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The Inverse Problem

The problem

@ The direct problem
oY =DAY+C-VY+AY, in(0,T)xQ
Y=h, on(0,T)x 00 (1.1)

Y(0) =Yy, inQ

A= (aj) € L®(Q Mn(R)), D= diag(dh), C e L®(Q My(R"))
@ The observation
Be LR"R™) m<n, wccCQ

Is it possible to recover (a; ;) by the knowledge of BY in (0, T) x w?
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The Inverse Problem

|dentifiability

0tY1 =DAYy+C-VYi+AYy, in(0,T)xQ
Yi=h, on(0,T)x0Q (1.2)

\/1(0) = Y107 inQ

0tYo =DAY>o+C-VYo+ A Yo, in (07 T) x
Yo=h, on(0,T)x o9 (1.3)

YZ(O) =Y, INQ
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The Inverse Problem

|dentifiability

U=Yi—Ys
BtU:DAU+A1U+C-VU+(A1 —Ag)Yg, in (O,T)XQ

U=0, on (0, T) x 99 L A=A
BU =0, in(0,T) xw
For example B = (1,0, ...,0)

8:U=DAU+ AU+ C-VU+ (A — A)Ya, in(0,T) x Q
U=0,0on(0,T)x 00 ? ‘
:>A1:A2

u =0, in (0, T) x w
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The Inverse Problem

Lipschitz Satbility

141 = Aellize) < C(IB(Ys = Yo)llo.1yew + 7)
@ Carleman estimates for

{ oU=DAU+AU+C-VU+F
Usa =0
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Carleman estimates and Inverse Problems

Carleman Estimates for parabolic equations

A. Fursikov-O. Yu. Imanuvilov, Seoul National University, 96

P=0i—Ax,onQr=(0,T) xQ
wCcC

feWr>(Q), 8,8<0o0n dQ, |VB#0 on Q\w,
a(t)= (T - t))—17 o(x) = M0 p(x) = M _ b < 0.
Pu=f
3 2 1 2 5
SN (@0)F e ulliz(a,) + 5N [(@0)F € Vatlliz(ayy < Cl1€ 20y
3 2
+5°A|(ap)2 €Ul 2., ))

for s > sp, A > Ao, u€ €°(Qr), and yjpq = 0.
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Carleman estimates and Inverse Problems

Carleman Estimates and Inverse Problems

@ A.L. Bukhgeim, M.V. Klibanov, Soviet. Math. Dokl, 81
Hélder stability results with local Carleman estimates.

@ 0. Yu. Imanuvilov, M. Yamamoto, |.P, 98
Lipschitz stability results with global Carleman estimates.
Parabolic problems.
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Carleman estimates and Inverse Problems

Carleman Estimates and Inverse Problems

Imanuvilov-Yamamoto (98) : Potentials identification.
y' —Ay+a(x)y=0 in (0,T)xQ,

y=h, on (0,7)xQ,
y(0) = yo in Q.
n=1, A=(a)

0e(0,T), yo(0,.)>6>0

3C>0, |a—ai ||E2(Q) <C (H(}’e - y1)(0, -)||I2-I2(Q) + |ly2 = y1 HIZ-I‘(O,T:LZ(w)))
In particular, if y1(0,.) = y2(0..) :

a2 — aila) < Cllyz =yl . 120
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Carleman estimates and Inverse Problems

@ Starting with the pioneer work of Bukhgeim-Klibanov, Carleman
estimates have been successfully used for the uniqueness and
stability for determining coefficients.

@ Often, it is difficult to observe all the components of parabolic
systems.

@ In the results presented here, we only observe one component
and we need the knowledge of the solution at a fixed time
0e(0,T)
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2 X 2 Parabolic Systems

Identification of coefficients of a 2 x 2 parabolic
systems

M. Cristofol, P. Gaitan and H. Ramoul, I.P, 06
@ QCRI(d<I
Oyr = diAys +a(x)ys + b(x)y. in (0, T) x Q,
Ortys = Ay + c(X)y1 + d(x)y2 in 0,T)xQ,,

yi=h, y2=he on (0,7)x 09,
¥1(0) = y10 et y2(0) = yz0 in Q,
® a,b,c,d € AR) = {® € L=(Q); |9l <R}
o
Yio>1, Yoo >,
o

b‘w > by >0
Applications : medecine, biology, ecology ...
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2 X 2 Parabolic Systems

