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Theorem : Let Y be a smooth projective irreducible
variety over R , with function field K = R(Y) , let
| mo(Y (R)) | be the the number of connected compo-

nents of Y (RR) #£ () then :

| 7o(Y(R)) |= L+ logo[(K™2 N YK : (30 K*™)?)

(3 K*2)2 is a subgroup of (K*?NY. K#) because any
square of a sum of squares is a sum of fourth powers,
and the index of the subgroup (> K*2)2 in the group
(K*?> Ny K*%) is a power of 2.

The proof uses the connected components of M (K)
the space of R—places since we can prove that

| mo(Y(R)) [=| mo(M(R(Y))) |

and that for any real field K :

| mo(M(K)) |= 1+ loga[K*2 N Y- K*: (3 K™



K formally real field (=1 ¢ S K?), P order of K :
P+PCP PPCP —-1¢P, PU-P=K

AP)={ac K |3reQ—r<pa<pr}

is a valuation ring of maximal ideal

I(P)={ac K|VreQ,-r<pa<pr}
The residue field is ky = A(P)/I(P).

P induces over ky an archimedean order P

(ky, P) can be embedded uniquely in (R, R?)
The R —place associated to P is Ap : K — RU{oo}
defined by the following commutative diagram :
Ap -
K — RU{o0}

™ \\x kqu{oo} / ¢



Explicitely : Ap(a) = o if a &€ A(P)
and if a € A(P), Ap(a) =inf{reQ|a<pr}
=sup{r € Q|r <paj}

The set of R—places is:
M(K)={Ap| P € x(K)}
(x(K) denotes the space of orders of the field K).



The space M(K) is given the coarsest topology such
that the evaluation applications defined Va € K below
are continuous

eq M(K) — RU{oc0}

A Aa)

Now the following map A is continuous, closed and
surjective :

AN XK — M(K)
P— Ap

M(K) is a compact Hausdorff space.

The topology of M(K) is also the quotient topology
inherited from x - equipped with the Harrison topol-
ogy generated by the open-closed sets

H(a) ={P € xi | a € P}.

X i IS a totally disconnected compact space.



The real holomorphy ring of a formally real field K is
defined as

H(K) = NA(P)

where P ranges over x(K)
and A(P):{CLEKI3TEQ—T<pa<pT}.

The real holomorphy ring is also equal to the inter-
section of all real valuation rings of K .

Real spectrum of H(K) :

SperH(K) = {a = (p,@) | p € specH(K), & order
of quot(H(K)/p)}



Theorem : the following diagram is commutative

Speri

x(K) — MinSper H{K)
LA | sp
M(K) " Hom(H(K),R) % MazSperH(K)

The horizontal mappings are homeomorphisms, and
the vertical one are continuous surjections .

sper is defined by P — PN H(K),
sp by a — M3,
res by A — g (k)

7 by o — 71 R?).

The spaces are compact and M (K) and MaxSperH(K)
have quotient topologies inherited from A and sp.



Sketch of proof of

| mo(Y(R))) |=] mo(M(R(Y))) |

We use the center map c: M(K) — Y( R) , defined
by ¢(A) = ¢(V),) the unique point x (Y projective)
whose local ring 04 is dominated by V) the valuation
ring associated to the R—place.

- In that case c is surjective, the central points being
the closure of the regular points. And one can prove
that c is continuous.

- Brocker proved that the fiber of a central point has
a finite number of connected components, and if x is
regular then the fiber is connected.

Lemma: if an application, from a compact space X
to another compact space Y, is surjective and contin-
uous, and if each fiber is connected, then it induces a
bijection beetween mo(X) and mg(Y).



Idea of proof for :

| mo(M(K)) |= 1+ loga[ KNy K*: (3 K*%)7]

This comes from the separation of connected compo-
nents of M(K) using elements 5 ¢ > K< such that
B2 e K4

For the proof we use the units of the real holomorphy
ring and prove :
| mo(M(K)) |= logo[E : E]

where E are the units of the real holomorphy ring
H(K) and where Et = ENY. K?

And we prove that K*?2 N K4/(3 K*2)? is isomor-
phicto E/(ET U —E™T).



E. Becker : Valuations and real places in the theory of formally
real fields et The real holomorphy ring and sums of 2™-th
powers, in LNM 959, Géométrie Réelle et Formes Quadratiques,
1-40 et 139-181, (1982).

E. Becker : Extended Artin-Schreier theory of fields, Rocky
Mountain J. of Math., vol 1444, 881-897 (1984).

E. Becker, R. Berr, et D. Gondard : Valuation fans and residually
real-closed henselian fields, J. of Algebra,215, 574-602 (1999).

E. Becker et D. Gondard : Notes on the space of real places of
a formally real field, in RAAG (Trento), W. de Gruyter, 21-46,
(1995).

J.-L. Colliot Thelene : Eine Bemerkung zu einem Satz von E.

Becker und D. Gondard. Preprint.
www.math.u-psud.fr/"colliot/CTBG.pdf

J. Harman : Chains of higher level orderings, Contemporary

Mathematics, vol 8, 141-174, (1982).

H.-W. Schiilting : On real places of a field and their holomorphy
ring , Communications in Algebra, 10(12), 1239-1284 (1982).



Eberhard BECKER 1978 : Hereditarily Pythagorean
Fields and Orderings of Higher Level, IMPA Lecture
Notes 29.

Eberhard BECKER 1984 : Extended Artin-Schreier
Theory of Fields, The Rocky Mountain Journal of
Mathematics, vol 14, #4.

