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Four Color Theorem 

•  Francis Guthrie (1852) South African 
    botanist, student at University  
    College London 
•  Augustus de Morgan 
•  Arthur Cayley (1878) 
•  Computer‐aided proof 
    by Kenneth Appel &  
   Wolfgang Haken (1976)  



Generaliza1ons 

•  Heawood’s Conjecture (1890) The chroma'c 
number, p, of an orientable Riemann surface 
of genus g is  

                           p = {7 + (1+48g)1/2 }/2  

•  Proven, for g ≥ 1 by Ringel & Youngs (1969) 



Generaliza1ons 
•  Graph Coloring (dual problem): Replace each region 
(“country”) by a vertex (its “capital”) and connect the 
capitals of con1guous countries by an edge. The four 
color theorem is equivalent to saying that  

•  The ver1ces of every planar graph can be colored 
with just four colors so that no edge has ver1ces of 
the same color; i.e., 

•  Every planar graph is 4‐par1te. 
•  Non‐planar:  



Combinatorics of Maps 

•  This subject goes back at least to the work of 
Tuie in the ‘60s and was mo1vated by the 
goal of classifying and algorithmically 
construc1ng graphs with specified proper1es.  

William Thomas Tu,e (1917 –2002) 
Bri1sh, later Canadian, mathema1cian 
and codebreaker. 

A census of planar maps (1963) 



g ‐ Maps 

A map D on a compact, oriented and connected surface X is a pair D =
(K(D), [ı]) where

• K(D) is a connected 1-complex;

• [ı] is an isotopical class of inclusions ı : K(D)→ X;

• the complement of K(D) in X is a disjoint union of open cells (faces);

• the complement of the vertices in K(D) is a disjoint union of open seg-
ments (edges).

A g-map is a map in which the surface X is the closed, oriented Riemann surface
of genus g and which in addition carries a labeling (ordering) of the vertices.



 ν = 2 case 
A 4‐valent diagram consists of 
•   n (4‐valent) ver1ces; 
•   a labeling of the ver1ces by the numbers 1,2,…,n; 
•   a labeling of the edges incident to the vertex s  
     (for s = 1 , …, n) by leiers is , js , ks and ls where this alphabe1c 

order corresponds to the cyclic order of the edges around the 
vertex). 

Constella1ons: the Permuta1on Model 

…. 



 Random Matrix Par11on Func1ons 

• Unitary Ensembles 

•  Par11on Func1on & Free Energy 
•   Equilibrium Measures 
•  Rigorous Asympto1cs 

•  The Genus Expansion 



Random Matrix Measures 

•  M  ε Hn , n x n Hermi1an matrices 
•  Family of measures on Hn   (Unitary Ensembles) 

•  t =  0:  Gaussian Unitary Ensemble (GUE)  

dµt2ν =
1

Z̃(n)
N (t2ν)

exp {−N Tr[Vν(M, t2ν)]} dM

Weight (potential) : Vν(λ; t2ν) =
1
2
λ2 + t2νλ2ν

normalizable for : "t2ν > 0



The Par11on Func1on 
•  Descent from Matrices to Eigenvalues 
•  A tau func1on mediates this transi1on 

•  Fine Scaling: A = N½ M 

Z̃(n)
N (t2ν) =

∫
exp {−N Tr[Vν(M, t2ν)]} dM

Z(n)
N (t2ν) =

∫
· · ·

∫
exp




−N2



 1
N

n∑

j=1

Vν(λj ; t2ν)− 1
N2

∑

j !="

log |λj − λ"|








dnλ.

Z̃(n)
N (t2ν) = c(n, N)Z(n)

N (t2ν)

τ2
n,N (t) .=

Z(n)
N (t)

Z(n)
N (0)

=
Z̃(n)

N (t)

Z̃(n)
N (0)

= Eµ0

(
exp

{
− t

Nν−1
Tr[A2ν ]

})



The Free Energy for Large N  

•  One wants to study the asympto1c behavior of  
   1/N2 log τ2n,N (t) as n,N  ∞ with x = n/N fixed 
near 1.  

•  Leading order: 

sup
µ∈A

{
−

∫
V (λ)dµ(λ) +

∫ ∫
log |λ− η|dµ(λ)dµ(η)

}

A = Borel probability measures on R.

