MSR] = =

Mathematical Sciences Research Institute

17 Gauss Way  Berkeley, CA 94720-5070  p:510.642.0143 £ 510.642.8609 WWW.ISTLOFG

NOTETAKER CHECKLIST FORM

{Complete one for each talk.)
Name: ﬂ aZCQ,QﬁQLM Email/Phone: C{éfﬁtﬁia/bw 2@ iMa'{‘él'UMf;' ‘LU&(
Spesker's Name:__ oy {Humelse
Talk Title: ‘WWO@MC\;LM\ o \}M/L%*Lvmk W Commudative (A@jﬁiﬂb\
pate: 097 04, |2 Time: 2 :¢%m /@(c.rcle one) >
List 6-12 key words for the talk: 5:}{ mbefic "POW{/LA A Gfoo(\'pot( vu‘s

Please summarize the lecture in 5 or fewer sentances: _TT/UCQ ‘&()LUVK
] 89
Cid/w/)/&&') g bLL/oﬁoL%) CONA. OO GO CHLZ ~
(7—
TG, A e POWEY
_J

CHECK LIST

(This is NOT optional, we will not pay for incomplete forms)

O Introduce yourself to the speaker prior to the talk. Tell them that you will be the note taker, and that
you will need to make copies of their notes and materials, if any.

O Obtain ALL presentation materials from speaker. This can be done before the talk is to begin or after
the talk; please make arrangements with the speaker as to when you can do this. You may scan and
send materials as a .pdf to yourself using the scanner on the 3" floor.

¢  Computer Presentations: Obtain a copy of their presentation

*  Overhead: Obtain a copy or use the originals and scan them

»  Blackboard: Take blackboard notes in black or blue PEN. We will NOT accept notes in pencil
or in colored ink other than black or blue.

e Handouts: Obtain copies of and scan all handouts

O For each talk, all materials must be saved in a single .pdf and named according to the naming
convention on the “Materials Received” check list. To do this, compile all materials for a specific talk
into one stack with this completed sheet on top and insert face up into the tray on the top of the
scanner. Proceed to scan and email the file to yourself. Do this for the materials from each talk.

O When you have emailed all files to yourself, please save and re-name each file according to the naming
convention listed below the talk title on the “Materials Received” check list.
(YYYY.MM.DD.TIME.SpeakerLastName)

O Email the re-named files to notes@msri.org with the workshop name and your name in the subject
line. -




fmq Haneke  — Toboduchion do wmifeandy T
. feunity
5=k [, - ij ;. €9 /gf@m@ AU S R= 5/_:

i . QCR) (:{,LMR I Ao R-
Citmb\/gb = CdZLmR")L Al -+ 0( J

QUZ) = m@W&cﬁ |
(R i Aecal |, (R)e= ¢ u\/mowy €@, - )
) Lxcm’)}?(.c; 0 ?ﬁ o&j oﬁ =) Jc/cj/cf) J
/(C’)CQ/ . éb/cf = 5‘75{ (j/ = Wax < ’ ‘Jbem }

71 Xty — %]

5/.; is  Cohau~ }’faagu@u with puat wo(%&q%
"96(—‘@)-9 >5(-c$2/>4>5(d{ )5ﬁ32~,
~Coc&mI p
e () - "“"g,'

L_/ X %PL@ (»/?V)J‘QCQx =k

x < (IC (,23 V\> ) CELW’M i bmfﬂ(f{/e

!!‘"L@‘LQ _Gueation, row o leen  €(=) behave wnelze {}%% m(?q,?
T faptn T (Rm) —{Sn) Aoeal | ik
R = '}Zf &C@u& Mv\ |
%(/&\ QQ> = E(i)) / (Cf{ﬂ/\m Jf Feevr /{,C(.)
) /c;r) S=RR  ¢(Re) = e(R) |
o T £ e Dot
PO -

@ PN b (Zarisk — Maguda)

g"\ %/V\.UUX,C % 6:19_17}(“'») X1 j) ?‘6 6%9(@(6)



A@ﬂo&&@%w&\ P=m s 30w
w«ax»ma&f vm; MPA
Mecin Guedion  how de= T aud T owooa/u,
‘ T /\Dam‘mu&a;g Lv(ﬁww ang_ —w‘jﬂ "H/LL Qe ¥
Hw TIT="¥n..0 . F f/MVVLQ
T fg(“, N ’p(ﬂ)
zgxamp(ﬁ/g : |
CJfJnI%WM d,’f,\aﬁu.&v-(/ uLQ/VCQ(é
. T s aq @Wf@ﬂw‘e nv&(«/&m%on) Yoo I7= —~C)ngn>/
C "e+)< be @ WW nx n wzmtu}c A = diet X (W»é)
= _,(x) 2
05 (2 8) = 8™ b (o ) By

