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1 Competition diffusion systems (stationary cases)

=> Lotka Volterra systems:

—Au; = fi(u;) — u; Z Bi ju; in €

J#Z

= Energy minimizing configurations (superconductors or Bose-Einstein condensates)

o) = | Z—\W%w )+ 3 Bl n 0,
JFi

=> Optimal partition problems for Dirichlet eigenvalues:

h
n {Z N (W) (wr, - wy) € %h@))}

where
By, = {(wi,...,wn) 1 wiopen, |w;Nw,|=0fori=jand U;w; CQ}.



2 Limiting profiles

As the interspecific competition rate 5 = ming,; tends to infinity we find a vector U = (ug, -+ ,up)
of functions

= having mutually disjoint supports: u; - u; = 0 in ) for ¢ # j,
=) satisfying

—Au; = fi(x,u;) whenever u; 20, i=1,...,h,

Questions:

=> Compactness and a priori bounds
=> Uniqueness vs multiplicity

= Extremality conditions

= Regularity

of the minimizers
of the interfaces




3 Segregated critical configuration

Let Q be an open bounded subset of RY, with N > 2. Let U = (uy,...,uy) € (HYQ))" be a
vector of

=> non negative, nontrivial Lipschitz functions in €2,
= having mutually disjoint supports: u; - u; = 0 in € for ¢ # j,
= satisfying

—Au; = fi(x,u;) whenever u; >0, 71=1,...,h,

where f; : Q x R™ — R are C"! functions such that f;(x,s) = O(s) when s — 0, uniformly in
T.

Our main interest is the study of the regularity of the nodal set of the segregated configurations

U= (ul,...,uh):

[y={xe€Q: U(x)=0}

Obviously, without other conditions, there is no reason at all why the nodal set should be regular.
We must add some information on the interaction between the components at the interface of their
supports.



4 A weak reflection law

Theorem 1 (Tavares-T, 2010) Let us define, for every xy € Q and r € (0, dist(xq, 052)) the
enerqgy

- - 1
E(r)=E(xg,U,r) = N /B - VU,
r{L0

then, E(:I:O, U,-) is an absolutely continuous function of r, and we assume that it satisfies the
following differential equation

d

. 2 2
— Bz, U, 1) = 0,U)*d (2, u) (Y, 2—2x0).
P U = [ @ o [ 3 (T e

7

Then, there exists a set Xy C L'y the reqular part, relatively open in 'y, such that
D Ham(To \ X)) < N =2, and if N =2 then actually Ty \ Xy is a locally finite set;

= Xy is a collection of hyper-surfaces of class CY (for every 0 < o < 1). Furthermore for
every o € Ly

lim_ VU (z)| = lim [VU(z)| # 0,

SC-)SCO x-)%o

where the limits as x — .Cli'oi are taken from the opposite sides of the hyper-surface. Further-
more, if N = 2 then Xy consists in a locally finite collection of curves meeting with equal
angles at singular points.



5 Some remarks

d 1 / 5 2 / 5 2 /
— VU|* = 0,U)* do+ filz,u;){Vu;, x—x9). (WRL
By(zq) | | i aBr(ﬂﬁo)( ) riv r(zo) Z | . o) { |

7

= It is easily checked that equation (WRL) always holds for balls lying entirely inside one of the
component supports, as a consequence of the elliptic equation. Hence, for our class systems,
it represents the only interaction between the different components u; through the common

boundary of their supports;
=> (WRL) is satisfied by the nodal components of solutions to a single semilinear elliptic equation
of the form —Au = f(u).

= equation (WRL) can be seen as a weak form of a reflection property through the interfaces.
Consider the following example: take two linear functions on complementary half-spaces:

Then

(WRL) <= lai| = |as] -




More in general, when we have two components with a smooth interface between the supports,
then

(WRL) <= lm [VU(z)| = lim [VU(z)| .

.CU—>.CUO l’-)!L’O

(WRL) as an extremality condition

Although this hypothesis may look weird and may seem hard to check in applications, it occurs
naturally in many situations where the vector U appears as a limit configuration in problems of
spatial segregation.