Z(n)
N (t2ν) =

∫
· · ·

∫
exp




−N2



 1
N

n∑

j=1

Vν(λj ; t2ν)− 1
N2

∑

j !="

log |λj − λ"|








dnλ.



The Free Energy for Large N  
Leading order: 

              Maximizer :      equilibrium measure  µeq

        t = 0      (V = ½ λ2)    Wigner semicircle law

sup
µ∈A

{
−

∫
V (λ)dµ(λ) +

∫ ∫
log |λ− η|dµ(λ)dµ(η)

}

A = Borel probability measures on R.



Introduc1on of z0(t) 

           Equilibrium measure for V = ½ λ2 + λ4 

•  In general, set z0(t)  = β2/4 where  
                        [‐β(t),β(t)] = supp(µeq) 



Rigorous Asympto1cs [EM ‘03] 

•  uniformly valid as N −> ∞ for x ≈ 1, Re t > 0, |t| < T. 

•  eg(x,t) locally analy1c in x, t near t=0, x≈1.  

•  Coefficients only depend on the endpoints of the   
   support of the equilibrium measure. 

•  The asympto1c expansion of t‐deriva1ves may be  
   calculated through term‐by‐term differen1a1on.  
   The large N asympto1cs of all matrix correla1ons are   
   calculable from deriva1ves of the free energy. 

N−2 log τ2
n,N (t) = e0(x, t) +

1
N2

e1(x, t) +
1

N4
e2(x, t) + · · · +

1
N2g

eg(x, t) + · · ·



The Genus Expansion 

•  Informa1on about genera1ng func1ons for graphical enumera1on 
is encoded in asympto1c correla1on func1ons for the spectra of 
random matrices and vice‐versa.   Bessis, Itzykson, Zuber, Adv Appld 
Math (1980) 

•  Riemann‐Hilbert Analysis  Fokas, Its, Kitaev, CMP (1991) 
•  Nonlinear Steepest Descent   Dei�, Kreicherbauer, McLaughlin, J 

Approx Th, (1998), Dei�, Kreicherbauer, McLaughlin, Venakides, 
Zhou, CPAM (1999) 

eg(t) =
∑

j≥1

1
j!

(−t)jκg(j)

in which each of the coefficients κg(j) is the number of g-maps with j 2ν-valent
vertices.

N−2 log τ2
n,N (t) = e0(x, t) +

1
N2

e1(x, t) +
1

N4
e2(x, t) + · · · +

1
N2g

eg(x, t) + · · ·

(x = 1) 



The Genus Expansion 

                                      Goals 
•  To place the deriva1on of the genus expansion on a firm 

analy1cal foo1ng. (E‐McLaughlin, 2003) 
•  To understand the structure of the eg(t)  as global analy1c 

func1ons of t, in par1cular to exhibit their sole dependence 
on the endpoints of support of  μeq(t) .                                          
(E‐McLaghlin‐Pierce, 2008) 

•  To explicitly write down closed form expressions for the eg(t) 
and related genera'ng func'ons suitable for the extrac1on of 
explicit or asympto1c combinatorial informa1on. 

eg(t) =
∑

j≥1

1
j!

(−t)jκg(j)

in which each of the coefficients κg(j) is the number of g-maps with j 2ν-valent
vertices.

N−2 log τ2
n,N (t) = e0(x, t) +

1
N2

e1(x, t) +
1

N4
e2(x, t) + · · · +

1
N2g

eg(x, t) + · · ·
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Four‐Valent Planar Maps  (BIPZ ’78) 

€ 

For potentials V of the form V = 1
2 λ

2 + t4λ
4,

 
                            
 

€ 

       

 e0 t4( ) = κ4
j=1

∞

∑ n( )
−t4( )n

n!
              κ4 (n) = (12)n

 2n −1( ) !
n + 2( ) !

       

                                         



One Vertex Maps 

€ 

             g=0  g=1 



Other Approaches 
•  Loop Equa1ons Chekov, Eynard, Oran1n, Prats‐Ferrer, 
…  Itera1ve equa1ons for the recursive deriva1on of 
the eg as func1ons of mul1ple 1mes.  