Q"@’V‘ (\9’5(?8&/1/” R a ‘Lg:\ww,% /&C(«LQ &é 3 “Pe C’fxc UQJ
3 “Tfﬂ'é/?’ zfiémr CHik€ )
///Q_auclw/z’i)

L /‘&Qﬁ ”f( ‘ﬁltw gébbk\oauJ;\“Mc‘(&%’t, cOm\eL,\Lung U Qv&éﬁlﬂ’)ws? CMD\

rCEéhUﬂ%] divn S =
TRAE () RO- ’P"’ , A >y
@) PP p*

(i) Pis &CQ\J Q G:SE/W?G@&?[Q mteesee Jion

' K?Qolaéém : 5" ( Mkybl /é;@l(/ Kl ﬂé Ccfr? -@'LUJ\%/VWLQ/Q J¢d U 4 J
]f» (dlm Aivn 5 )fPCV\} fPV) —VV)?/’
(o1 = o&m%)
T’C ‘kfﬂ‘ Cét’bﬁs */wz( a “&J— 15 }a/\/l@\,{,n :
zsjmwﬁﬁ:nWD v i P

ﬁmu - 5&% VW@M@/W%&Q /cfﬁp&g




‘(—(FQob&m /R /wa «(Q(,m,( %aw /([/

P pPUWL

.J;) ‘%&f’d{ a/(\/" LL{'B&D a  \eu- 2&(16&\/‘&}1 Cﬂdg i
M '-'P/’P/anH ?

C@j__ej ; ?Jrv@ " ’?\5 X =2 fpu&s
I=TIx WV‘-«J@LM s/wwcg{caw o) cal 7%&:}«
cedivm T _ _> I‘@") ST > ___U‘)_
(%M s e becee )
el 1> TP T2 (Boce: - Hasbewara - i for Gamsni
Taae \"f p//z&\ k= 2 Hocﬁzslzé;f - HMMZ/Q)

GWL Mmeaue q Z/)JSM (’lfé/&e I Qre 4@ | /5 "LO lef)d%

et Aaat Cliap élmwﬂ%lﬁ |

%%@%@h‘ X[I)/— Smollent oleg a mu;mv[ﬂ o)

Ding TE T = OL("” o((*"i”’) >»4(“'>°(___.<I )
n(z)

~ LTy
“eCm KC: ) *QX\‘E;'B‘

L/‘éjwﬂ%‘— Lej\)(ﬁ "?ﬁbwyzcc_ jm{) i ?&
Thon & Lim _.___.’Uhm <yt )

, C R is & ;MW&;Wﬂ\ M ) o
= 3 I ¢ 5 G CCW%?LUZQAC{ mj'grﬁ “© Hv{(ewu/ }Q%Fapé[m_

.on .
(e it s an \«%wmlt—ﬁ crmgacoted ‘wfj gf inviardants ) |

Guac }w mo newieds

C Tdx = (3N (n2 )y n( 2)
A 250 —(Xéxg\.g> 3
<.

N

J=o




,_,(3,> ) QCX 2) O(J 2) )-ij> f)(%f.{j m(jji«)

39,—(;1 \,L

_ Lﬁe‘ﬂ@?ﬁ&w@uom s ] = %w&z%/u W!LMLfamcLQ ﬁc%Q = /Pc{)/)'?s
F = Subse & f/{ /Xz.,, X ) -

Coclim™ T, = - = Xan, %, é’? = XX, & RD..NR=T

'7,}5 IO T = x,,.. x, €I /)"J}ﬁg 5eg 4fc_ mergudedn

" ,J_C’.f)

%ﬁj{ "() V) ’\7(\4 ’hl/uu/\ (%) 1’20‘% ’V:[&E‘fwt,&d\ j//m/m,l—
/3{1(4‘1"'15\ LLLU(U’D{LX \ﬁm@(& ﬁ[L C &t .i

%u(, 0 uiV‘(.LQQ MA !
/r@ﬂuv Qﬁi—(‘@/\/\ l’)\.& Gt — \abbmeia, - Villlane of a

“nax - ﬂw\} A cut” CM/‘B&M’L@\ Cﬂ@ 40 @Vj%lf%)
(’)me@ %&’Qfmi—c),

'Ti,, ‘g/\’ﬁl’ ) WH b\g auechics Ciﬂe Tis au
tla gf %m(ﬁ» 6—) Mw« TFAE
Ch ’Un) = T" ¥z,

(2) I i» ”nc\%(ﬁ e (X) %0{70(0 1@ OUQ{WQ \/cmaé(@b Oon |
3) & i b Gown%lc



PROBLEMS FOR DISCUSSION I, INTRO WORKSHOP, MSRI

CRAIG HUNEKE

The problems below are meant to inspire discussion about uniformity. Some are very difficult, others are
not so difficult. Some require only knowledge of basic algebra, while others use concepts such as Cohen-
Macaulay.

