Polygon spaces

or

Spaces of clouds

Jean-Claude HAUSMANN
University of Geneva, Switzerland

Report on joint works with

Allen KNUTSON (1997-98) and Eugenio RODRIGUEZ (2002)

-p.1/8



m . Tsom™ (RY) \ (RY)™

2/8



113

=
® 3sinp

IE[O]

'l-‘ I'_.‘-.l:.'i'l"l-l"\'l.-fl'li'-l'

Castor



m . Tsom™ (RY) \ (RY)™

2/8



N7 = Isom™ (R%) \ (RY™
N = Tsom(RY) \ (R7)"



m . Tsom™ (RY) \ (RY)™
N = Tsom(RY) \ (R7)"

Ng* C N

2/8



m . Tsom™ (RY) \ (RY)™
N = Tsom(RY) \ (R7)"

\ 1T m
N C Nt

- p.2/8



N7 = Isom™ (R%) \ (RY™
N = Tsom(RY) \ (R7)"

\ 1T m
N C Nt

- p.2/8



N7 = Isom™ (R%) \ (RY™
N = Tsom(RY) \ (R7)"

\ 1T m
N C Nt




7= Tsom* (RY) \ (RY)"
N = Tsom(RY) \ (R7)"

\ 1T m
Nd - d+1

/.

Then

Ny = SO(d) \ Vi
where

Vi' = {(p1,--. pm) € (Rd)m‘ Y pi= 0}

- p.2/8



N7 = Isom™ (R%) \ (RY™
N = Tsom(RY) \ (R7)"

\ 1T m
N C Nt

Then

- p.2/8



N7 = Isom ™ (R) \ (RY™
N = Tsom(RY) \ (R7)"

\ 1T m
Nd - d+1

Then

Ny = SO(d) \ Vi
where

Vi' = {(p1,--. pm) € (Rd)m‘ Y pi= 0}

- p.2/8



N7 = Isom ™ (R) \ (RY™
N = Tsom(RY) \ (R7)"

\ 1T m
Nd - d+1

Then

Ny = SO(d) \ Vi
where

Vi' = {(p1,--. pm) € (Rd)m‘ Y pi= 0}

- p.2/8



N7 = Isom ™ (R) \ (RY™
N = Tsom(RY) \ (R7)"

\ 1T m
Nd - d+1

Then

Ny = SO(d) \ Vi
where

Vi' = {(p1,--. pm) € (Rd)m‘ Y pi= 0}

- p.2/8



N7 = Isom ™ (R) \ (RY™
N = Tsom(RY) \ (R7)"

\ 1T m
Nd - d+1

Then

Ny = SO(d) \ Vi
where

Vi' = {(p1,--. pm) € (Rd)m‘ Y pi= 0}

- p.2/8



The length map ¢



The length map /¢

Vc’fin _£>Rm

Ni'

00000



The length map /¢

00000



The length map /¢



The length map /¢






Definition: a € R7, Is If, equivalently:
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Definition: a € RZ} Is If, equivalently:
e qalIsaregular value of /.
o N{(a) =0.
e ) ga; #0wheneg; = £1.

Lemma If a Is generic then
Ni(a), N3*(a) and N3 (a) are smooth manifolds.

Examples:
@ N3 (@)  N3'(a) N3*(a)
(1,...71,m_2) @Pm—s Rpm_g Sm_g
(57 oo, 11, 1) (SZ)m—S Tm—g Tm_SUTm_?’
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Theorem Let a € R™ be generic. Then

1) Ni'(a) is a Kaehler manifold of complex
dimension m — 3. (A. Klyachko 1992)

2) the orthogonal reflection through any
hyperplane is an anti-holomorphic involution on

Ni(a) with fixed point set N2 (a).

Moreover, there is a ring Isomorphism

H' (N5"(a); Z2) = H (N3"(a); Zo)

dividing the degrees in half. (A.Knutson— JCH, 1997-98)
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Short subsets

Leta = (ai,...,a,) begeneric. Let] Cm
I1is If Zai Zaj
el 2l

S(a) = poset of short subsets.