•  For a deriva1on of the loop equa1ons based on 
Riemann‐Hilbert analysis (E‐McLaughlin MSRI vol 55)  

•  Intersec1on Numbers on Decorated Moduli Spaces 
Mumford, Wiien, Kontsevich 

•  Hurwitz Numbers, Hodge Integrals & GW Theory 
Okounkov, Pandharipande, Ekedahl, Lando, Shapiro, 
Vainshtein 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Structure of e0   [EMP ‘08] 

€ 

For potentials V of the form V = 1
2 λ

2 + t2ν λ
2ν ,

 

           η =
ν -1( )2

4ν ν +1( )
,     r =

3 ν +1( )
ν -1

 



Low Genus  [EMP ‘08] 

21 

€ 

e0 = 1
2 log z0( ) +η z0 −1( ) z0 − r( )

e1 = − 1
12 log ν − ν −1( )z0( )

e2 =
(z0 −1)Q4 z0( )
ν − ν −1( )z0( )5   

    =
1

240
−

8ν 3 + 71ν 2 + 80ν +12
2880 ν − ν −1( )z0( )2 +

ν 31ν 2 + 98ν + 40( )
1440 ν − ν −1( )z0( )3

               −
ν 2 22ν + 25( )

576 ν − ν −1( )z0( )4 +
7ν 3

360 ν − ν −1( )z0( )5

(ν = 2) := 1
720

z0 −1( )3 3z0
2 − 21z0 − 82( )

2 − z0( )5



Ra1onality of Higher eg 

22 
  

€ 

e0 = 1
2 log z0( ) +η z0 −1( ) z0 − r( )

e1 = − 1
12 log ν − ν −1( )z0( )

e2 =
z0 −1( )Q4 z0( )
ν − ν −1( )z0( )5   



 eg =
(z0 −1)rQ5g−5−r z0( )
ν − ν −1( )z0( )5g−5  where r = max 1, 2g −1

ν −1
 

  
 

  
 
 
 

 
 
 

 

 
 

 

 
 

    = C g( ) +
c0

g( ) ν( )
ν − ν −1( )z0( )2g−2 +…+

c3g−3
g( ) ν( )

ν − ν −1( )z0( )5g−5



BIZ Conjecture (‘80) 

  

€ 

 eg =
(z0 −1)rQ5g−5−r z0( )
ν − ν −1( )z0( )5g−5  where r = max 1, 2g −1

ν −1
 

  
 

  
 
 
 

 
 
 

 

 
 

 

 
 

    = C g( ) +
c0

g( ) ν( )
ν − ν −1( )z0( )2g−2 +…+

c3g−3
g( ) ν( )

ν − ν −1( )z0( )5g−5



What is z0 (t) ? 
1.  Eigenvalue density edges:  
            z0(t)  = β2/4 where [‐β(t),β(t)] = supp(µeq) 

2.   Genera1ng Func1on for Generalized Catalan Numbers 
EMP ‘08 

z0(t) =
∑

j≥0

cj
νζj(−t)j where

cν = 2ν

(
2ν − 1
ν − 1

)
= (ν + 1)

(
2ν

ν + 1

)
and

ζj =
1
j

(
νj

j − 1

)
=

1
(ν − 1)j + 1

(
νj
j

)
.



What is z0 (t) ? 
3.  A self‐similar soln. of the inviscid Burgers eqn        

fs=cνfνfw,    f(s,w) = wz0(wν‐1s),    f(0,w) = w 

z′
0(s) = cνz0(s)ν (z0(s) + (ν − 1)sz′

0(s))
1 = z0(s)− cνsz0(s)ν

z′
0 =

cνzν+1
0

ν − (ν − 1)z0
.

Finite shock occurs at z0 = ν/(ν‐1) with shock 1me  
sc= (ν‐1)ν‐1/cν νν  ; all other shocks are at ∞, ν‐1 order 
ramifica1on point.  



What is z0 (t) ? 
4. Leading order of recursion coeffs. for OPRL of weight exp(‐NV) 

πn+1,N (λ) = λπn,N (λ)− b2
n,N (t)πn−1,N (λ)

b2
n,N (t) = x(z0(s) +

1
n2

z1(s) +
1
n4

z2(s) + · · · )

s = −xν−1t

b2
n,N (0) = n/N = x

z(j)
g (0) =

djzg

dsj
|s=0

= #{two-legged g-maps with j 2ν-valent vertices }

4tb2
n,N (t)

(
b2
n−1,N (t) + b2

n,N (t) + b2
n+1,N (t)

)
+ b2

n,N (t) =
n

N
.