Stability Theorem

Theorem ( )
Under the previous assumptions, there exists a constant C > 0 such
that
1b = Bliq) + llc — €l%(q) < c(low - ol
(1, ¥2)(0) = (74, 72)(0) | o))

dyr = alyr +a(xX)ys + b(x)y2 in (0, T) xQ,
oye =Ays +c(X)y1 +d(x)y2  in 0,T)xQ,,
yi=hi, yo=ho on (0,7T)x 0Q,
¥1(0) = y10 et y2(0) = y2o in Q,
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2 X 2 Parabolic Systems

Linearized Inverse Problem

Let (y1, y2) and (¥4, y2) be solutions to

Btyo = Ayp + Cyy + dyp in Qr,
i = hy, y2:”2~ onxr,
y1(0) = y1o et yp(0) = ypp inQ.

Otyp = Ayp + cyq + dyp inQr,
)2 = hy, y2:h2 onxr,

Oy = dyAyy +ayy + by, inQr, Oy1 = d{Ayy +ayy + by, inQr,
and
y1(0) = y19 et y2(0) = ypo iInQ,

Denote Us = y1 — y1, Uz = yo — Yo, Vi = (1 — 1), Vo = Oe(y2 — ),
v =b—bandy =c—c.
Then (V4, V») is solution to

Vs = diAVy + aly + bVe + 410y in Qr,
OtVe = AVe + cVi + dVo + 120iy4 in Qr,
V1 = V2 =0 onxr
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2 X 2 Parabolic Systems

Main argument of the proof

Local Carleman estimate

wCcw §<s
@ F. Ammar Khodja, AB and C. Dupaix, J.M.A.A, 06
3 3 / ’ ~
I(ap)2 e Val| 2,y < C(||(3<P)295 Vil 2oy + 165 #1082l 1221
€% M2 2 )

@ A more accurate observability estimate
M. Cristofol, P. Gaitan and H. Ramoul, I.P, 06

3 7 . ~
I(ap)z €% Val| 2,y < 0(34/\4H(3<P)2 eVl 2(ur) + 1€ 102l 201y

sa 4
€205 ()



2 x 2 Reaction-Diffusion-Convection Systems

2 x 2 Reaction-Diffusion-

Joint work with
@ M. Cristofol, P. Gaitan, M. Yamamoto, Applicable Analysis, 2009
@ M. Cristofol, P. Gaitan, L. De Teresa, submitted to SICON, 2010
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2 x 2 Reaction-Diffusion-Convection Systems

2 x 2 Reaction-Diffusion-Convection Systems

51}/1 = d1Ay1 + ay4 +by2+A-Vy1 +B-Vy2 in (O, T) x Q
Oyfo=Ayo+cy1+dyo+C-Vy1 +D-Vy, in (0,T)xQ
yi=hy, yo=h on (0,T)x0Q,

¥1(0) = y10, y2(0) = y20 in Q,

Inverse Problem

Determine b(x), ¢(x) from y1|.,, and (y1, y2)|(0} x0
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2 x 2 Reaction-Diffusion-Convection Systems

Assumptions

@ All the coefficients are in C?(Q)
@ ||b||L<, ||blls<, lIC]| o, [| €]l L= < M fixed constant

° \\}71”0(@)7 ||}72HC(§TT)7H}71||C3(UJT)7 1V2llcsqury <M
@ dwNIV=",|y|#0
@ |B(x) - v(x)| # 0 on ~, v: unit outward normal to 992

® |Ji(-,0)] =0 >0, [ya(-,0)] > 60 >0, 6€(0,T).



2 x 2 Reaction-Diffusion-Convection Systems

Stability Result

Theorem ( )

Under the previous assumptions and if b is known in w, then there
exists a constant k > 0 such that

16— bll2(@) + 116 — Cllizy < £ (Iy1 — Vil 0. 7:12(0))
1, 72)(60) = (71, 72))(O) )
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2 x 2 Reaction-Diffusion-Convection Systems

2 x 2 Reaction-Diffusion-Convection Systems

@ (y1, ¥2) solution to the previous system where b, c are replaced by b,C.
Qu=yi—-y,v=y—
® f=(b-byi, g=(c—OW

