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Schrédinger Equation in a Slab

(—A+q(x) — K)u(x) =0 inQ
u(x) =f(x) onoQ

@ domain Q C R” (n > 3) is an infinite slab between two parallel
hyperplanes 'y and I'».

@ potential g(x) € L>°(Q2) with compact support in R".
o f|r,- has compact supportinl;, j=1,2.
@ u satisfies the partial radiation condition introduced by Sveshnikov.
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Partial Radiation Condition

WLOG, we assume
Q={x= X)) eR": X' =(x1,-- , Xp_1) eR" 0 < x, < L}

and
M={xeR":x,=L>0} Mo={xeR": x, =0}

Partial radiation condition reads

0 2-n
<ap /km> Um(x') = 0(p°2"), asp— oo

m2 2
where um(x L/ u(x)sm dxn, Km = k(1 — k2L2)§
p=IX,m=12.
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The Forward Problem and The Inverse Problem

Theorem: For all k except a discrete set, there exists a unique solution

u e H'(Q) forany f € H'/2(0%Q) such that f|r, is compactly supported
in F/-, j = 1,2.
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Theorem: For all k except a discrete set, there exists a unique solution

u e H'(Q) forany f € H'/2(0%Q) such that f|r, is compactly supported
in F/-, j = 1,2.

The Dirichlet-to-Neumann map:

ou

/\qf—>a]/aﬂ

where v is the unit outer normal vector.
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where v is the unit outer normal vector.

Inverse Problem: Determine q from Ag.
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The Forward Problem and The Inverse Problem

Theorem: For all k except a discrete set, there exists a unique solution
u e H'(Q) forany f € H'/2(0%Q) such that f|r, is compactly supported
in F/-, j = 1,2.

The Dirichlet-to-Neumann map:

ou

Ng: f—
a9 ov lon

where v is the unit outer normal vector.

Inverse Problem: Determine q from Ag.

Inverse Problem with Partial Data:
Determine q from only partial knowledge of Ag.
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Partial Data on the Boundary

Let I} be any open set on 'y containing the support of q|r,,
and I';, be any open set on I'; containing the support of q|r,.
Define the following two sets of partial boundary measurements:

Cq 1y = {Aq(f)

C3 1y = {Aq()

r for all f with supp(f) C 't}

r for all f with supp(f) C I'1}
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Main Results

d Cg, r, = ng’ ry then g¢(x) = go(x) in Q.

If CS

= co .- then g1(x) = ga(x) in Q.
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Results on Partial Data Inverse Boundary Value

Problems

Bukhgeim and Uhimann (2002): Half of the boundary

Kenig, Sjostrand and Uhlmann (2007): Small set of the boundary
Isakov (2007): Special geometry

Nachman and Street (2010): Reconstruction

Imanuvilov, Uhlmann and Yamamoto (2010): Two dimensions
Others...
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Proof of Theorem 1

Key identity:
ow

/(Q1 — Qo) Uy UpdX = —/ ?Uzds
Q

L ov
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Proof of Theorem 1

Key identity:

1%

ow
/(Q1 — Qo) Uy UpdX = —/ e upds
Q I

where

(~A+Gi(x) — K)us(x) =0 inQ
ui(x)=0 onTl,

(—A + go(x) — KP)us(x) =0 inQ
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Proof of Theorem 1

Key identity:

1%

ow
/(Q1 — Qo) Uy UpdX = —/ e upds
Q I

where

(~A+Gi(x) — K)us(x) =0 inQ
ui(x)=0 onTl,

(—A + go(x) — KP)us(x) =0 inQ

w(x) = v(x) = t1(x)

(—A+ go(x) — K?)v(x) =0 inQ
v(x)=u(x) onlyuUly
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Carleman Estimate

Carleman estimate:

7—/(77 . I/) ‘efrx-naiW’st < / |e*TX'7](7A +qp — kz)W|2dX
I v QnB
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where 7 is a large parameter.
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Carleman Estimate

Carleman estimate:

7—/(77 . I/) ‘efrx-naiW’st < / |e*TX'7](7A +qp — kz)W|2dX
I v QnB

- / & ™ (gy — go)uy [P
QNB

where 7 is a large parameter.
Choose n = (n1,7m2,n3) suchthatn-v=n3 >0o0nk C Iy.
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Carleman Estimate

Carleman estimate:
T/(77~V) T“’awl ds < / le" ™ (A + g — k*)w|Fdx
h v QnB
= [ le™(ar - qp)urfPax
QnB

where 7 is a large parameter.
Choose n = (n1,7m2,n3) suchthatn-v=n3 >0o0nk C Iy.

Key inequality:

'/Q((h — Qo) Uy Updx

() (foeia-amra) ([lemar)
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Construction of Complex Geometrical Optics Solutions

For uo:
(—A+ q(x) — K*)ux(x) =0 inQ
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Construction of Complex Geometrical Optics Solutions

For uo:
(—A+ qa2(x) — K®)p(x) =0 inQNB
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Construction of Complex Geometrical Optics Solutions

For uo:
(—A+ qa2(x) — K®)p(x) =0 inQNB

For uy:
(—A +qi(x) - kKA)uy(x) =0 inQNB
ui(x)=0 onry

Construction of solutions:

Ua(x) = €°72(1 + (X, p2)), (p2-p2=0)

(X, p2) goes to 0 as |pa| — oc.
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Construction of Complex Geometrical Optics Solutions

For uo:
(—A+ qa2(x) — K®)p(x) =0 inQNB

For uy:
(—A +qi(x) - kKA)uy(x) =0 inQNB
ui(x)=0 onry

Construction of solutions:

Ua(x) = €°72(1 + (X, p2)), (p2-p2=0)

(X, p2) goes to 0 as |pa| — oc.

ui(x) = e71(1 +¥1(x, p1))
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Construction of Complex Geometrical Optics Solutions

For uo:
(—A+ qa2(x) — K®)p(x) =0 inQNB

For uy:
(—A +qi(x) - kKA)uy(x) =0 inQNB
ui(x)=0 onry

Construction of solutions:
Up(x) = €72(1 +1a(x, p2)), (p2-p2=0)
(X, p2) goes to 0 as |pa| — oc.
i (x) = €711+ P1(x,p1)) — € P11 + 41 (X*, 1)), (p1-p1=0)

Do even extension about x3 for g;(x) and denote x* = (xq, X2, —X3).
Y1(X, p1) and 1 (x*, p1) goto 0 as [p| — oo.
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Phase Functions

Forany ¢ = (&1, &, &3) € R3 with &1 = /€2 + €2 > 0, we introduce

e(1) = 7—(£1,62,0), e3)=(0,0,1), e(2)

§e

such that e(1), e(2) and e(3) form a orthogonal normal basis in R3.
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Phase Functions

Forany ¢ = (&1, &, &3) € R3 with &1 = /€2 + €2 > 0, we introduce

e(1) = 7—(£1,62,0), e3)=(0,0,1), e(2)

§e

such that e(1), e(2) and e(3) form a orthogonal normal basis in R3.
Denote the coordinate of x € R? in this basis by (x1e, X2e, X3e)e-
We have

5 = (51 e 07 53)6
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Phase Functions

Forany ¢ = (&1, &, &3) € R3 with &1 = /€2 + €2 > 0, we introduce

e(1) = 7—(£1,62,0), e3)=(0,0,1), e(2)

§e

such that e(1), e(2) and e(3) form a orthogonal normal basis in R3.
Denote the coordinate of x € R? in this basis by (x1e, X2e, X3e)e-
We have

5 = (51 e 07 53)6

For - >> 0, we choose

i , 1 i
/’1=(§€1e*7€3,’\5| 72*17553+T£1e)e

i . 1
p2 = (§§1e+753,*/|f’ T2 — h éfs — 71e)e
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Identification of the Potential

For = >> 0, we choose

i , 1
PA :(§§1e—7'§3="§| 7'2—1,§§3+7'§1e)e

i . 1
p2 = (§§1e+7537_"§’ T2 — 17553 — 7¢1e)e
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Identification of the Potential

For = >> 0, we choose

i , 1
P = (§§1e—7'§3="§| T2 — Za§§3 + 7&1e)e
= (1o + 6 —lEl\72 — . 2Es — TEre)
02*216 3 4723 1e)e

@ pi-pr=p2-p2=0

@ pi+p2=1i§

® Re (X" p1+ X - p2) = —27X381e
@ 7 =(-£3,0,1e)e

/ ¢ (q1 — Go)dx| =0 = qi(x) — q2(x) =0 inQ
Q
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Proof of Theorem 2

Key identity:
/(Q1 Qo) Uy UpdX = — /quds
2

where
(—A+qi(x) - K>u(x) =0 inQNB
ui(x)=0 on',

(—A+ q2(X) — kK®)p(x) =0 inQNB
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Proof of Theorem 2

Key identity:
/(Q1 Qo) Uy UpdX = — /quds
2

where
(—A+qi(x) - K>u(x) =0 inQNB
ui(x)=0 on',

(—A+ q2(X) — kK®)p(x) =0 inQNB

If we also require that u>(x) = 0 on 'y, then we have the orthogonality
relation

/Q(Q1 — QQ)U1 Ung =0
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Identification of the Potential

Phase functions:
— (L616 — i€, —IEly 72 + 2, Lo+ i)
p1_21e TS? T 4723 7_1ee
— (Lero+inta 1y 72 4 1, ey — ireye)
p2 - 2 1e 3y 4, 2 3 1e)e
Complex geometrical optics solutions:
ui(x) = ePI(1 +4(x, py)) — €T+ Uy(x", py)), f=1,2

Identification:
g1 —q2=0inQ
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Electrical Impedance Tomography in a Slab

The conductivity equation:
div(yVu) =0 in Q
u(x)=1~f(x) on 0Q

v € C?(Q), v > 0, and v = 1 outside a compact set.
The Dirichlet-to-Neumann map is given by

A, - fe H'/2(0Q) — (’yau

= —1/2
(‘)V) ’8(2 € H 7 (00)

Partial Data:

Let I} be any open set on 'y containing the support of (v — 1)]r,,
and I}, be any open set on I'> containing the support of (v — 1)|r,.
Define the following two sets of partial boundary measurements:

Cﬁ r = {/\W(f)}r,2 for all f with supp(f) C '}

c’ [ = {/\V(f)}rq for all f with supp(f) € 'y}
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Electrical Impedance Tomography in a Slab

If CD

1 r/

CD o and

Oy _ Oy

71 =7 0nod, EER

!
onls

then 1 (x) = v2(x) in Q.

If CS

S 1 = CS . then 71(x) = 72(x) in Q.

We do not need any further restriction about the conductivity on the
boundary in Theorem 4.
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Reduction to the Schrddinger Equation

Method: well-known transformation

w=~"2y

Then w satisfies
(=A+q(x))w(x) =0
with
q(x) = ~~"/20y /2
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THANK YOU!
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