Solves con1nuum limit of dPI hierarchy (Cresswell & Joshi (1999)) 
dPI (ν = 2) is Freud’s equa1on:  

The “string equa1on” of 2DQG: Douglas‐Shenker, Brezin‐Kazakov, 
Gross‐Migdal ‘80’s 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Calcula1ons: g=1,2 EMP ‘08 

€ 

z1 s( ) =
ν −1( )ν z0 −1( )z0 −ν 2 + ν −1( ) ν + 2( )z0( )

12 ν − ν −1( )z0( )4



Calcula1ons g=3 EMP ‘08 



Low Genus 

29 

€ 

z1 =
z0 z0 −1( )P1 z0( )
ν − ν −1( )z0( )4

z2 =
z0 z0 −1( )P4 z0( )
ν − ν −1( )z0( )9

z3 =
z0 z0 −1( )P7 z0( )
ν − ν −1( )z0( )14



Ra1onality of zg 

30 

  

€ 

z1 =
z0 z0 −1( )P1 z0( )
ν − ν −1( )z0( )4

z2 =
z0 z0 −1( )P4 z0( )
ν − ν −1( )z0( )9

z3 =
z0 z0 −1( )P7 z0( )
ν − ν −1( )z0( )14



zg =
z0 z0 −1( )P3g−2 z0( )
ν − ν −1( )z0( )5g−1

= z0
a0

g( ) ν( )
ν − ν −1( )z0( )2g

+…+
a3g−1

g( ) ν( )
ν − ν −1( )z0( )5g−1

 
 
 

  

 
 
 

  



Philosophy 
•  Ra'onal genera'ng func'ons are genera1ng func1ons,  
     A(s) = a1s + a2s2 + . . . , for sequences that sa1sfy a linear 

recursion rela1on: 
•  an+k = c1 an+k‐1  + c2 an+k‐2 + … + ck an    (a1 , … ak‐1 given) 

•  (c1 s + c2 s2 + . . . + ck sk) A(s) = P(s) + A(s)   (deg P = k‐1) 

•  Conversely, if A(s) = N(s)/D(s) with D(s)=d1s+… +dmsm; then  
     [sn] A(s)D(s)=d0an+…+ djan‐j +…+dman‐m for all n > deg N. 

•  But eg , zg ε Q(ν) (z0(s)),  are not ra'onal ;  Divide and Conquer: 

•  z0 drives asympto1cs of zg and eg (universality of alg‐log type) 



Recursion Formulae & Finite Determinacy 
•  Derived Genera1ng Func1ons 

•  Coefficient Extrac1on 

z(j)
g (s) = cj

νzjν+1
0

(
3g−1+j∑

"=0

a(g,j)
" (ν)

(ν − (ν − 1)z0)2g+j+"

)
.

z(j)
g (0) = #{two-legged g-maps with j 2ν-valent vertices }

=
1

2πi

∮

s∼0

z(j)
g (s)

s
ds =

1
2πi

∮

z∼1

(ν − (ν − 1)z)z(j)
g (z)

z(z − 1)
dz

= cj
ν

3g−1+j∑

"=0

a(g,j)
" (ν) and

a(g,j)
" (ν) = [(j − 1)ν − (2g + # + (j − 2))]a(g,j−1)

" (ν) + ν[2g + # + (j − 2)]a(g,j−1)
"−1 (ν) with

a(0,0)
0 (ν) = 1 a(0,0)

" (ν) = 0 for # > 0 a(g,j)
" (ν) = 0 for # < 0



Enumera1ve Asympto1cs 
•  Shock at z0 = ν/(ν‐1) at 1me sc= (ν‐1)ν‐1/(cν νν )    

•  Rescale: s = sc ŝ   [ν/(ν‐1) – z0 ] = [2ν(1‐ŝ)]½ [1 + O(1‐ŝ)] 

•  Asympto1c growth of coefficients as n  ∞  

zg =
(

ν

ν − 1
−

√
2ν(1− ŝ)

) {
1

(√
2ν(ν − 1)

)2g

a(g)
0 (ν)

(1− ŝ)
2g
2

+
1

(√
2ν(ν − 1)

)2g+1

a(g)
1 (ν)

(1− ŝ)
2g+1

2
+

· · · + 1
(√

2ν(ν − 1)
)5g−1

a(g)
3g−1(ν)

(1− ŝ)
5g−1

2

}
{1 + O(1− ŝ)}

[sn]zg =
1

2πi

∮

s∼0

zg(s)
sn+1

ds = s−n
c [ŝn]zg

[ŝn] zg ∼ ν

ν − 1
a(g)
3g−1(ν)