= It has to be noted indeed that a form of (WRL) always holds for solutions of systems of interacting
semilinear equations and that it persists under strong H' limits.

=> In addition, (WRL) holds for vector functions U minimizing Lagrangian functional associated
with the system.

=> It is fullfilled also for strong limits to competition—diffusion systems, both those possessing a
variational structure and those with Lotka-Volterra type interaction.

=> Our theorem extends also to sign changing, complex and vector valued functions u;. Lipschitz
continuity can be weakened into Holder continuity for every o € (0, 1)].



6 More remarks

Assume U minimizes a Lagrangian energy with a pointwise constraint of the type U(x) € %, for
almost every x € Q. Let Y € C°(€:; RY). Then, differentiation of the energy with respect to e
with U(z) — U-(z) = U(x + €Y (x)) yields the well known identity

/Q {dY(az)VU(aj) -VU(z) —divY () B\VU(;);)\Q _ F((](aj))] } dr =0 ,VY € C°(Q:RY) .

By localizing to a regular w C ) this implies

/w {dY(x)VU (x) - VU(z) — divY (z) Eyvm;wp - F((](;C))] } d

— / {Y(:z:) VU (z)v(x) - VU(2) — v(z) - Y () BWU (x) = F(U (sv))] } do
Ow
V smooth w and VY € C°(Q; RY) . (*)
Next




7 Almgren’s monotonicity formula

BU) = [, (VU = (P 0).0)).

1
H(r) = / U2,
"= = ) 101

We define the (modified) Almgren’s quotient as follows:

Theorem 2 Assume (WRL). Then, there exist 7,C > 0, such that for 0 < r < 7 we have
H(r) # 0 and also E(r)+ H(r) # 0,

N'(r) > —CrN(r)

in particular the function N = e%TQN(T) 1s non decreasing and has a limit as r — 0, and
moreover g

“los(H(r)) = ~(N(r) ~ 1)



8 Ideas of the proof.

Define the Almgen’s quotient as

HV%ZIBT('Q?O) (‘VUP o <F<Zlf, U)7 U>)
1 Jop, IUP?

Define the regular and singular parts of the boundary

Yy={rxely : lin%N(m,r)—lzl} T \Yp={zely : 111’1’(1)N(£C,7“)—1>1}}
r— r—

=> First we wish to apply Federer’s reduction principle:
e Almgren monotonicity formula at nodal points
euniform bounds in Holder spaces = strong convergence of blow-up sequences. No equation!

e classification of conic solutions satisfying (WRL)

= Next we analyze the non singular part of the free boundary:
e flatness at regular points of the boundary
e clean—up lemma

e regularity of the nodal set

=> Reflection law:
e (WRL) = equality of the gradients on the two sides.



9 (Conic functions

Lemma 1 Let N > 2. Given U = r°G(0) € Lipp (RY) such that AU = 0 in {U > 0}, and
(WRL) holds, then either « =1 or o > 1409 for some universal constant én depending only
on the dimension. Moreover if a« =1 then 'y 1s an hyperplane.

U = 1%q1(0),...,7(0)). Note that for every connected component A C {g; > 0} c SV 1it
holds

—Agyv1gi = Ag;  In A, with A = a(a+ N —2) and A = A\ (A).

Lemma 2 If {G > 0} has at least three connected components then there exists an universal
constant O > 0 such that o > 1+ oy.

Proof: At least one of the connected components, say C', must have a measure less that one third
of the measure of the sphere, and hence A\ = A\{(C) > A (E(7/2)). Moreover it is well know that
M(E(m/2)) = N — 1. This implies the existence of v > 0 such that A\{(E(7/3)) = N — 1+, and

thUSOé:\/(%)Q—I—)\—%Z1+5Nf01“80m65]\7>0. .

=» Use an inductive argument on the dimension, starting with dimension 2.



10 Flatness at the regular points

Let x be a regular point:

Lemma 3 For any given 0 < 6 < 1 there exists R > 0 such that for every x € T*NQ =TyNQ
and 0 < r < R there exists an hyper-plane H = H,, containing x such that

dy(T'y N By (x), HN B(x)) < 6r.