Definition : Let K be a commutative formally real
field, P C K is an ordering of exact level n if :
SSK°* C P, P+P C P, PP C P (hence P* is
a subgroup of K™*) and we have K*/P* ~ 7./2n.

Level 1 orderings are the total usual orders.

Theorem : ¥ K21 = N P

level of P divides n

Theorem : Let p be a prime, S K2 4 Y K% «— K
admits orderings of level p.



Another look : higher leve| signatures

Definition : 3 signature of level n is 2 morphism of
abelian groups

o K" — H2n,

such that the kernel js additively closed.

Remark : then P = ker oU{0} is an ordering of higher
level, and its leve! divides 7,

Example : K = R{{X}) the two usual orders are

I T . S D P
L T B 2 VIS J
(S AR 200 A e e PR (- < % A

i b e R S i <o 1 o
anc for any nrme 5 these exist twie orderings of level p :

P Vo . Ly I
‘ TUETED L D e WCEAD . wnn2p
By = KP U XPE% and by == KP i XD K4



Theorem (Becker) : the following are equivalent :
(1) N is a bijection ;
(2)Va € K a’ € S K*;

(3) every real valuation of K has a 2-divisible value
group ;

(4) K does not admit any ordering of exact level 2 |
(1) in the theorem follows from :

Theorem : Ap = Ag < P and Q belong to a 2-
primary chain of orderings (2-power levels)

Definition (Harman) : a 2-primary chain of orderings
is (Pn) = (Po,P1,..., Pn,...), Pobeing a usual order,
Py, an ordering of level 2n—1 sych that

PpU — Pp= (PyNP,—1) U —(PynFy-1)

Note that all the P, induce the same archimedean order P, on

the residue field Kk of the valuation v associated to the Becker

valuationring A(P) ={a € K | FIr e Q —r <pa <p T}



Theorem : Ap and Aq are in two distinct connected
components of M(K) if and only if :

PBeK*(BePNn-Qetp2cd K

If exists b, such that b ¢ > K2 and b2 € 3 K4, then
does not exist P € H(b) and Q € H(—b) such that

Ap =g -

Otherwise b ¢ (PN Q)U —(PNQ) and Ap = Ao
imply that there exists an ordering of level 2, P>, such
that

PBRU-P=(PNQR)U—-(PNQ)

with b> ¢ P, hence b ¢ ST K% = MNP ;, because
¢ Phebd PU—Ps.



<=

Suppose that Ap and AQ are in the same connected
component C' of M(K) (P # Q),

and that there exists b € PN —Q with b2 € 3" K4,

A\ being closed C "A(H(b)) and CNA(H(—b)) are a
partition of C' into two non empty closed sets, impos-
sible.

3
Vi



—

If Ap and Ap are in C' and C’ two distinct con-
nected component, M(K) being compact and Haus-

dorff, there exists an open-closed set U O C and
U¢= M(K)\U D C".

Let X :'/\—1(U) and Y = A~1(U°¢), X and Y form
a partition of x(K) ; A\ being surjective

AHANH D)) = AHD)
hence A~1(A(X)) = X and also A"L(A(Y)) = Y-

Harman’s following lemma shows that exits b such
that X = H(b) and Y = H(-b) with b2 € " K%
then we have b€ PN —Q and b2 € ¥ K%,

Harman (Co. Math. 8 (1982)) If x(K) = x1 U x>
where X1 and x» are open-closed disjoint sets such
that A1 (A(x1)) = x1 and A"1(A(x2)) = X2, then
there exists a such that x1 = H(a) and x» = H(-—a)
and a? € 3" K4



Definition ( B. Jacob 1987 ) © a valuation fan js 5
preordering T such that there exists 3 real valuation
U, compatible with T, (means 1 -+ Iy CT), inducing
an archimedean ordering on the residue field k,,.

Example : higher ievel orderings are valuation fans.
f g 1g .

Definition (N. Schwartz 1 990) : a generalizad signa-
ture is a morphism of abelian groups

o K* 5@

such that the kernel s a valuation fan

There exist many notions of real closure under alge-
braic extensions of ejther higher level orderings or sig-
natures, chains of signatures, valuation fans, general-

ized signatures, chains of vaiuation fans.

All these can be unified in one theory : Henselian
Residually Real-Closed Fields (HRRC fields)



Henselian Residually Real-Closed Fields (HRRC)

v henselian valuation , ky real-closed field

closed for generalized signature or for valuation fan

HRRC field of type S (p & S = 'y p-divisible)

S—generalized real-closed field Rolle field
p& S Ty = p-divisible [y odd divisible
p€S Ty/ply ~ Z/pl HRRC field of type {2}

clcsed for an higher ievel ordering

! N S
Real-closed field | Chain-closed field
()-generalized real-closed {2}-generalized real-closed
[y divisible (/20 = 7 /27

closed for a usual order closed for an ordering of level ok



Examples of HRRC fields

R((IN) = {27‘ aytY |y €T,ay € R}
support of »_ a~t7 well ordered, R a real-closed field, I a
Y

totally ordered abelian group
In K = R((I')) define :
- product 740 = AR

- sum Z a7t7+ Z b6t6 :——Z (a,a -+ ba)ta
Y o Q

- orderZafYtV > 0& am >R0
8

where ™ = mm(support; a;fyt’)’)

- valuation v : R((i—)) — T
defined by (3" ayt?) = m = min(supporty ayt?)
Y ~

Then R((F)) is an HRRC field, admitting v as henselian

valuation with real-closed residue field R and value

group I .



