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•
∑

εiai 6= 0 when εi = ±1.

MIRACLE WHEN d = 2, 3 :

Lemma If a is generic then
Nm

3 (a), N̄m
2 (a) and Nm

2 (a) are smooth manifolds.

Examples:

a Nm
3 (a) N̄m

2 (a) Nm
2 (a)

(1, · · · , 1,m − 2) CP m−3
RPm−3 Sm−3

(ε, · · · , ε, 1, 1, 1) (S2)m−3 Tm−3 Tm−3∪̇Tm−3
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Theorem Let a ∈ R
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Let a = (a1, . . . , am) be generic. Let I ⊂ m

I is short if
∑

i∈I

ai <
∑

j /∈I

aj

S(a) = poset of short subsets.

PROPOSITION (A. Knutson – JCH, 1998)

Let a and a′ be generic. Then

S(a) ∼= S(a′) =⇒ Nm
d (a) ∼= Nm

d (a′)

for all d
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Suppose that a1 ≤ · · · ≤ am (wlog).

If I, J ⊂ m, then
(

I ∈ S(a) and I↪→J
)

⇒ J ∈ S(a)

Therefore, S(a) is determined by its ele-
ments I1, . . . , Ik, containing m, which are
maximal for the order “↪→”.

NOTATION: < I1, . . . , Ik > = the genetic code of (a).

There exists an algorithm giving all
genetic codes (and then all polygon
spaces). (E. Rodriguez – JCH, 2002)
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Generic 5-gons and all 4-gons

genetic
code

amin N̄ 5

2 (α) N 5

2 (α) a−

min
N 4

2 (a−)

.

1 〈〉 (0, 0, 0, 0, 1) ∅ ∅ (0, 0, 0, 1) ∅

2 〈5〉 (1, 1, 1, 1, 3) RP 2 S2 (1, 1, 1, 3) 1 point

3 〈51〉 (0, 1, 1, 1, 2) K T 2 (1, 1, 1, 2) S1

4 〈52〉 (1, 1, 2, 2, 3) Σ2 Σor

2 (1, 2, 2, 3) S1 ∨ S1

5 〈521〉 (0, 0, 1, 1, 1) T 2 T 2 ∪̇T 2 (0, 1, 1, 1) S1 ∪̇S1

6 〈53〉 (1, 1, 1, 2, 2) Σ3 Σor

3 (1, 1, 2, 2) ��
��r r

7 〈54〉 (1, 1, 1, 1, 1) Σ4 Σor

4 (1, 1, 1, 1) ��
��r
r r

1



6-gon spaces

α amin(α) b1 r∪ s2

1 〈〉 (0, 0, 0, 0, 0, 1) 0 0 0

2 〈6〉 (1, 1, 1, 1, 1, 4) 1 1 1

3 〈61〉 (0, 1, 1, 1, 1, 3) 2 2 2

4 〈6321〉 (0, 0, 0, 1, 1, 1) 3 0 0

5 〈621〉 (0, 0, 1, 1, 1, 2) 3 2 0

6 〈62〉 (1, 1, 2, 2, 2, 5) 3 3 3

7 〈632〉 (1, 1, 1, 3, 3, 4) 4 1 1

8 〈631〉 (0, 1, 1, 2, 2, 3) 4 2 0

9 〈621, 63〉 (1, 1, 2, 3, 3, 5) 4 3 1

10 〈63〉 (1, 1, 1, 2, 2, 4) 4 4 4

11 〈641〉 (0, 1, 1, 1, 2, 2) 5 2 0

12 〈632, 64〉 (1, 1, 1, 2, 3, 3) 5 2 2

13 〈631, 64〉 (1, 2, 2, 3, 4, 5) 5 3 1

14 〈621, 64〉 (1, 1, 2, 2, 3, 4) 5 4 2

15 〈64〉 (1, 1, 1, 1, 2, 3) 5 5 5

16 〈651〉 (0, 1, 1, 1, 1, 1) 6 2 0

17 〈641, 65〉 (1, 2, 2, 2, 3, 3) 6 3 1

18 〈632, 65〉 (1, 1, 1, 2, 2, 2) 6 3 3

19 〈631, 65〉 (1, 2, 2, 3, 3, 4) 6 4 2

20 〈621, 65〉 (1, 1, 2, 2, 2, 3) 6 5 3

21 〈65〉 (1, 1, 1, 1, 1, 2) 6 6 6

2
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6-gon spaces

α amin(α) b r∪ s N̄ 6

2 (α) N 6

2 (α)

1 〈〉 (0, 0, 0, 0, 0, 1) 0 0 0 ∅ ∅

2 〈6〉 (1, 1, 1, 1, 1, 4) 1 1 1 RP 3 S3

3 〈61〉 (0, 1, 1, 1, 1, 3) 2 2 2 RP 3 ] RP
3

S2 × S1

4 〈6321〉 (0, 0, 0, 1, 1, 1) 3 0 0 T 3 T 3‘T 3

5 〈621〉 (0, 0, 1, 1, 1, 2) 3 2 0 T 2 × [0, 1]/∼ T 2 × S1

6 〈62〉 (1, 1, 2, 2, 2, 5) 3 3 3 RP 3 ] 2 RP
3

7 〈632〉 (1, 1, 1, 3, 3, 4) 4 1 1 T 3] RP
3

8 〈631〉 (0, 1, 1, 2, 2, 3) 4 2 0 Σor

2 × [0, 1]/∼ Σor

2 × S1

9 〈621, 63〉 (1, 1, 2, 3, 3, 5) 4 3 1 T 2 × [0, 1]/∼ ] RP
3

10 〈63〉 (1, 1, 1, 2, 2, 4) 4 4 4 RP 3 ] 3 RP
3

11 〈641〉 (0, 1, 1, 1, 2, 2) 5 2 0 Σor

3 × [0, 1]/∼ Σor

3 × S1

12 〈632, 64〉 (1, 1, 1, 2, 3, 3) 5 2 2 T 3] 2 RP
3

13 〈631, 64〉 (1, 2, 2, 3, 4, 5) 5 3 1 Σor

2 × [0, 1]/∼ ] RP
3

14 〈621, 64〉 (1, 1, 2, 2, 3, 4) 5 4 2 T 2 × [0, 1]/∼ ] 2 RP
3

15 〈64〉 (1, 1, 1, 1, 2, 3) 5 5 5 RP 3 ] 4 RP
3

16 〈651〉 (0, 1, 1, 1, 1, 1) 6 2 0 Σor

4 × [0, 1]/∼ Σor

4 × S1

17 〈641, 65〉 (1, 2, 2, 2, 3, 3) 6 3 1 Σor

3 × [0, 1]/∼ ] RP
3

18 〈632, 65〉 (1, 1, 1, 2, 2, 2) 6 3 3 T 3] 3 RP
3

19 〈631, 65〉 (1, 2, 2, 3, 3, 4) 6 4 2 Σor

2 × [0, 1]/∼ ] 2 RP
3

20 〈621, 65〉 (1, 1, 2, 2, 2, 3) 6 5 3 T 2 × [0, 1]/∼ ] 3 RP
3

21 〈65〉 (1, 1, 1, 1, 1, 2) 6 6 6 RP 3 ] 5 RP
3
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m sk {-12} The length map $ell $
	
m 
	
	
m Short subsets
	sk {-5} 
m Genetic code of $a$
	
m Number of $m$-gon spaces $
ua {m}{d}(a)$

