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RICK FACTORY

Minimize the number of edge

crossings in a draw:'n3 of Knn
{

LONJECTURE OF LARANKIEWI(CZ

The crossing number of K, ,

cr(Km )= LIRS

(K, )-,,lm" N2




-IWH &AQKLE CONJECTURE

thrackle 1s a grap h
drawn In the plane so that
the edges are represented
by Jordan curves, any pair
of which

¢ etther meet at a common vertex,
¢ or cross precisely once.

In a thrackle,
# edges < # points



FISHER INEQUALITY (1940}

Given a system of subsets
of X such that any pair

have precisely one element
In common,

H# sets < 4 elements of X



C., cannot be drawn
as a thrackle
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In any thrackle

# edges < 2 # points

( Cairns-Nikola yevs 00 )

A blparhte graph can be
drawn as a.

mod 2 - thrackle

planar



number of edge crossings in
any drawing of G in the plane.

cr(G)=0

=» G does not hawve
H' R | qu as a
minor

(Robertson- Seymour 14943)

n




For every simple graph with n

vertices and e;‘ln edges.

3
cr(G) 2 .-q ‘1
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cr(G) >e-(3n-6)>e-3n

Pnck each ve V(G) with probabil

ity P, and let G'e G denote the
subgraph induced by these points.

E[cer(G)] > E[e] 3E[n1

#edqes #veraces
% of G

pler(G) > pte - 3pn

Set p=ln/e.



APPLICATIONS -
"SZEKELY'S METHOD"

I Theorem (S5zemerédi-Trotter 1483)
The number of incidences be-
tween n points and m lines in
the plane s

< 257n**m*"+ 2.07(n+ m)

I incidences
e=I-m edges
n vertices




.. Theorem (Spencer-Szemerédi-Trotter)

The number of unit distances
determined by n points in the

plane is O(n"").

.
¢ X \ U unit distances
e | % | ' 2u incidences

v A\ between
X x circles ¢ points
Q'

. e=2U edges (%)
” n vertices

uS

2(7) > ¢r(6) 2 53755

' Theorem (Chung-5zeme redi-Trotter,
The number of distinct distances

determined by n points in the
plane is 2 cn"®/log°n .



The number of incidences between
n pm‘nts and all lines that pass

through = ke points is
2
< 0f %:. +n)

Let A be a set of R numbers
S=:A+A={a+b| a,becA}
P=:A-A ={ ab | a,beA}

Consider the &* lines
lé': G(X’&) d‘beA

Each passes U‘waugh >R pofnts
of 5xP (namely, (b+c,ac) ceA)

SxP|*
&> < Hincidences = 0 ( !-;-;-'4- |Sx Pl)



Theorem ( Elekes 1997)

For any set A of k distinct
numbers, we have

max (IA+AI, lA-Al) =Q(kg)



topolo?(cal
A geometric graph is a
graph whose vertices are
represented by points in
general position in the plane
and whose edges are drawn
by (possibly crossing) segments
Jordan arcs

F 7

G is a convex geometric graph
it V(G) is in convex position



Theorem

Let G be a geometric graph
with no 2 disjoint edges. Then

|E(G)| < |V(6)]

Proof (Perles)
At each ve V(G), delete the




Problem (Avital-Hanani 1966,
Kupitz 1979, Perles, Erdo"s)
What is the maximum number

of edges that a geometric
graph of n vertices can have
without contaim‘ng k pairwe’se

disjofnt edges ?

k=2 n Hopf - Pannwitz
k=3 < 3n Alon-Erdos
O'Donnell - Perle:
k=4 =~<~" Goddard-Kleitma
Katchalski

< ‘(jwﬂ"ﬁ Pach-Toraesik
[k-u Toth



Proposition (Kupitz 1482)
For any n 2> 2k-1|, the maximun
number of edges that a convex
geometric graph of n vertices
can have without contac'm'ng k
pairwise disjoint edges is (k-1)n.

Proof Suppose w.l.o.q. that the
Verhces form a regular n-qon,
and consider the parallel classes,




Problem (Gartner-Welzl)

What s the maximum number
of edges that a geometric
graph of n vertices can have
without containing k pairwise
crossing edges ?

k=2 3n-6 Euler

k=3 O(n) Agarwal-Aronov
P - Pollack-Shartr

k=4 O(n |.93”“‘n) Shahrokhi-
P.- Szegedy

O(nlog n) Valtr

2 0O(n) ¢



Theorem (Capoyleas-Pach 1992
For any nz 2k-1, the maximum
humber of edges that a convex
geometric graph of n vertices

can have without containing k
pairwise crossing edges Is

(2-2)n- (257')

Proof Define a partial order
on the edges across a fixed chord.
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