1. GENERATORS.

1. Let k be a field. Prove that every maximal ideal in k[zy,...,z,] is generated by n elements. In
particular, every prime ideal in k[z, y] is generated by at most two elements.

2. Suppose that I is a homogeneous ideal in S = k[zy, ..., 5] generated by forms of degrees at most d,
such that every variable is in the nilradical of I. Prove that I can be generated by at most the number of
minimal generators of m?, where m = (21, ..., z,). Is the same statement true if one doesn’t assume that the
nilradical of I contains m?

3. Let R be a standard graded ring over an infinite field, with homogeneous maximal ideal m. Say an
m-primary maximal ideal I is m-full if for every general linear form ¢, mI : £ = I. Prove that if I is m-full
and J is homogeneous and contains 7, then the minimal number of generators of J is at most the minimal
number of generators of I.

4. Let P be a prime ideal of a polynomial ring S such that P contains no linear forms. It is not known
whether or not P is always generated by forms of degrees at most the multiplicity of S/P. Can you find
examples where this estimate is sharp? What about if P is not prime?

2. RADICALS

1. Let M be an n by n matrix of indeterminates over the complex numbers C, and let I be the ideal
generated by the entries of the matrix M™. Find n equations whose nilradical equals the nilradical of I.
(Hint: use linear algebra.)

2. It is an unsolved problem whether or not every non-maximal prime ideal in a polynomial ring S =
k[z1, ..., Zx] can be generated up to radical by n—1 equations. Here is an explicit example which is not known,
from Moh. Let P be the defining ideal in a polynomial ring in 3-variables of the curve k[t® +¢31,18,¢1°]. Can
you find generators of P? It is conjectured that P is generated up to radical by 2 equations. Why is this the
least possible number that could generate P up to radical? If the characteristic of k is positive it is known
that P is generated up to radical by 2 equations. Suppose the characteristic is 2. Find such equations.

2. Let k be the complex numbers, and let P be the defining ideal of the surface k[t?,t3s,ts%, s%]. Find
generators for P, and find three equations which generate P up to radical. It is unknown whether or not
there are 2 equations which generate P up to radical, although this is known in positive characteristic.

3. Let S be a polynomial ring, and let I be generated by forms of degrees dy, ..., ds. Suppose that f is in
the nilradical of I, so that there is some N such that fV € I. Is there an effective bound? Take a guess.
Find the best example you can to see that N must be large.
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3. STILLMAN’S QUESTION

1. Let S be a polynomial ring and let I be generated by two forms. Show that the projective dimension
of S/I is at most two. What well-known statement is this equivalent to?

2. Let S be a polynomial ring. It is known that if I is generated by 3 quadrics, then the projective
dimension of /I is at most 4. Find an example to see that 4 is attained, and try to prove this statement.

3. The largest known projective dimension of a quotient S/I where I is generated by 3 cubics and S is a
polynomial ring is 5. Can you find such an example? (Hard.)

4. Prove the following strong form of Stillman’s problem for monomial ideals: if I is generated by s
monomials in a polynomial ring S, then the projective dimension of S/I is at most s.

5. What about binomial ideals? Is there a bound similar to that in questions 47

4. INFINITE RESOLUTIONS

1. If R = S/I where S is a polynomial ring and I has a Grobner basis of quadrics, then R is Koszul, i.e.,
the residue field has a linear resolution. Prove this.

2. Suppose that R = S/I, where S is a polynomial ring, and I is homogeneous. If the regularity of
the residue field of R has bounded regularity, show that the regularity of every finitely generated graded
R-module M is also bounded.

3. Find an example of a resolution of the residue field of a standard graded algebra where the degrees
of entries of matrices in a minimal resolution (after choosing bases for the free modules) are at least any
fixed number N. Ii is a conjecture of Eisenbud-Reeves-Totaro that one can always choose bases of the free
modules in the resolution of a finitely generated graded module so that the entries in all the (usually infinite)
set of matrices are bounded.

4. Let R be a Cohen-Macaulay standard graded algebra which is a domain of multiplicity e. Prove that
the ith total Betti number of any quotient R/I is at most e times the (i — 1)st total Betti number of R/I
for large . What sort of uniformity for total Betti numbers might one hope for?