(u, v) solution to

ou=diAu+au+bv+A-Vu+B-Vv+f, in (0,T)xQ
ov=Av+4+cu+dv+C-Vu+D-Vv+g, in (0,T)xQ
u=v=0 on (0,T)x 09,
u(0) = up, v(0) = vy in Q

Carleman estimates for (u, v) with the observation of v, 7)., and
(f,9)10,7)x2?
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2 x 2 Reaction-Diffusion-Convection Systems

Local Carleman estimate

...then, there exist positive constants A1 > 0, s; > 0 and
C = C(Q,w, T) such that for all \ > \y and s > s

3
1(ap)2e%V| 12,y < C(S, A, T))(||UHEz(w/T)+Hinz(w/T)+Hesan(f, g)HEZ(Qr))

wCuw
u=diAu+au+bv+A-Vu+B -Vv+(b—Db)y;, in (0,T)xQ
ov=Av+4+cu+dv+C-Vu+D-Vv+g, in (0,7T)xQ
u=v=0 on (0,T)x0Q,
u(0) = up, v(0) = vy in Q
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2 x 2 Reaction-Diffusion-Convection Systems

Stability Result

Theorem ( )

Under the previous assumptions and if b is known in w, then there
exists a constant k > 0 such that

16— bll2(@) + 116 — Cllizy < £ (Iy1 — Vil 0. 7:12(0))
1, 72)(60) = (71, 72))(O) )
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2 x 2 Reaction-Diffusion-Convection Systems

Sketch of the proof

Consider the simplest case where
o

Q=(0,1)xQ, w=(0,¢) xw', v={0} x
B(x) = (1,0,...0), x=(x1.%)

with
Q/ C Rd_1 w/ C Q/

@ The second equation of the system becomes

Ox,V+bv=0wu—Au—au—A-Vu-—T.
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2 x 2 Reaction-Diffusion-Convection Systems

Step 1 : The inversion

e Step 1: An equation for v.

L:=0y +b, D(L)={veH (w);v(0,x)=0, onu'}

X1
L—1 (W)(t, X) _ ef0X1 b(y17x/)dy1 / 1 o foﬁ b(X17X/)dX1 W(t, }/1,X/)d}/1, Yw € LZ(LL
0
v = L' (w—Au—au—A-Vu—f) ae inwr

= Pu+ Qf + 0y u(t,0,x"),

where P is parabolic operator and Q a bounded operator on L?(w).
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2 x 2 Reaction-Diffusion-Convection Systems

Steps 2 and 3

@ Step 2: An observability inequality for v with two observations u
onwrand d,uon (0, T) x .

o, (sp)t3e?san|vPdxdt < C(s, A)(|  M(X', t)|uf? dt o’ + ||| Tzz,)

wT
+ [ (80) 22250, u(0, X', 1) ? lt dlx’,
with M(x', t) = [ ¢™*7e2andlx;.

It remains to estimate the boundary term.

© Step 3: Estimates of the boundary term. By choosing a suitable
weight 8 and... some technical computations....
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3 X 3 Parabolic Systems

3 x 3 parabolic system

@ M. Cristofol, P. Gaitan, M. Yamamoto, Applicable Analysis, 2009
@ M. Cristofol, P. Gaitan, L. De Teresa, submitted to SICON, 2010

Otyr = diAyy + ajys + aye + azys + f1in (

Otyo = CoAyo + 1Yy + @ooYo + Ap3ys + o in (0,T) xQ,
Otys = d3Ays + az1y1 + aseye +azsys +h in Q

Yi=hy, yo=ho, y3=h3 on (
y1(+,0) = y10, ¥2(+,0) = ¥o0, ¥3(-,0) = y30, in Q.

(@j)1<i<j<z C L>=(Q)
Is it possible to recover some coefficients of A with the knowledge of

Yilo,yxw??
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3 X 3 Parabolic Systems

Assumptions

(aj)1<ij<s € CH(Q)

Q@ w C Q neighborhood of Q

Q d=0d;

@ There exists j € {2, 3} such that |a;j(x)| > C > 0forall x € w

and forkj:?

aik:
| (Vaﬂ(/. - a’Va1,-> -v(x))| £0, ony = 0wno
1)



3 X 3 Parabolic Systems

A simple example

Q=(0,1),w=(0,a) with 0 < a< 1 and v = {0},

ar x x+1
A= ay ax a ~
az1 dsz2 ass

The previous assumptions are satisfied
Q@ /=3andaiz=x+1#0
9 k3 =2 and

(a2(0) — 22(0)(a}5(0)) = ~2 £ 0
13
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3 X 3 Parabolic Systems

The Lipschitz stability result

Oty1 = A1Ay1 + a11y1 + anys + azys in (0, T) xQ,
OtYe = DYz + @1yt + Yo + azsys in (0,7) xQ,
Otys = Ays + az1ys + as2)e + assys in (0,T) x4,
yi= /’717 Yo = hg, Y3 = h3 on (0, T) X 897
y1(,0) = y10  yo(-,0) =y20 and y(.,0)=ys in Q.

