s) := s   - max(n : s(n) ≤ s)2

W(m) = 0 if m is an integer.

What is W(m )++++ 1
1000 ?

1
1000

A non-obvious packing!
m

���
Theorem (Erdős-RLG � 1975)

W(s) O(s )====
7
11



Theorem: (H. Montgomery)

εW(s) O(s )====
3- 3
2 +

For any ε > 0,

Note: 3 3 7
2 110.63397... 0.63636...−−−− < =< =< =< =====

What about a lower bound?



Theorem: (K. F. Roth-R. C. Vaughan � 1978)

Suppose 1
6s(s s ) .− >− >− >− >� �� �� �� �� �� �� �� �

Then

100 1
2W(s) 10 s | s s |−−−−> − +> − +> − +> − +� �� �� �� �� �� �� �� �

Thus, εW(s) s
1
2-? for any ε > 0, 

Conjecture: ($1000)

For some ε > 0, W(s) >
1
2 εs ++++

(for s bounded away from integers)

(for s bounded away from integers)



E. Friedman, Packing unit squares in squares: a survey and new results,

Electronic J. Combinatorics 7 (2000) DS #7

P. Erdös and R. L. Graham, On packing squares with equal squares, 
J. Combin. Theory Ser. A 19 (1975) 119-123 

K. F. Roth and R. C. Vaughan, Inefficiency in packing squares 
with unit squares, J. Combin. Theory Ser. A 24 (1978) 170-186 



What next?



What next?

A different metric

The Minkowski plane � unit ball determined by a 
compact convex centrally symmetric domain B.

BB

∂∂∂∂ BB



Theorem Theorem (Folkman, RLG�1969)

If K is a simplicial complex in the plane, and d(x,y) ≥ 1 for x     y in K,≠≠≠≠

then
0

2 1
23α (K) A(K) P(K) χ(K)≤ + +≤ + +≤ + +≤ + +

Theorem Theorem (RLG, H. Witsenhausen, H. Zassenhaus � 1972)

For any Minkowski plane, and any finite simplicial complex K 
in the plane, we have

0
1
2

1
2∆α (K) A(K) P(K) χ(K)∗∗∗∗≤ + +≤ + +≤ + +≤ + +

where ∆∗∗∗∗ is the minimum (by compactness) over all areas of

triangles with unit side lengths.



Instead of packings, we consider the same questions for coverings.

In general, these seem to be more difficult.

For example, G. Fejes Tóth (2003) has managed to find the 
thinnest covering of a strip of width w by unit circles where 

3 w 3 ε≤ ≤ +≤ ≤ +≤ ≤ +≤ ≤ +

for a suitable (very small) positive ε



Instead of packings, we consider the same questions for coverings.

In general, these seem to be more difficult.

For example, G. Fejes Tóth (2003) has managed to find the 
thinnest covering of a strip of width w by unit circles where 

3 w 3 ε≤ ≤ +≤ ≤ +≤ ≤ +≤ ≤ +

for a suitable (very small) positive     . ε



Instead of packings, we consider the same questions for coverings.

In general, these seem to be more difficult.

For example, G. Fejes Tóth (2003) has managed to find the 
thinnest covering of a strip of width w by unit circles where 

3 w 3 ε≤ ≤ +≤ ≤ +≤ ≤ +≤ ≤ +

for a suitable (very small) positive   . ε



Finally, how about all of these questions 

in three (or more) dimensions !

Even the first question we started with, namely 

determining the densest packing of Euclidean 3-space 

with unit balls still seems to be rather challenging!

(Kepler conjecture, Hales/Ferguson, Hsiang, ���)

To be continued��


