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Theorem 2 The cd-index (equivalently the f-vector) of a poly-
gon P satisfies the inequality

{d} > 0 (2.1)



Theorem 3 (Steinitz) The cd-index (equivalently the f-vector)
of a 3-dimensional polytope P satisfies the following two inequali-
ties

1x{d} >0 {d}*1 >0 (3.1) (3.1%)



Theorem 4 (Bayer) The cd-indez (equivalently the flag f-vector)
of a 4-dimensional polytope P satisfies the following list of siz in-
equalities.

{de?} > 0 {cd} >0 (4.1) (4.1%)
95 > 0 (4.2)
1x{d}*x1 > 0 (4.3)

cx{d} >0 {d} xc > 0 (4.4) (4.4%)

None of these inequalities are implied by any other currently known
inequalities.



Theorem 5 The cd-index of a 5-dimensional polytope P satisfies

the following list of 13 inequalities.

{dc’}
1% {dc?}
1% {c’d}

1% g5

cx{d} 1
c? * {d}
(d}  {d)

IV IV IV IV IV IV IV
oo oo oo

0

{cd)
{cid} = 1
{dc?} x 1

g * 1
1x{d}*c
{d} * c?

IV IV IV IV IV IV
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Theorem 6 The cd-indez of a 6-dimensional polytope P satisfies
the following list of irreducible inequalities.

{dc'} > 0 {c'd} >0 (6.1) (6.1%)
{c3dc?} > 0 (6.2)
{de?}-d >0 d-{c*d} > 0 (6.3) (6.3*)

@& >0 g >0 (6.4) (6.47)
g =0 (6.5)
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{dc’} - d
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Theorem 7 The cd-index of a 7-dimensional polytope P satisfies
the following list of eight irreducible inequalities.



Theorem 8 The cd-index of an 8-dimensional polytope P satis-
fies the following list of irreducible inequalities.

{dcb} > 0 {c*d} >0 (8.1) (8.1%)
{ctdc?} >0 {c*dc?} > 0 (8.2) (8.2%)
{c3de?’} > 0 (8.3)
{dc?’dc?} > 0 {c*dc?d} > 0 (8.4) (8.4%)
{dct}-d > 0 d-{c'd} > 0 (8.5) (8.5%)
{dc?}-dc? > 0  cAd-{c*d} > 0 (8.6) (8.6
{dc?}-d? > 0 d?-{c’d} > 0 (8.7) (8.7%)
{c!d}-dc® > 0 c*d-{dc’} > 0 (8.8) (8.8%)

g =0 g >0 (8.9) (8.9

g-d >0 d-¢§ >0 (8.10) (8.10%)
g >0 @g >0 (8.11) (8.11%)
g4 > 0 (8.12)



n

6 7 8

F,—1
# facets of the polyhedron
# irreducible facets of the polyhedron

13 29 60 119

234 5
1 24 712 20 33
1 26
103 2 8 8 22
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