PROPOSITION (A. Knutson— JCH, 1998)
Let a and o’ be generic. Then

S(a) = S(@) = Nj'(a) = NJ'(d)
foral d
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Therefore, S(a) is determined by its ele-
ments I, ..., I, containing m, which are
maximal for the order “—".
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Genetic code of a

Suppose that a; < --- < a,, (wlog).
If I,.J C m, then

([ES(a) and [ J) = J € S(a)

Therefore, S(a) is determined by its ele-
ments I, ..., I, containing m, which are
maximal for the order “—".

NOTATION:

There exists an algorithm giving all
genetic codes (and then all polygon
spaces). (E. Rodriguez — JCH, 2002)
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Number of m-gon spaces N} (a)
m | Ng"(a)  Ng'(a)

generic all

4 3 / A. Wenger (1988)
5 { 21
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generic all
4 3 /
- , 21 A. Wenger (1988)
6 21 117
/ 135 1506 E. Rodriguez — JCH
8 2470 62254 (2002)
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Generic 5-gons and all 4-gons

genetic @min V3 ()  N2(a) ‘ ain F(a™)
code
() (0,0,0,0,1) 0 0 (0,0,0,1) 0
(5) (1,1,1,1,3)  RP? S2 (1,1,1,3) 1 point
(1) (0,1,1,1,2) K T2 (1,1,1,2) st
(62)  (1,1,2,2,3) o 4" (1,2,2,3) Stv st
(521)  (0,0,1,1,1) T2 T*UT? | (0,1,1,1) Stust
33 (1,1,1,2,2) 55 w2 | (1,1,2,2) @
B4 (L,L1L,1,1) S ser | (1L,1,1,1) @




6-gon spaces

a Gmin (@) b1 ru  s2
1 0 (0,0,0,0,0,1) 0 0 0
2 (6) (1,1,1,1,1,4) 1 1 1
3 (61)  (0,1,1,1,1,3) 2 2 2
4 (6321) (0,0,0,1,1,1) 3 0 0
5 (621)  (0,0,1,1,1,2) 3 2 0
6 (62) (1,1,2,2,2,5) 3 3 3
7 (632) (1,1,1,3,3,4) 4 1 1
8  (631) (0,1,1,2,2,3) 4 2 0
9 (621,63) (1,1,2,3,3,5) 4 3 1
10 (63)  (1,1,1,2,2,4) 4 4 4
11 (641)  (0,1,1,1,2,2) 5 2 0
12 (632,64) (1,1,1,2,3,3) 5 2 2
13 (631,64) (1,2,2,3,4,5) 5 3 1
14 (621,64) (1,1,2,2,3,4) 5 4 2
15 (64  (1,1,1,1,2,3) 5 5 5
16 (651)  (0,1,1,1,1,1) 6 2 0
17 (641,65) (1,2,2,2,3,3) 6 3 1
18 (632,65) (1,1,1,2,2,2) 6 3 3
19 (631,65) (1,2,2,3,3,4) 6 4 2
20 (621,65) (1,1,2,2,2,3) 6 5 3
21  (65)  (1,1,1,1,1,2) 6 6 6




6-gon spaces

o Gmin (o) b tu s 3 (a) Ne(a)