(5.4)

A. Benabdallah2® Inverse problem for parabolic systems



3 X 3 Parabolic Systems

Theorem (
Assume

@ Previous assumptions

© Smoothness assumptions

© (aj) are such that there exist C > 0 and 6 € (0, T) such that
(0,1 = C, [y2(0..)] = C, |ys(0,.)) = C.

Q a; =ajonw for (i,j) € {(2,1),(3,2),(1,3)}

Then there exists k > 0 such that

~ 2 = 2 = 2 . ~\[2
llarz — a2z + l|@28 — Geslli2iq) + las1 — @s1ll2(q) < & (H@r(% = ¥Y)lle@wn

HI(1 = 71)(O)llie(e) + 1 (v2 = ¥2)(0) ey + 11 (s — }7:-1)(9)”;242(9)) :
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3 X 3 Parabolic Systems

The main argument : A Carleman type Estimate

Theorem (

Under the previous assumptions, there exists a positive function
B € C?(Q) such that the following Carleman estimate holds for all
Solutions of the previous system

2 2
I(a0)2 €% Y [l 2, + 1(8)2 €51V Y[l 2

2
< Ci(s. A D) (W) + I 5)' [y ) + 1657, By )l

where
Y = (Y1aJ/27YS)t
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3 X 3 Parabolic Systems

Reduction to a 2 x 2 parabolic systems with
convection terms

Z=apys+azys inwr. (5.5)

@ Suppose, for example, that the previous assumptions are
satisfied for j = 3

°
Oyy = diAuy +anyr +z+f in wr,
z=Az+A-Vz+az+ey; +B-Vys+bys+G in wr,

Otys = Ays + az1yy + as2y2 + assys in (0, T) x¢

@ Ly3:=B-Vys+bys=01z— Az—A-Vz—az—ey;— G
@ Use the previous Carleman estimate
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3 X 3 Parabolic Systems

Q (a))1<ijcs € CHQ)

Q w C Q neighborhood of Q

Q d=0;

© There exists j € {2,3} such that |ayj(x)] > C > 0forall x € w

and for k; = §
J
a1k . .
|| Vaik — a—VaU -v(x))| #0, onvy = 0dwnNoQ
1j

a
B= (Va12 — 12V813>
ais
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Observability Results for Parabolic Systems

The finite dimensional case: Kalman observability
condition

A€ L(RM), B € L(R",R™).

Y =AY
=Y=0
BY =0,

if and only if : rank [A*| B*] = rank [B*,A*B",...,(A")""'B*] =n
Kalman operator : X := [B*,A*B*, ..., (A")""'B*] € L(R",R")
rank [A* | B*] = n < Ker(X*) = {0} < ker BN {eigenvectors of A} =0
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Observability Results for Parabolic Systems

The infinite dimensional case for constant coefficients

B =B1,

where :
Be L(R"R™) wcCQ,

Li=lLA+A Y =LY

A, B matrices with constant coefficient
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Observability Results for Parabolic Systems

Theorem (Kalman condition,
)
(L, B) is observable if and only if (L*, B*) is controllable if and only if

rank [A*|B*] =n
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Comments

@ Through a control argument, we can construct solutions Y
satisfying the positivity assumption.

© We can determine all the coefficients of the system. For it, we
need to repeat the measurements.

@ The results generalize to n x n reaction-diffusion systems, with
n — 2 observations : Joint work with M. Cristofol, P. Gaitan and L.
de Teresa

© Boundary Observability : A new result by F. Ammar Khodja, A.B,
M. Gonzalez-Burgos, L. de Teresa, almost submitted, 2011 for
the one dimensional case and constants coefficients matrices.
But no Carleman estimate.

Inverse problem is an open question.
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Thank you for attention
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