Proposition 1 (Local Separation Property) Given zo € ¥y there exists a radius Ry > 0
such that B (vo) N Xy = Bg,(vo) NIy and Br,(x9) \ 't = Bg,(xo) N{U > 0} has exactly
two connected components (2, $y. Moreover, for sufficiently small 6 > 0, we have that given
y € 'y N Bpy(zo) and 0 < r < R — |y| there exist a hyper-plane H,, (passing through y) and
a unitary vector vy, (orthogonal to H,,) such that

{r+tv,, € B(y): x € Hy,, t>0dr} CQy, {v —tv,, € B.(y): v € H,,, t>dr} C .



11 The reflection law in action

Lemma 4 (Strong Reflection Law) Let u,v € Lip;,.(RY) be two non zero and non nega-
tive functions in RY such that w-v =0 and

—Au = f(x,u) — A .
{ —Av = g(z,v) — p n R

for some X\, ;1 € M(RY), locally non negative Radon measures supported on the common
zero set. Suppose moreover that (W RL) holds. Then

A=p

and in particular Au —v) = f(x,u) — g(z,v) in RY. Moreover I'y is a reqular hyper-surface
of codimension 1 at reqular points, and Then for every Borel set E C RY it holds

ANFE) = / —Oyudo = / —0yvdo = pu(F)
ENo{u>0} ENo{v>0}

=> In the complex or vector valued case, we obtain that ||| = ||p||. With this and an iterative
argument by Caffarelli we deduce the C! regularity of the regular part of the boundary.



12 Elliptic systems on Riemannian Manifolds

The main theorem extends to segregated configurations associated with systems of semilinear elliptic
equations on Riemannian manifolds, under an appropriate version of the weak reflection law.
We start with a system of semilinear equations involving the Laplace-Beltrami operator on a

Riemannian manifold M:
—Apui = f(z,w)
We define the “energy” E as

where u; > 0 .

~ ~

E(r) = E(xy,U,r) =

1

/ IV UPdVay,
Br(x())

where B,(xg) is the geodesic ball of radius r. Let us choose normal coordinates ' centered at z.
By Gauss Lemma we know that, denoting by p = > ()% and €' the radial and angular coordinates,

1t holds

g=dp’+p> > bij(p,0)do'de’.

i,

Notice that the variation with respect to the euclidean metric is purely tangential. Moreover the

Christoffel symbols vanish at the origin.



13 The reflection law using normal coordinates

In normal coordinates, denoting, as usual, g;; = g(0;, 0;) the coeflicients of the metric, we require
that E satisfies the differential equation:

d 2
%E@CO, U T)

1 .
N— 1/B7a @) IOZ fz(ﬂi,uz)ﬁpuﬂrﬁ;@p (\/Egk]) (9kuz(9ju@ dVyy.

Here g = | det(gx;)| and (g") is the inverse of the matrix (gx;). This identity is satisfied also in
the case of Lipschitz metrics , by any solution u of the semilinear equation

—Apyu = f(x,u).




14 Some references:

M. ConNTI, S. TERRACINI, G. VERZINI, A variational problem for the spatial segregation of
reaction—diffusion systems, Indiana Univ. Math. J. 54, 3 (2005) 779-815

M. ConNTI, S. TERRACINI, G. VERZINI, On a class of optimal partition problems related to
the Fucik spectrum and to the monotonicity formulae, Calc. Var. Partial Differential Equations 22,

1 (2005) 45-72
L. CAFFARELLI, F.-H- LIN, Singularly perturbed elliptic systems and multi-valued harmonic
functions with free boundaries, J. Amer. Math. Soc. (2008)

L. A. CAFFARELLI, A. L. KARAKHANYAN, AND F. LIN, The geometry of solutions to a
segregation problem for non-divergence systems, Journal of Fixed Point Theory and Applications

(2009)

H. TAVARES AND S. TERRACINI, Regularity of the nodal set of segregated critical configurations
under a weak reflection law, preprint 2010

N. GAROFALO AND F.-H. LIN Monotonicity properties of variational integrals, A, weights and
unique continuation. Indiana Univ. Math. J. 35 (1986), no. 2, 245-268.