(√
2ν(ν − 1)

)5g−1

n
5g−3

2

Γ
( 5g−1

2

) +O(n
5g−5

2 )

Hankel Contour 



Rela1ons to Other Enumera1on Problems 
•  Rooted map (Tuie) dis1nguish, vertex, adjacent edge 
and side of edge 

•  Mn,g = the number of rooted maps on a genus g 
Riemann surface with exactly n edges 

Bender, Gao, Richmond 
              (2008)  

Mn,g ∼ tgn
5(g−1)/212n as n→∞

t0 =
2√
π

t1 =
1
24

t2 =
7√

4320π

tg = − 1
2g−26

g
2

· 1
Γ( 5g−1

2 )
αg

where αg is the gth coefficient in the asymptotic
expansion at −∞ of the PI transcendent



Universal Asympto1cs ? Gao (1993)  

[sk]eg ∼
c(g)
3g−1(ν)

(√
2ν(ν − 1)

)5g−1

k
5g−7

2

Γ
( 5g−5

2

)s−k
c



Some General Classes 

[sk]eg ∼
c(g)
3g−1(ν)

(√
2ν(ν − 1)

)5g−1

k
5g−7

2

Γ
( 5g−5

2

)s−k
c



Comparison between Mn,g  and [sk] eg  

[sk]eg ∼
c(g)
3g−1(ν)

(√
2ν(ν − 1)

)5g−1

k
5g−7

2

Γ
( 5g−5

2

)s−k
c

M (2ν)
n,g ∼ 2ν tg

(
(8ν)1/5 ν − 1

ν
n

) 5(g−1)
2

(
ν

ν − 1

(
ν − 1

2

(
2ν

ν

))1/ν
)n

n = νk =⇒ = 2ν tg (8ν)
g−1
2 ((ν − 1)k)

5(g−1)
2

(
νν

(ν − 1)ν

(
ν − 1

2

(
2ν

ν

)))k

= 2gν tg (2ν)
g−1
2 ((ν − 1)k)

5(g−1)
2 (2νsc)

−k

un-rooting =⇒ ∼ 2g−2 tg (2ν)
g−1
2 (ν − 1)

5(g−1)
2 k

5g−7
2 (sc)

−k



Rela1ons to Other Enumera1on Problems 

•  Bender, Gao & Richmond (2008) 
•  Following Goulden & Jackson (2008) 
•  Garoufalides, Marino (2008) 

y′′ = 6y2 + ξ,

y(ξ) ∼
√
−ξ

6

(
1 +

∞∑

g=1

αg(−ξ)−5g/2

)
as ξ → −∞

αg+1 =
25g2 − 1

8
√

6
αg −

1
2

g∑

m=1

αmαg+1−m

α0 = 1.

Painleve I 



Double‐Scaling Limits 
b2
N,N − ν

ν − 1

=
(

z0 −
ν

ν − 1

)
+
∞∑

g=1

zgN
−2g

=
(

z0 −
ν

ν − 1

)

+ z0

∞∑

g=1

{
a(g)
0 (ν)

(ν − (ν − 1)z0)2g
+

a(g)
1 (ν)

(ν − (ν − 1)z0)2g+1
+ · · · +

a(g)
3g−1(ν)

(ν − (ν − 1)z0)5g−1

}
N−2g.

= −
(
−2cνγ1νν+1

(ν − 1)ν+2
ξ

)1/2
{

(ν − 1)− ν

ν − 1

∞∑

g=1

a(g)
3g−1(ν)

(
−2cνγ1νν+1

(ν − 1)ν+2
ξ

)−5g/2
}

N−2/5

+ O(N−4/5)

(ν ‒ (ν-1) z0) ∼ Νδ   such that highest order terms have a 
common factor in Ν that is independent of g : 
δ = ‐ 2/5   Ν4/5 (s – sc) = γ(ν) ξ where sc = (ν‐1)ν‐1/(cν νν)



New Recursion Rela1ons 
ag+1
3(g+1)−1(ν) =

ν3
(
25g2 − 1

)

6
a(g)
3g−1(ν) +

ν

2

g∑

m=1

a(m)
3m−1(ν)a(g−m+1)

3(g−m+1)−1(ν)

a(1)
2 (ν) =

ν2

6
a(g)
3g−1 = −25g−1 (2/3)g/2 αg for g ≥ 1

y′′ = 6y2 + ξ,

y(ξ) ∼
√
−ξ

6

(
1 +

∞∑

g=1

αg(−ξ)−5g/2

)
as ξ → −∞

αg+1 =
25g2 − 1

8
√

6
αg −

1
2

g∑

m=1

αmαg+1−m

α0 = 1.