1 O (0,0,0,0,0,1) 0 0 0 0 0
2 (6) (1,1,1,1,1,4) 1 1 1 RP3 s3
3 (61) 0,1,1,1,1,3) 2 2 2

4  (6321) (0,0,0,1,1,1) 3 0 O T3 T3T?
5 (621) (0,0,1,1,1,2) 3 2 0

6 (62) (1,1,2,2,2,5) 3 3 3

7 (632) (1,1,1,3,3,4) 4 1 1

8 (631) 0,1,1,2,2,3) 4 2 0

9 (621,63) (1,1,2,3,3,5) 4 3 1

10 (63) (1,1,1,2,2,4) 4 4 4

11 (641) 0,1,1,1,2,2) 5 2 0

12 (632,64) (1,1,1,2,3,3) 5 2 2

13 (631,64) (1,2,2,3,4,5) 5 3 1

14 (621,64) (1,1,2,2,3,4) 5 4 2

15 (64) (1,1,1,1,2,3) 5 5 5

16 (651) 0,1,1,1,1,1) 6 2 0

17 (641,65) (1,2,2,2,3,3) 6 3 1

18 (632,65) (1,1,1,2,2,2) 6 3 3

19 (631,65) (1,2,2,3,3,4) 6 4 2

20 (621,65) (1,1,2,2,2,3) 6 5 3

21 (65) (1,1,1,1,1,2) 6 6 6




6-gon spaces

a Amin (@) b ru s N3 () N3 ()
1 () (0,0,0,0,0,1) 0 0 0 0 0
2 (6) (1,1,1,1,1,4) 1 1 1 RP? s?
3 (61) (0,1,1,1,1,3) 2 2 2 RP3*§RP 52 x St
4  (6321)  (0,0,0,1,1,1) 3 0 O T3 31173
5  (621) (0,0,1,1,1,2) 3 2 0 T*x[0,1]/~ T?*xS"
6 (62) (1,1,2,2,2,5) 3 3 3
7 (632)  (1,1,1,3,3,4) 4 1 1
8  (631) (0,1,1,2,2,3) 4 2 0 x[0,1]/~ %3 x S
9 (621,63) (1,1,2,3,3,5) 4 3 1
10 (63) (1,1,1,2,2,4) 4 4 4
11 (641) (0,1,1,1,2,2) 5 2 0 " x [0,1]/~ Xg"xS!
12 (632,64) (1,1,1,2,3,3) 5 2 2
13 (631,64) (1,2,2,3,4,5) 5 3 1
14 (621,64) (1,1,2,2,3,4) 5 4 2
15 (64) (1,1,1,1,2,3) 5 5 5
16 (651) 0,1,1,1,1,1) 6 2 0 X" x[0,1]/~ X3 xS’
17 (641,65) (1,2,2,2,3,3) 6 3 1
18 (632,65) (1,1,1,2,2,2) 6 3 3
19  (631,65) (1,2,2,3,3,4) 6 4 2
20 (621,65) (1,1,2,2,2,3) 6 5 3
21 (65) (1,1,1,1,1,2) 6 6 6




6-gon spaces

a Amin (@) b 1w s NS (a) N ()
1 () (0,0,0,0,0,1) 0 0 0 0 0
2 (6) (1,1,1,1,1,4) 1 1 1 RP3? s3
3 (61) (0,1,1,1,1,3) 2 2 2 RP34RP" 52 x St
4 (6321) (0,0,0,1,1,1) 3 0 O T3 31173
5 (621) (0,0,1,1,1,2) 3 2 0 T? x [0,1]/~ T2 x St
6  (62)  (1,1,2,2,2,5) 3 3 3 RP342RP’
7 (632)  (1,1,1,3,3,4) 4 1 1 T34 RP’
8 (631) (0,1,1,2,2,3) 4 2 0 9" x [0,1])/~ ¥ x St
9 (621,63) (1,1,2,3,3,5) 4 3 1  T2x[0,1]/~ tRP
10 (63) (1,1,1,2,2,4) 4 4 4 RP®§3RP’
11 (641)  (0,1,1,1,2,2) 5 2 0 g x [0,1]/~ »g x St
12 (632,64) (1,1,1,2,3,3) 5 2 2 T342RP’
13 (631,64) (1,2,2,3,4,5) 5 3 1 %3 x[0,1]/~4RP
14 (621,64) (1,1,2,2,3,4) 5 4 2 T?x[0,1]/~ t2RP°
15 (64) (1,1,1,1,2,3) 5 5 5 RP:‘M@‘D’
16 (651)  (0,1,1,1,1,1) 6 2 0 »9" % [0, 1]/~ »3" x St
17 (641,65) (1,2,2,2,3,3) 6 3 1 %3 x[0,1]/~RP’
18 (632,65) (1,1,1,2,2,2) 6 3 3 T3 3RP
19 (631,65) (1,2,2,3,3,4) 6 4 2 X9 x[0,1]/~42RP"
20 (621,65) (1,1,2,2,2,3) 6 5 3 T%x|[0,1]/~ t3RP
21 (65) (1,1,1,1,1,2) 6 6 6 RP3¢5RP’
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