R. HARDT, M. HOFFMANN-OSTENHOF, T. HOFFMANN-OSTENHOF, N. NADIRASHVILI,
Critical sets of solutions to elliptic equations. J. Differential Geom. 51, p. 359-373 (1999).

F. LIN, Nodal sets of solutions of elliptic and parabolic equations. Comm. Pure Appl. Math.
44 (1991), no. 3, 287-308.



15 Asymptotic limits of a system of Gross-Pitaevskii equations

Consider the following system of nonlinear Schrodinger equations

—Dui + Ny = witf = Bui Y Bl
u; € HH(Q), u; > 0in Q. =L..0

in a smooth bounded domain Q@ C RY, N = 2,3. Such type of systems arises in the theory of
Bose-Einstein condensation in multiple spin states. Here we consider 3;; = £;; # 0 (which gives a
variational structure to the problem) and take \;,w; € R and 8 € (0, +00) large. The existence of
solutions for 3 large is still an open problem for some choices of \;, w;.

One of the many interesting questions about these systems is the asymptotic study of its solutions
as 3 — +oo (which represents an increasing of the interspecies scattering length) and study of the
regularity of the limiting profiles. In a joint paper with Noris, Tavares, T. and Verzini, we have

proved:

= C%* bounds (for all 0 < a < 1) for any given L>®-bounded family of solutions Uz =
(11,8, - .., upp) of the system;

=) the possible limit configurations U = limg_,; o Us are Lipschitz continuous.
As a byproduct, we have

Theorem 3 Let U be a limit as f — +oo of a family {Us} of L>-bounded solutions of the
system. Then the conclusion of Theorem 1 holds.



All the required assumptions are satisfied for such limiting profiles, with fij(z,s) = fi(s) =
w;s> — \;s, except for the weak reflection law. The procedure to verify it is the following: defining
an approximated energy associated with system - which has a variational structure-,

1
Bir) = s [, (VU =~ (FUU) + [ 283 ke,
B?“(x()) B?" xO 1<
by a direct calculation it holds
2 2
EL(r) = —— / (0,Us)” do + —— / fi(w; 5)(Vu; 3,z — x0)+
B rN—2 5B, (2y) rN—1 (z0) ;
1 1
+

N — 2(F(Us), Uy) — / F(Us), Uy) do+
e (VDU — s | (P,

4—N 2 .2 2 .2
R B uisuis+ / B ui s do

BT(Q?O) i<j aBT(xO) 1<J

We know the following facts:
=) there holds strong convergence Us — U in H' N C%*(Q) for every 0 < o < 1,

D and [ B, ;u; gui 5 — 0.

Hence, as  — 400, we prove that U satisfies the weak reflection law.



16 Lotka-Volterra competitive interactions with symmetric competition rates

Consider the following Lotka-Volterra model for the competition between h different species.

—Aui = fz(uz) — BUZ Zj?éz- A Uy n Q,
w; > 01in €2, u; = @; on 0L

with Q@ € RY a smooth bounded domain and ¢; positive W1 (9Q)functions with disjoint
supports. We focus on the asymptotic study of solutions as f — +oco. It is not difficult to show
that all the possible H'-limits U of a given sequence of solutions {Us} s~ (as 8 — +00) belong to
the class

8<Q) = {(ul,...,uh) ~ (H1<Q))h U, Z 0 1n Q, Ui - Uj = 01f 2 7é] and — A’LL@ S fz(ul),

Theorem 4 Let U € S, then if a;; = a;;, Vi, j the conclusion of Theorem 1 holds.



17 Asymmetric competition rates

ﬁ> What happens if iy 7& CL]‘Z'?

=> What doesn’t changes (with re-
spect to the symmetric case):

e lipschitz continuity of the
profiles;

e cqui-holderianity w.r. to
B

e cqui-lipschitzianity w.r. to
B (in the case h = 2);

e vanishing of the gradient
at multiple points (in dimen-
sion N = 2).