•    Coincides with with the recursion for PI in the case ν = 2. 



Connec1ng RHPs  & Non‐Herme1an OPs 

•  Fokas, Its, Kitaev 1992 
•  Kamvissis, Rachmanov 2005 

•  Duits, Kuijlaars 2006 
•  Bertola 2006 



Elements of Proof 

I.  Extended Riemann‐Hilbert Analysis 
II.  Deconstruct the extended con1nuum limit in 

terms weighted Dyck bridges 

III.  A long recursive calcula1on (generalized 
binomial inversion ?) 



Element I: Uniformizing the Equlibrium Measure 
•  For  λ = 2 z01/2 η                                            

dµVt(η) =
2
π

χ(−1,1)(η)





z0 + (1− z0)




(2η)2ν−2

(
2ν − 1
ν − 1

)

+
ν−1∑

j=1

2

(
2j − 1
j − 1

)

(
2ν − 1
ν − 1

) (2η)2ν−2−2j










√
(η + 1)(1− η) dη.

•  Each measure con1nues to the complex η as a 
differen1al whose square is a holomorphic 
quadra'c differen'al.  

=  z0 ûGauss(η) + (1 – z0) ûmon(ν)(η)   



Element I: Free Energy for “Large Time”  
Theorem There is a constant ∆ > 0 such that for (complex) t with !(t) ≥ 0,
|#(t)| < ∆ one has a uniformly valid asymptotic expansion

log τ2
N,N (t) = N2e0(t) + e1(t) +

1
N2

e2(t) + · · · (1)

as N → ∞. Also, the recurrence coefficients for the monic orthogonal polyno-
mials with weight exp(−NV (λ)) have a full asymptotic expansion, uniformly
valid for (complex) t with !(t) ≥ 0, |#(t)| < ∆ , of the form

b2
N,N (t) = z0(−t) +

1
N2

z1(−t) +
1

N4
z2(−t) + · · · (2)

as N → ∞. The meaning of these expansions is: if you keep terms up to
order N−2h, the error term is bounded by CN−2h−2, where the constant C
is independent of t in the domain {(!t ≥ 0;−∆ < #t < ∆}. Moreover, in this
domain, for each #, the functions e!(t) and z!(−t) are analytic functions of t
and the asymptotic expansion of derivatives of log (ZN (t)) and b2

N,N (t) may be
calculated via term-by-term differentiation of the series.

See also Bleher‐Its “Asympto1cs of the par11on of a random matrix model” Ann. Inst. 
Fourier 55 (2005) 



Element II: Toda‐Hirota Representa1on 
πn+1,N (λ) = λπn,N (λ)− b2

n,N (t)πn−1,N (λ).

b2
n(θ) =

1
2

d2

dθ2
1

log
[
τ2
n,1(θ1, θ)

]
θ1=0

where

τ2
n,1(θ1, θ) = Z(n)

1 (θ1, θ)/Z
(n)
1 (0, 0) and

Z(n)
N (t1, t) =

∫
· · ·

∫
exp




−N
n∑

j=1

(
1
2
λ2

j + tλ2ν
j + t1λj

)


V(λ)dnλ

1
2

db2
n

dθ
=

∑

{Dyck bridges}

[
ν+1∏

m=1

b2
n+#m(w)+1 −

ν+1∏

m=1

b2
n+#m(w)

]

b2
n,N = n

(
z0(s) +

1
n2

z1(s) +
1
n4

z2(s) + · · ·
)

b2
n+#,N = n

(
wz0(swν−1) + · · · + 1

n2g
w1−2gzg(swν−1) + · · ·

)
where

w ∼
(

1 +
%

n

)



Element II: Cluster Expansion 

d

ds
f(s, w)

∣∣∣∣
w=1

=
∑

{Db’s}
nfν+1

{
ν+1∏

m=1

[
1 +

fw

f

(
!m + 1

n

)
+

fw(2)

2f

(
!m + 1

n

)2

+ · · · +
fw(h)

h!f

(
!m + 1

n

)h

+ · · ·
]

−
ν+1∏

m=1

[
1 +

fw

f

!m

n
+

fw(2)

2f

(
!m

n

)2

+ · · · +
fw(h)

h!f

(
!m

n

)h

+ · · ·
]}∣∣∣∣∣

w=1



Element II: Con1nuum Limit (+) 
fs = F (ν)

(
n−1; f, fw, . . . , fwm , . . .