5. RELATIONS BETWEEN INVARIANTS

1. Try to imagine an effective bound conjecture relating the multiplicity of S/P, where S is a polynomial
ring and P is a homogeneous prime not containing a linear form, and the regularity of S/P. Why should
there be any relationship? Try the case in which P is generated by a regular sequence of forms.

2. Let S be a polynomial ring, and let I be an ideal generated by square-free monomials. Then the
multiplicity of S/I is just the number of minimal primes P over I such that the dimension of S/P is
maximal. Can you say anything about the regularity? For example, what if I is the edge ideal of a simple
graph?

3. Is there any relationship at all between either the projective dimension (or regularity) of a quotient
S/I (S a polynomial ring, I a homogeneous ideal) and the projective dimension (or regularity) of S/vI?
Try to give examples or formulate a problem.

4. Do question 3 when [ is generated by monomials.

6. INTEGRAL CLOSURE

1. Let C be the complex numbers. Let S be the formal power series ring in n variables over C, and let
f € 8 with f(0) = 0. Set m equal to the maximal ideal of S, and let f; be the ith partial derivative of f.
Prove that f € mI, where I is the ideal generated by fi, ..., fn. It is not known whether or not one can
take the m outside the integral closure, i.e., whether f is never a minimal generator of the integral closure of
its partial derivatives. If so, this would give a positive solution to the Eisenbud-Mazur conjecture (see later
problems on symbolic powers).
2



2. Let f(t),g(t) be polynomials with coefficients in a ring R, say f(t) = ant™ + ... + ap, and g(t) =
but" + ... + by. Let ¢; be the coefficient of ¢! in the product fg. Prove that the ideal generated by a;b; is
integral over the ideal generated by cop, --., Co.

3. Let S be a polynomial ring in n variables, and let g1, ..., g be a regular sequence of forms of degree
d (equivalently assume that they are forms of degree d, and the nilradical of the ideal they generator is the
homogeneous maximal ideal. Prove that the integral closure of (g1, ...,9n) is mé.

7. MULTIPLICITY

1. A famous theorem of Rees says that if R is a Noetherian local ring which is formally equidimensional
(its completion is equidimensional), and [ is primary to the maximal ideal m, then f is in the integral closure
of I if and only if the multiplicity of I and the multiplicity of (I, f) are the same. Prove the easy direction
of this theorem.

2. Let S be a formal power series ring in n variables, and let f; = z7** + ... + 2%~. Assume that the ideal
generated by the f; is finite. Give a formula, in terms of the ay;, for the length of S/(f1, ..., fa) (which is the
multiplicity of this ideal).



Exercises, Talk 3, MSRI
September, 2012

Craig Huneke

If not explicitly defined, the base ring is a polynomial ring, or power series ring, over a field, and ideals

are self-radical.

1. Let P be a prime ideal generated by a regular sequence in a regular local ring (or polynomial ring).
Prove that P™ = P™ for all n > 1.

2. Prove that I™M) . [(m)  Jintm)

3. Prove that the graded algebra T := @I™ is Noetherian if and only if there exists an integer k such

that for all n,
([(k))n = J{kn)

4. Let S be a regular local ring and let f € S be a nonzero, nonunit element in S. Prove that the
multiplicity of R := S/(f) is the order of f.

5. Prove the following result of Chudnovsky, which was proved by him using transcendental methods: if

I is the ideal of a set of points in the projective plane over the complex numbers, then

ar™) > X,

where in general ¢ ) denotes the least degree generator of a homogeneous ideal.
6. Let I be the ideal of at most five points in the projective plane. Prove that I®) ¢ I2.

7. Let Let I be an ideal of points in the projective plane over a field of characteristic 2. Prove that
I® c 2

8. The Eisenbud-Mazur conjecture states that if S is a power series ring over a field of characteristic 0,
then for every prime ideal P,
' P® CcmP.

Prove this if P is homogeneous.

9. Prove the Eisenbud-Mazur conjecture if for every f € § (S as in problem 8, and f not a unit), f is not

a minimal generator of the integral closure of its partial derivatives.

10. Let R be a regular local ring, and let P be a prime ideal. Set G = @P!/P**!, the associated graded
ring of P. ¥f f € R, write f* for the leading form of f in G. Show that f* is nilpotent in G implies that
f e P but f ¢ P for some n.

11. Let I be a self-radical homogeneous ideal in a polynomial ring S. Prove that the limit of ﬂl;(ni)—) exists

as m goes to infinity.