=> What changes:
e no monotonicity formula;

e local expansion at multiple
points (in dimension N = 2).
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18 Regularity of interfaces in optimal partition problems related to eigenvalues

Next we consider some optimal partition problems involving eigenvalues. For any integer h > 0, we
define the set of h—partitions of ) as

B, ={(w1,...,wp) : w; measurable , |w; Nw;| =0 fori = j and U; w; C Q}.

Consider the following optimization problems: for any positive real number p > 1,

h i=1

h 1/p
(1 )
Sh,p = %f (h Z()q((,dz)) ) ,

and, for p = 400 we find the limiting problem

L) = g}f Z, gllfuffh@l(wi)),

where \i(w) denotes the first eigenvalue of —A in Hj(w) in a generalized sense. We refer to the
papers Conti, Verzini, T. and Helffer, Hoffmann-Ostenhotf, T, for a more detailed description of
these problems.



Our theorem applies to suitable multiples of the eigenfunctions associated with the optimal par-
tition. More precisely, we proved that

= let p € [1,+00) and let (wi,...,ws) € By be any minimal partition associated with £, and
let (¢;); be any set of positive eigenfunctions normalized in L? corresponding to (Ai(w;));. Then
there exist a; > 0 such that the functions w; = a;¢; verify in (), for every ¢ = 1,...,h, the
differential inequalities (in the distributional sense):

—Au; < A(wi)u; and —A(u; — Z#i w;) > Ai(wi)u; — Z#i A1 (w;)u;;

and:

= let (wy,...,wn) € By, be any minimal partition associated with £5, and let ((52-)2- be any set of
positive eigenfunctions normalized in L? corresponding to (A;(@;));. Then there exist a; > 0,
not all vanishing, such that the functions u; = az-ggz- verify in €2, for every ¢ = 1,...,h, the
differential inequalities (in the distributional sense):

—A’LNLQ S Qh”LNLZ and —A(’LNLZ — Zﬁéi ﬂ]) 2 Sh(ﬂz — Zj?éz- ”LNL])

~

In particular the functions U = (ay, ..., 4) and U = (uq,...,us) belong to S(Q). As conse-
quence, we have the following result:

Theorem 5 Let (wy,...,wy) € By, be any minimal partition and let T' be the union of the
interfaces; then the conclusion of Theorem 1 holds.



19 Extremality conditions for partitions involving higher eigenvalues

We would like to attack the optimal partition problem for higher eigenvalues (k > 2):

1<
£ = min (Z )\/{(wi)> .

1=1

Introduce the penalized functional

gﬁ(ﬂl,--o ,uh) :/QZ|VUZ|2—|—62‘UZ‘2|UJ‘2

i#J

with constraints

/|u¢|2:1 Vi=1,---,h.
Q

As B + oo, critical points of €3 converge to pairs of segregated eigenfunctions.

=» Problem: How to define an appropriate critical level for the penalized functional?

Existence of the minimal partition has been proved by Bucur-Buttazzo.



20 More references

M. ConNTI, S. TERRACINI, (G. VERZINI,Asymptotic estimates for the spatial segregation of
competitive systems, Adv. Math. 195 (2005), no. 2, 524-560.

M. ConNTI, S. TERRACINI, G. VERZINI, Uniqueness and Least Energy Property for Strongly
Competing Systems, Interfaces and Free Boundaries, 8 (2006), 437-446.

S.M. CHANG, C.S. Lin, T.C. LIN, AND W.W. LIN: Segregated nodal domains of two-
dimensional multispecies Bose-Einstein condensates. Phys. D 196, 341-361 (2004)

E. N. DANCER, Competing species systems with diffusion and large interaction, Rend. Sem. Mat.
Fis. Milano 65 (1995), 23-33.

E.N. DANCER, K. WANG AND Z. ZHANG,Some New Results in Competing Systems with
Many Species, preprint 2009

E.N. DANCER, K. WANG AND Z. ZHANG, Dynamics of Strongly Competing Systems with
Many Species, preprint 2010

B. NoRris, H. TAVARES, S. TERRACINI AND G. VERZINI, Uniform Holder bounds for nonlinear
Schrodinger systems with strong competition Comm. Pure Appl. Math., 63 (2010), no.3, 267-302.