) .=

cνfνfw +
1
n2

F (ν)
1 (f, fw, fww, fwww) + · · ·

+
1

n2g
F (ν)

g (f, fw, fw(2) , · · · , fw(2g+1)) + · · ·

for (s, w) near (0, 1) and initial data given by f(0, w) = w.

F (ν)
g =

∑

λ:|λ|=2g+1" #(λ)≤ν+1

d(ν,g)
λ∏

j rj(λ)!
fν−#(λ)+1

∏

j

(
fw(j)

j!

)rj(λ)

where

|λ| =
∑

i

λi

rj(λ) = #{λi|λi = j}

"(λ) =
∑

j

rj(λ)

F (ν)
g resembles a Faa di Bruno formula :

dn

dwn
g(f(w)) =

n∑

#=0

g(#) (f(w))Bn,#

(
f ′(w), f ′′(w), . . . , f (n−#+1)(w)

)



Element II: The Young Graph 

d(ν,g)
λ =

∑

(ν + 1, ν, . . . , 2, 1) ⊆ µ ⊆ (2ν, 2ν − 1, . . . , ν)
µ ∈ R

2 mλ (µ1 − η1, . . . , µν+1 − ην+1)

(η1, . . . , ην+1) = (2ν, 2ν − 2, . . . , 2, 0) where

mλ(x1, x2, . . . ) = xλ1
1 xλ2

2 · · ·xλn
n + ....



Element III:  
Weakly Nonlinear Higher Order Asympto1cs 

f(s, w) = f0(s, w) +
1
n2

f1(s, w) + · · · +
1

n2g
fg(s, w) + · · · .

df0

ds
= cν(f0)ν(f0)w

f0(0, w) = w,

dfg

ds
= cν

(
(f0)ν(fg)w + ν(f0)ν−1(f0)wfg

)
+ Forcingg, for g > 0.

Forcingg =





cν

ν + 1
∂

∂w

∑

0 ≤ kj < g
k1 + · · · + kν+1 = g

fk1 · · · fkν+1





+ F (ν)
1 [2g − 2] + F (ν)

2 [2g − 4] + · · · + F (ν)
g [0] where

F (ν)
" [2r] = the coefficient of n−2r in F (ν)

"



Element III: Propagator Representa1on 

fg(s, w) = w1−2gzg(wν−1s)

f(s, 1) = z0(s) +
1
n2

z1(s) +
1
n4

z2(s) + · · ·

zg(s) is an abelian function of
z0 with singlularities only possible at z0 = 0, ν/(ν − 1).

zg(s) = zg(z0(s))

=
z0(s)2(1−g)

ν − (ν − 1)z0(s)

∫ z0(s)

1

(ν − (ν − 1)z)
cνzν+3−2g

Forcingg(z)dz



Element III:  

Proposition

(i) zg is regular at z0 = 0 and in fact vanishes at least simply there.

(ii) Forcingg may be written as a sum of terms each of which has the form

fν−m+1
0 (fk1)w(j1)(fk2)w(j2) · · · (fkm)w(jm)

where 0 < m ≤ ν + 1 and j1 + · · · + jm = 2(g − k1 − k2 − · · · − km) + 1,
with ki < g.

(iii) For (k, n) #= (0, 0),

(fk)w(n)(s, 1) = z0

{
b(k,n)
0

(ν − (ν − 1)z0)2k+n
+ · · · +

b(k,n)
3k+n−1

(ν − (ν − 1)z0)5k+2n−1

}
.



Element III: Upshot 

•  For zg the solvability condi1ons (meromorphic w/o 
residues) are always sa1sfied.  

•  For eg the solvability condi1ons are sa1sfied for all g > 1 
•  At g=0 and g=1, for eg, these condi1ons require 
choosing a branch of the logarithm. 

•  For g > 0, zg  is ra1onal in z0 ; 
•  For g > 1, eg  is ra1onal in z0 . 

•  zg (resp. eg ) all have the same envelope of holomorphy. 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