B. Noris, H. TAVARES, S. TERRACINI AND . VERZINI, Convergence of minimax and
continuation of critical points for singularly perturbed systems, preprint (2009) Available online at:
http://arxiv.org/abs/0910.5317

M. SQUASSINA, S. ZUCCHER,: Numerical computations for the spatial segregation limit of some
2D competition-diffusion systems, Adv.Math. Sci. Appl. 18 (2008), 83104.



21 Spectral partitions

Obviously we have

Lip < L VE,p.

A straightforward consequence of the Fisher—Courant theorem is that

M < L

For one dimensional problems we have equality (Sturm oscillation principle) for every k. On
the other hand, in more space dimensions, the k-th eigenfunction may possess less than k nodal
domains.

Given k, we denote by L; the smallest eigenvalue whose eigenspace contains an eigenfunction
with & nodal domains (L = +00 if no such an eigenfunction exists).
In general, an easy consequence of the Courant nodal theorem for connected domains is that

M < Ly .




So we have the inequalities

= Can we characterize the equality cases?

Theorem 6 (Helffer, Hoffman-Ostenhof, T, 2009—2010) Suppose Q C RY reqular. If
either A\, = £, or £ = Lj. then

Ne =L =Ly .

In addition, one can find in the eigenspace associated to N\ an eigenfunction u;. having
extactly k nodal domains.

= The k-th eigenfunction has k nodal domains (i.e. is sharp with respect to the Courant nodal
Theorem) if and only if the associated nodal k—partition is optimal.

As a consequence, every time we know (for instance for the symmetries of the problem) that the
second eigenvalue is degenerate, then the minimal spectral 3-partition has necessarily a nontrivial

clustering point.



22 The case of the sphere

We consider the Laplace-Beltrami operator on the two-sphere.

Conjecture 1 (Bishop 1992) The minimal 3-partition for %(25’21 A(D;)) corresponds to
the Y -partition, whose boundary is given by the intersection of S* with the three half-planes

' __ () 2 2=
defined respectively by ¢ = 0,5, =+

The conjecture can be restated as

and also

15
23,19(82) — £3<Sz> — Z , Vp

Bishop’s Conjecture was motivated by the analysis of the properties of harmonic functions in
conic sets. A reference paper in this context is that by Friedland-Hayman. It is proved there that
the optimal two-partition is achieved by the two half spheres.



23 Uniqueness for £3 in two dimensions

Theorem 7 (Helffer, Hoffman-Ostenhof, T) Any minimal spectral 3-partition of S* is
(up to a rotation) obtained by the Y -partition. Hence

15
23(S2> — Z .

Consider a homogeneous function in R? of the form

u(z) =rg(0, o)

which is harmonic outside its nodal set: —Au =0, u > 0 and such that the nodal set divides
the sphere in three parts, then

Oé(Oé + 1) Z 23(82) .

Hence our theorem implies that o > 3/2.



24 Ideas of the proof:

=) first, minimal partitions on S? in three parts exist and share the same properties as for planar
domains: regularity and equal angle meeting property. Hence the nodal set is a finite union of
arcs.

=> because the second eigenvalue of the Laplace-Beltrami operator is singular (has nontrivial mul-
tiplicity), then the minimal 3-partition cannot be a nodal partition.

= use Euler’s formula and deduce that the nodal line s of a minimal 3-partitions consists exactly
two points 1 and x9 and three arcs joining these two points.

=> use Borsuk (or Ljusternik-Schnirelman) theorem to prove that the nodal set contains a pair of
antipodal points.

=> the next point is that any minimal 3-partition which contains two antipodal points in its bound-
ary can be lifted to a symmetric 6-partition on the double covering S3.

= finally, the last point is to show that on the double covering a minimal symmetric 6-partition is
necessarily the lifting on the double covering of the Y-partition.

— use the knowledge of the spectrum of the Laplace-Beltrami on the double covering and classify
all odd and even spectrum.

— use again the characterization of the eigenvalues whose nodal partition is minimal: this holds
if and only the minimal eigenvalue whose nodal partition has k£ nodal domain is the minimal
one,
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